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INTRODUCTION 



A STATEMENT of the aims of a book on the methods 
of teaching should set forth its distinctive purpose. Books 
on the pedagogy of arithmetic which have contributed to 
improvement in methods of teaching this subject may be 
divided into three classes. Some seek to give a general 
survey of the aims and methods of teaching arithmetic, 
concerning themselves with no details in any specific topic, 
and leaving it to each teacher to apply the general method 
to the specific problems of his grade work. Other books 
give the philosophy and psychology of mathematics in the 
hope that a clearer comprehension of the basic concepts 
of arithmetic by the teacher will inevitably lead to more 
effective methods of instruction. The third group of books 
devotes itself merely to the task of giving remedial devices 
to meet specific teaching difficulties. General methods of 
teaching any subject may set forth ideals of instruction 
without regard to possibility of attainment. Specific 
devices tend to establish stereotyped forms to be followed 
slavishly without a comprehension of the basic principles. 
The writer has sought to evolve a book that is eclectic in 
aim. The early chapters study critically the values of 
arithmetic, the princ^les governing the organization of 
the course of study, and the psychology imderlying sound 
method in arithmetic. The later chapters set forth methods/^ 
rather than the method of teaclung each of the important 
branches of arithmetic. The aim of the book is, therefore, 
to evolve a plan of teaching which is based on approved 
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vi INTRODUCTION 

psychology of number, which incorporates the lessons (£ 
contemporary research in methodology and which has stood 
the final test of experience. This book is not a text on 
the subject of arithmetic, but a manual of method of teach- 
ing arithmetic. It is an outgrowth of a course of lectures 
given to teachers of the elementary schools. The author 
begs to express his indebtedness to the many teachers in 
whose class work he has f otmd much that may be of prac- 
tical worth in this book. He is especially grateful to Mr. 
Mesmin Arenwald; Instructor of Mathematics in Evander 
Childs High School, for many valuable suggestions and for 
a very careful reading of the proofs. 
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CHAPTER I 

THE VALUES OF ARITHMETIC 

WHAT CAN ARITHMETIC GIVE THE CHILD? 

Need of Fommlatiiig the Values of Arithmetic. — ^The 
initial problem which confronts the teacher interested in 
discovering the most effective methods of teaching any sub- 
ject is the formulation of a definite statement of the purposes 
that are to be served by it. The teacher who has a clear 
conception of the ends which can be attained through the^ 
teaching of arithmetic has a definite goal towards which all 
energies must concentrate. 5He has, in addition, a standard 
of measuring the worth of his methods of teaching, for the 
effectiveness of a method of presentation is in direct propor- 
tion to its abiUty to achieve the end sought. With such a 
fonnulation of " aims " every endeavor of the teacher is 
governed by intelligent purpose and every end is attained 
with economy of effort. Teaching with a preconceived 
purpose leads to mental development; without it, to mental 
wandering. 

The Values of the Study of Arithmetic. — ^A subject like 
arithmetic which has so long held a commandmg place in 
the curriculum has developed a series of values to justify 
itself. These values can be grouped into two classes and 
summed up under five headings, viz. : 



2 TEACHING 6F AEITHMETIC 

t ■-..-.• 

. • • • * - ^ 

. . . I • 'J ' ■ * 

A. The Practical Values. 

B. The Traditional Values, which include 

1. The Disciplinary Values. 

2. The Pleasure Values. 

3. The Cultural Value. 

4. The Preparatory Value. 

An analysis of each of these values now presents itself 
for study. 

The Practical Values of Arithmetic. — ^The utilitarian 
value of arithmetic has long served to explain its traditional 
place in the elementary school curriculum. The mere 
routine activities of daily life demand a mastery of certain 
number facts and nimiber processes. In addition, a care- 
fully selected curriculum in arithmetic helps to give children 
an insi ght into so cial activities that would otherwise be 
imknown to them. It is necessary that children imderstand 
the meaning of averages and the modes of computing them; 
that they know the meaning of common mathematical 
symbols, of percentages of increases and decreases, of rates 
of taxation, of interest, of insurance — ^in a word, th ecomm on 
business practices of social Ufe. 

The study of arithmetic must lead to a comprehension 
of life^ sj)roblems from a quantitativ evieFpoint. We study 
current problems from an economic, a social, an artistic, or 
an ethical aspect. So, too, we must view these questions from 
a statistical or a quantitative angle. To know that the 
United States produces cotton, grain and lumber is to pos- 
sess colorless geographical information; to reaUze that the 
United States produces four-fifths of the cotton, one-third of 
the grain, and one-third of the lumber of the world adds 
meaning and vital significance to these facts. To find that 
the attendance in a given school increased in one year from 
2005 to 2995 gives no true appreciation of its growth, but to 
realize that the increase was almost one-half or about 50 
per cent of the original attendance stirs the mind to a vivid 
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understanding of such phenomenal development. The fact 
that the earth revolves 25,000 miles in twenty-four hoiu-s 
does not give as vivid a reaUzation of this remarkable 
speed as does the simpler statement that the earth re- 
volves at the rate of a little more than one thousand miles 
an hour. Few people appreciate the significance of the state- 
ment that ** the average wage in this city has increased from 
$450 to $500; while the prices of the necessities of life have in- 
creased about 30 per cent." Not until the wage increase 
has been reduced to a percentage basis, and the statement 
reads, " While the average rate of wages has increased Hi 
per cent, the average increase in cost of food is 30 per cent," 
does the mind grasp the fuU significance of the fact. The 
utilitarian value of arithmetic reaches beyond the mere 
needs of elementary computation in the activities of every- 
day life. It adds a new viewpoint tojBxperience, a new inter- 



pretation of life's problems wd forces; and to that extent it 
enriches our understanding of them. 

The Disciplinary Values of Arithmetic. — ^However vital 
we may regard the study of arithmetic as a preparation for 
everyday life, we have yet to justify the teaching of decimals; 
beyond three places, areas of triangles and of parallelograms,, 
areas of* circles, and siu^aces of prisms, pyramids and cones,, 
indirect cases in percentage, the solution of imaginary 
quantitative problems — in a word, the long list of non-social 
topics that exist in modem school curricula. The inclu- 
sion of these socially unnecessary data has been justified 
since the development of modem psychological thought, on a 
purely discipliittiry basis. 

Statement of the Disciplinary Values of Arithmetic, — 
Tradition has reserved for arithmetic a central place in the 
course of study and has made proficiency in it a standard for 
determining general ability and promotion to higher grades. 
It is this tradition which has ascribed to arithmetic grossly 
exaggerated disciplinary possibilities. 
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The disciplinary values of any subject or experience are 
measured by the pennanent effects that it can produce on the 
mind and character. Arithmetic has been given a high 
disciplinary coefficient because of the implicit faith that it can 
develop the powers of judgment, reason, concentration and 
abstraction as can no other school subject. It is obvious 
that most mathematical solutions necessitate deep thought 
and concentration to perceive the relationships that exist 
among various quantities. This unquestioning faith in the 
disciplinary powers of arithmetic holds that these mental 
powers, once developed, are agents for effective mental re- 
actions in aU situations where judgment, reasoning, ab- 
straction or concentration may be necessary. Standard texts 
published during the last ten years voice with irritating assur- 
ance these possibilities, for they tell us: 

Are you to be a lawyer? How can you learn to analyze a 
complicated legal case, if you cannot learn to analyse a simple 
proposition of geometry? Are you a student of history? How 
can you determine the influence of Napoleon on the world's 
development if you are incapable of determining the influence of 
a coefficient in a simple relation of algebra? Are you a linguist? 
How will you translate a masterpiece with its myriad shades of 
meaning, from one language into another, if you cannot learn to 
translate a trifling "reading problem" into the corresponding 
mathematical symbols? Are you to be a physician? How wiU 
diagnose and eliminate a disease, with its complicated, ambiguous 
and obscure s3rmptoms, if you lack the faculties needed to diag- 
nose and eliminate the unknown quantity out of an elementary 
equation?^ ^ 

Mathematics typifies a method of reasoning ... all life prob- 
lems must undergo analysis before a solution can be obtained. 
... To be capable of handling a situation is power, .tg^ardless 
of occupation or social position. The study of mathematics is 
one of the most effective means to such an end.' 

* Young, J. W. A ., "The Teaching of Mathematics," page 34. 
< Manchester, R. E., "The Teaching of Mathematics," page 19. 
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To these students of the psychology and pedagogy of mathe- 
matics, the mind is a vast reservoir of power, a storage bat- 
tery of strei^h. Through the study of mathematics the 
mind is charged with this mental energy which remains there 
until it is to be utilized in any situation that may arise in 
life. A 

The Transfer of Mental Power. — ^Modem psychology 
and experimental education have long refuted this smug; 
conceit. They teach us that mental power developed in 
one subject is not transferred to all other experiences, but 
only to those situations that are similar to the subject 
in which mental power was developed. The thought 
developed in arithmetic will help the child in the think- 
ing situations in algebra or in the mathematical problems 
of physics, but will not aid him in the solution of prob- 
lems in history, in politics or in home life. Arithmetic has 
no exclusive power to develop thought, abstraction and 
condentration. Properly taught, grammar, geography, 
nature study or domestic science can add to the child's 
power of thought and concentration; but here, too, there 
is no general transfer of power from one experience to 
other totally different experiences. 

Experimental Evidence on Transfer of Ability in Arith-- 
metic, — ^While the extreme doctrine of formal discipline has 
long been overthrown, the view was still held that ability 
developed in one branch of arithmetic can be utilized in all 
branches of the same subject. Recent experimental studies 
not only offer no evidence for such belief, but even tend to 
opposite conclusions. They show that ability in arithmetic 
is a sum total of abilities, a complex of powers; that pro- 
ficiency in arithmetic must be resolved into proficiency in 
combinations, in copying accurately, in controlling many 
subprocesses like carrying, borrowing, placing, etc.; that 
most children are not proficient in all branches of arithmetic, 
but in one or more of these component branches. One 
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investigator,^ who set before himself the problem of ascer- 
taining whether numerical accuracy, i. e., accuracy in mere 
nimiber manipulation, is transferred to accuracy in the rea* 
soning problems of arithmetic, found that improvement 
in accuracy in pure computations seems to have produced no 
increase in accuracy in solving reasoning problems in arith- 
metic; that nmnerical accuracy should be made an end in 
arithmetic, not because it aids in the solution of reasoning 
situations in arithmetic, but because it is necesssuy in com- 
mercial and industrial life. 

Experiments were made with two groups of children. 
Those in Group A were practiced in rule work and in mechan- 
ical number work. Those in Group B were without this 
special drill. In all other respects, the two groups were 
taught imder identical conditions. Both groups showed 
slight improvement in reasoning work, but the rate of this 
progress was practically the same for both groups. To con- 
clude that no transfer of accuracy takes place would be going 
beyond the limits warranted by the facts, for the accuracy 
developed in pure numerical operations aids in the niunerical 
calculations involved in the solution of any problem. An 
investigator,^ studjdng this problem of transfer of ability 
developed in one branch of arithmetic to another, concludes 
that such proficiency as seems to be transferred is due to a 
certain general ability which is developed, and which is 
capable of being used as much in the mechanical operations 
as in the reasoning problems. Heck ^ found that 60 per cent 
of the students standing highest in their law studies were 

* Winch, W. H., "Accuracy in School Children: Does Improve- 
ment in Numerical Accuracy Transfer?" JowmoU of Educational 
Psychology, I. (1910), pages 557-589; II. (1911), pages 262-271. 

* Starch, D., "TroDsfer of Training in Arithmetical Operations." 
Jovamal of Educational Psychology, II, pages 306-310. 

'Heck, W. H., "Mental DusdpUne and Educational Values," 
page 97. . 
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conspicuous for their poor work in mathematics, while 42 
per cent of those who ranked among the poorest in the law 
school stood highest in mathematics. This cursory review 
of the data gathered by workers in experimental psychology 
and educational statistics offers enough evidence to cast 
serious doubt on the extravagant disciplinary hopes that 
were entertained for mathematics. We are told repeatedly 
that the study of mathematics inculcates the habit of neat- 
ness and S3rstem in work, develops a feeling for absolute 
accuracy, and cultivates a " reverence for truth, irrespective 
of sect, prejudice and self-interest." But the writer wha 
makes these promises for arithmetic fails to add the neces- 
sary qualifying expression, '' in all matters dealing with 
arithmetical solutions." The student who does his arith- 
metical work with system and neatness may not carry his 
neatness and system beyond the paper that bears the solu- 
tion of the problems. The accurate accoimtant may indulge 
in falsehood, and the expert bank clerk may utilize his pro- 
ficiency with numbers to conceal his personal dishonesty. 
To Young, mathematics can ineidcate an esthetic sense, for 
*' it has a beauty of its own, a sjrmmetry and proportion of 
results, a lack of superfluity, an exact adaptation of means 
to an end which can be found only in the works of the great- 
est beauty." As an expression of loyalty to one's specialty 
and of faith in it, this statement commends itself at once; 
as an expression of actual fact, we must regard it as a super- 
fluity of sentiment entirely at odds with the results of calm 
and dispassionate studies on the controlling values of arith* 
metic. 

Summary: What Menial Power Does Arithmetic Give the 
Childf — ^The reader who has had a complete course in 
mathematics in his secondary and collegiate courses feels 
that the da3rs devoted to this study gave him something defi- 
nite and distinctive even though it cannot be formulated and 
labeled with scientific terminology. There can be no doubt 
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that mathematics makes its di sciplinary ^^ntrifrl^^-^'^'^^-^ 
the st udent^s trainin g. It gives him gregterpow^Jomaiup- 
iilate numbpr a and quantitative relations, capacity for 
thought and abstra ction in m athematical problemsTffl^ater 
po wer~of concen tration, and ability to analyze a mathe- 
matical situation by studymg the knowii conditions and 
discerning a relation among them which will lead to the 
Talue of jfee unknown element 

Conclusion: Significance of Problem of Tranter of AhUi- 
ties in Arithmetic. — ^The correct understanding of the dis- 
•ciplinary value of arithmetic is vital and far-reaching in its 
consequence. If power developed in mathematics is trans- 
ferred to all other experiences, then we need not concern our- 
selves with the task of including in the course of study in 
elementary school arithmetic only such facts, processes, 
and computations as are used in actual social life. Any 
problem, however artificial, any mode of solution, however 
archaic, will serve to inculcate certain mental powers. But 
a clear comprehension of the problem and the extent of trans- 
fer of abilities leads at once to a realization that arithmetic 
must be more than mental gymnastiq/that it must draw its 
content from commercial and industrial life, that apart from 
explaining social practice and answering social needs, it 
has no place or purpose in the course of study. Modem 
psychological studies on transfer of abilities have rendered 
no httle aid in ridding the elementary school course in arith- 
metic of its scientific character, and in eliminating from it 
much of the unnecessary work in tables of uncommon 
weights and measures, complex fractions, calculations with 
fractions whose denominators are absurdly large, impossible 
reductions ascending and descending in denominate numbers, 
extreme rationalizations in early stipes of number work — 
in a word, the socially useless matter that was retained 
because of false psychology and reverence for tradition. 
All these must go. The course of study must be amplified 
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by rigorously excluding all those topics that are not possessed 
of social use, and by so teaching the subject that habits of 
speedy and accurate manipulations and solutions are incul- 
cated, while increased powers of thought, abstraction, con- 
centration and analysis are natural mental by-products. 

Pieasare Value of Arithmetic. — ^The modem ciuriculum 
has been Uberalized to include more than the practical 
and the disciplinary subjects. Music, nature study, art and 
literature are taught primarily for their ability to give 
pleasure, and to enrich the life of the youth by teaching 
liitn how to invest his leisure. Many pupils experience a keen 
sense of pleasiire in solving mathematical problems, in dis- 
covering the value of the unknown quantity. Few pupils 
intently at work on an arithmetical situation obtain the cor- 
rect answer without feeling the thrill of joy that accompanies 
successful endeavor. The high school student utters his 
Q. E. D. with a feeling of deep satisfaction. 

InsHnctive Demand for Number. — ^Mathematical com- 
putations and solutions possess a pleasing quality because 
they satisfy certain instinctive cravings of the hiunan mind. 
The economy of nature demands an instinctive mastery 
of the world on the quantitative side. The psychologist 
tells us that the barbarian aiming his crude arrow, un- 
consciously pulls the bow to the degree of tautness necessary 
to send the arrow a given distance. Should the prey 
suddenly start, the hunter unconsciously slackens or tight- 
ens the string on the bow, depending on the direction in which 
the animal is going. So, too, in every activity of the day's 
routine, in reaching out for an object, in pulling, tearing, 
breaking or lifting, man unconsciously strikes a balance be- 
tween the energy necessary for the successful accomplish- 
ment of a necessary end, and the effort to be overcome. 
Because human wants are great in ntunber and rich in variety 
while liuman energy is limited, the economy of nature has 
made the unconscious balancing of energy to be expended 
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and the resistance to be overcome, an inherent function of the 
mind. 

/ Early arithmetical work is rich in material that satisfies 

/the child's rh3^hmic sense. Children delight in nmnber 

/ games and enjoy the rh3^hm of the comit as in 2, 4, 6, 8, 10^ 

/ 12, 14, 16, 18, 20, 22, etc., or the 6, 10, 16, 20, etc. Even 

/ adults find it hard to walk along beside a fence without touch- 

/ ing every alternate picket, or to walk on a flagged sidewalk 

I without stepping on every third crack. Teachers would do 

\ well to seek ways of utilizing the rh3^hmic sense in all work 

\ in counting, measuring, and tables. 

\ Arithmetic also satisfies the puzzle instinct, or the 
instinct of ciuiosity. The child finds delight in pitting his 
skill against a puzzle, provided he feels that the solution 
is within his capabilities. Older people spend valuable 
hours on interesting puzzles that have no practical applica- 
^ tion. People who have reached years of discretion and whose 
thoughts usually go to the serious affairs of life invest their 
energies in attempts to find the cost of three herrrings if a 
herring and a half costs a cent and a half, to find the age of 
Ann, or to find how many bounds the hound must make to 
overtake the hare. Drills in multiples, factoring, finding the 
least common denominators, or greatest common divisors 
can be made interesting to children by presenting them 
in the light of puzzles. Once the instinct is aroused, 
pupils give dynamic interest and sustained attention even 
to piurely mechanical processes in arithmetic. 

To some children, numerical processes and S3nnbol8 
serve to stir vivid and quaint imagery. Pupils tell us that 
4 represents a fat man and 7 a tall lady; that 9 calls up 
the picture of a lazy boy; that 6 tries to " break into 24 but 
4 stops it and it finally breaks into 42 because 7 that was 
supposed to watch it was too weak to stop it." Most 
people express a definite preference for odd numbeos iH units 
place and even numbers in tens place. The numbers six 



THE VALUES OF ARITHMETIC 11 

and seven and nine play important roles in mythology and 
early religious ritualism. Interesting studies made by ex- 
perimental psycholc^ists and varied evidence gathered by 
anthropologists serve to reinforce the belief that number has 
the power to stir imagination. 

The imconscious desire to acquire a mastery of the quan* 
titative phases of life, the rhythmic sense, the attractiveness 
of the puzzle, the image-making* power of numbers — all 
cooperate to give the child a pleasure in mastering number 
facts and number processes. Teachers must aim to utilize 
this instinctive basis of number and to endeavor to relate 
their teaching of arithmetic to the child's fund of native 
interests. To neglect these is to reduce number study to 
a mechanical and arbitrary series of s3rmbols and processes 
devoid of life and interest. 

Cultural Value of Arithmetic. — ^Mathematics, Uke most 
subjects in the curriculimi, must be taught because society 
demands the possession of a set stock of knowledge before it 
will approve the cultural standing of any individual. It 
insists that he know the meaning of certain terms and that 
he imderstand certain allusions.. In reading the daily news- 
papers one finds expressions hke, " as basic as the square 
on the hypothenuse,'* " the larger the divisor, the smaller 
the quotient," "a changing ratio," '*a proportional relation," 
" the means and the extremes." But care must be taken 
not to allow the demands of traditional culture to overshadow 
the practical value of arithmetic. While the cultural value 
must be taken into consideration, it must, at no time, assume 
a controlling force in the formulation of a course of study. 

Preparatory Value of Arithmetic. — ^A final value which 
is often urged for arithmetic is its ability to prepare the 
child for later studies. The child who 1bk>ws the fun- 
damentals of arithmetic can solve the problems that 
arise in physics and can grasp with greater ease the basic 
operations of algebra. While this preparatory value of 
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arithmetic must go unchallenged, it must alwajrs be borne 
in mind that it applies only to a limited number of children. 
The vast majority of our elementary school pupils are not 
destined to enjoy the advantages of a high school education. 
To them the preparatory value of arithmetic is non-existent, 
and it must play no part in shaping their course of study. 

Summary and Conclusion. — Our study has sought to 
justify the teaching of arithmetic on a fivefold basis: the 
practical, the disciplinary, the pleasure, the conventional 
and the preparatory values. But we must be sure not to 
see in these justifications of arithmetic five coordinate values. 
There is a relativity of worth among_tb^» values that must 
be seen clearly and kept in view as the gui ding prin ciple in 
teachi ng and selecting the subject matter of^.ari^imetic. 
We are rapidly making for a new arithmetic. The new 
psychology which opposes the doctrine of the transfer of 
abilities, the view of education as a socializing fimction, the 
demands of industry, the more sympathe tic compr ehension 
of child life — all these are cooperating to htunanize the sub- 
ject and to teach that the practical value of arithmetic is the 
primary value. To it, all other values must bend. A 
course of study in arithmetic, selected and organized with 
the utiUtarian aim in view, can be so taught that all other 
values are attained in their fullest measure. 



CHAPTER II 
THE COURSE OF STUDY IN ARITHMETIC 

The Course of Study a Determiniiig Factor in Efficient 
Teaching. — It must seem obvious, even to the lay mind, that 
the formulation of a course of study in arithmetic is the basic 
factor in determining the efficiency of the school course in 
this subject. If the course of study errs in the selection of 
subject matter, teachers and pupils must spend valuable 
time on what has no social worth; if the course of study is 
organized with no regard to sequence and gradation, the 
children's minds are confused by the rapid succession of 
difficulties; if the course of study does not set a proper pro- 
portional allotment of tinie to mechanical and thought 
exercises in arithmetic, children are over-drilled in the funda- 
mental operations and are rendered helpless in arithmetical 
situations that deviate from the type form; if the course of 
study sets a fixed hmit for all children in a given grade, some 
are discouraged by being required to attain a standard need- 
lessly high, while others, more gifted, are meanwhile mark- 
ing time. In the final analyBis, the course of study deter- 
mines the possibilities of introducing effective modes of 
instruction and of developing such arithmetical abiUty in 
our school graduates as will meet the approval of the busi- 
ness men who employ them. 

The Course of Study Must be Definite in Its Require- 
ments. — ^Much confusion arises from general statements 
and indefinite requirements in a course of study in arith- 
metic. It is not sufficient to prescribe for a grade the follow- 
ing work; 

13 
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Oral, — Daily drills to develop power, accuracy and alertness* 
Oral work to review, introduce and supplement written work,, 
involving both abstract numbers and concrete problems. Terms — 
base, rate and percentage. 

Written. — Integers — Daily practice in the fundamental oper- 
ations, with attention to accuracy and rapidity. 

Fractions, — ^Addition, subtraction, multiplication and division 
of fractions and mixed numbers. Complex fractions. Principles: 
multiplying numerator, multiplies fraction; multiplying denom- 
inator, divides fraction; dividing numerator, divides fraction; 
dividing denominator, multiplies fraction. 

The course of study must be more definite and more con- 
crete in its prescriptions. Each succeeding grade makes the 
same demands for ** power, accuracy and alertness," yet no 
teacher of any grade knows to what degree of " power, 
accuracy and alertness" she is expected to bring her 
pupils. The course of study at no place defines its meaning 
of these three terms. It is obvious that all teachers must 
have the same interpretation of these three aims and 
must be told more definitely what degree of each of these 
qualities is to be attained in any grade. Teachers must 
be told that in a specific grade it is expected that the 
children will develop the ability to add 12 lines of figures, 
each of 3 places in x minutes ; that of«any ten such exercises, ^ 
pupil is expected to attain y per ctot of accuracy^ that in 
fractions children are expected to be able to work examples 
like the following: J+i, 2J+i (i.e., in which common 
denominators can be found by inspection), and to solve 
practical fractional problems based on the types sub- 
mitted. " Fractions," as a topic, is too inclusive to carry 
definiteness of meaning; ^' complex fractions," when assigned 
without explanation, will lead some teachers to teach nothing 
more complex than f/^, while others, carried away by the 
disciplinary value of arithmetic, will require children to mas- 

f Xf of i 
ter the solution of examples like - — ^ — -. Both are 

jXt of If +t 



COURSE OF STUDY IN ARITHMETIC 15 

complex fractions, and neither is vitally necessary for the 
average elementary school graduate. These indefinite assign* 
ments cause time to be wasted and energy to be dissipated. 
They also discourage teachers and pupils because too high a 
standard may be set by the teacher of any grade. 

How Can Defiaiteness of Course of Study be Produced? — 
Let us now consider a few simple devices which give a 
course of study a degree of definiteness that will help to 
insure concentrated effort towards clearly conceived ends. 

1. Terms must be defined so that all active agents in the 
same school system have the same conception of the exact 
requirements of the course of study. Courses of study ask 
teachers to develop " alertness/' " power," " good arith- 
metical habits," '^ proper algorisms," '' modes of thought in 
arithmetic," " modes of attack," etc., but fail to provide 
for the fact that these terms and expressions have no fixed 
connotation and vary with each teacher according to past 
experience and training. '^ Alertness " may mean speedy 
mental reactions to some, and mental sagacity to others. 

2. Quantitative norms and concrete illustrations must 

be given as the approximate minimum limits to be expected \ 
in successive grades. Assuming that the terms taken from 
courses of study are actually defined and illustrated, it is 
evident that the degrees of proficiency vary with each suc- 
ceeding grade. Accuracy in addition in the fourth year is 
far below that expected of a sixth year class but not so far 
below that expected of a fifth year class. How is a teacher 
to know what degree of neatness, of accuracy, of speed, of 
power to systematize, of ability to meet new arithmetical 
situations, is expected of her pupils at the end of a school 
term or is to be expected by her at the beginning of a grade? 
Specimens of children's papers ought to be submitted in the 
course of study so that teachers will know the degree of neat- 
ness that is expected each succeeding year. The course of 
study must say, " at the end of this term's work it is expected 
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that children will attain the power to solve z examples of the 
type of 152X16 in y minutes and attain an accuracy of z 
per cent." Experimental work in establishing quantitative 
norms in arithmetic has gone far enough to warrant progress- 
ive school authorities in setting up the best of these as 
tentative standards for their school syBtem.^ 

It would be profitable to compute, if it were at all pos- 
sible, the amount of energy that would be conserved by such 
definite standards. Teachers are working in obedience to 
general directions without means of measuring their rate of 
progress and without knowing exactly when they have at- 
tained the normal proficiency for children of a particular 
age. To push ahead of certain normal attainments that can 
be achieved by normal children working imder normal con- 
ditions may cause a strain resulting in irreparable harm. 
S. A. Courtis in his " Practice Tests " gives a table of 
quantitative standards showing the degree of proficiency in 
addition that can be developed by children in each school 
grade. Mr. Courtis has devised a graded series of lessons 
in addition, passing from the very simplest case to very 
difficult examples. He has determined by testing thousands 
of children under experimental conditions that foxui;h year 
children can be so taught that they are able to add 72 single 
column examples, each of 3 numbers, e.g., 

6 8 4 
3 4 7 
1 7 4 

in 6 minutes; that sixth grade children can do the same in 
4 minutes, and seventh grade pupils in 3i minutes. These 
are tentative norms, appUcable to the Courtis Practice 
Tests, and suggest a mode of developing similar ones in the 
other operations of arithmetic. 

^For detailed study of quantitative norms and scientific evalua- 
tions, see Chapter XVII. 
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3. Throughout the assignments, types of problems, 
solutions, and arrangements should be su^ested. To assign 
" Percentage — Case III — ^Problems in percentage, to find the 
base, given rate and percentage," will lead only to general 
confusion. Some textbooks group all cases in percentage 
under three headings, others under five. According to some 
standard texts the example, ** Goods sold for $120 brought 
a profit of 20 per cent; what was the cost?" is the type 
referred to in the above assignment; other books, equally 
authoritative, would group this under Case IV and allow 
only an example like the following under Case III — ** Goods 
sold at a profit of $36 brought me 12 per cent gain; find the 
cost." It is obvious, therefore, that the course of study must \ 
add a number of typical examples as concrete illustrations ( 
of its assignments. 

4. Definiteness of assignment can be attained by con- 
stant references to standard textbooks that are in the school 
libraries or on teachers' desks. Typical extracts from some 
of the better courses of study used in various cities read: 

Reduction of common fractions to decimals. Use no frac- 
tion with numbers larger than those in Y. and P.'s Arithmetic, 
page 54. 

Find L. C. D. Do not be more intensive than is required to 
solve examples in W.'s Arithmetic, pages 74-76. 

Addition of Fractions. Use form suggested in S.'s Arithmetic, 
page 93. 

5. When a subject is to be taught through a number of 
grades, there must be a limited assignment for each grade. 
One finds, in courses of study, topics like, '' Business Forms," 
" Tables of Weights and Measures," " Abbreviations com- 
monly used in Business," etc., in the assignment for a number 
of grades. If business forms are to be taught in 5A, 5B and 
6A, it is obvious that each grade teacher must know the 
limits of her responsibility. Under the general assignment, 
each teacher teaches all the business forms so that the pupils 
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may be ready for any busmess form that may be given in the 
examination set by her superiors. With this imdue increase 
in the scope of work in any grade, time for proper drills and 
for habituation is insufficient and the necessary facts and 
forms are imperfectly taught, only to be retaught in the 
succeeding grades where the strain of the situation con- 
tinueis. 

MINIMUM AND MAXIMUM COURSES 

Flexibility of Course of Study. — ^A sound course of study 
in arithmetic allows the teacher of any grade an opportunity 
to adjust the subject matter to the needs and the capabilities 
of her pupils. It is not necessary nor possible to teach all 
pupils the same niunber of forms and processes in fractions 
or decimals. Children who, in the normal course of events, 
leave school at the end of the sixth grade may be spared the 
knowledge of complex fractions or of decimals beyond three 
places. All indirect cases in problems, in fractions, and in 
decimals can well be omitted from this course. So, too, 
the child who is woefully behind in arithmetic need not be 
given as intensive a study of any topic as the child who 
ishows power and ability in dealing with quantitative rela- 
tions. In addition to assigning a definite niunber of topics 
and processes for a given grade, the course of study must 
indicate the irreducible minimiun of facts, of habits, and of 
solutions in which all children are expected to attain a high 
degree of proficiency. Children of arithmetical ability 
should not be held to this minimum but should be 
taught the course of study with a degree of intensiveness 
proportional to their capacity. A cause of waste of energy 
and of discouragement to both teacher and pupils is found 
in the habit of trjdng to bring the entire class, regardless of 
ability or actual need, to the same level of proficiency in aU 
phases of a subject. The course of study must not only allow 
but must encourage discrimination and differentiation of 
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subject matter so that it attains a high degree of adjtista- 
bility. 

A concrete case may make this suggestion clearer. The 
course of study in arithmetic in one of oiu* large cities pre- 
scribes for the SB grade (fifth year, second half) the follow- 
ing topics : 

COURSE OF STUDY 

Grade 5B 

Special Work: Dedmals 

Oral 

Daily drills to develop power, accuracy and alertness. Oral work to 
review, introdxice and supplement written work, involving both abstract 
numbers and concrete problems. 

Terms — Common fraction, decimal fraction, concrete number, ab- 
stract ntunber* 

Written 

Notation and nimieration — ^Three periods of integers; five orders of 
decimals; relation of the orders of integers and decimals; effect of 
moving the decimal point. 

Integers — ^Daily practice in the fundamental operations, with atten- 
tion to accuracy and rapidity. Principle: mtilliplying or dividing both 
dividend and divisor by the same number does not alter the value of 
iSie quotient. 

Common fractions — ^Additions, subtraction, multiplication, and di- 
vision. Fractions commonly used in business. Mixed numbers. 

Decimals— Reduction of common fractions to decimals, and of 
decimals to common fractions. Decimal equivalents of halves, fourths, 
eij^ths. Addition, subtraction; multiplication of integer by decimal 
or decimal by integer; division of decimal by integer. 

Problems — Finding one or more of the equal parts of a number; find- 
ing what fraction one number is of another. Application of these types to 
concrete exercises. Calculating by the hundred, thousand, dozen, knd 
fractional parts of a dollar. Use of denominate imits. 

Business forms — ^Bills for several articles purchased at different times ; 

recdpting Inlls. 

SYLLABUS 

Grade 5B 

When the divisor contains a decimal, it should be changed to a whole 

number by removing the decimal point and making a corresponding change 

in the dividend. The decimal point in the quotient should then be written 

over the decimal point of the dividend as changed. 
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An analysis of the arithmetical requirements of the child 
entering the business world shows that decimals of three 
places will meet the necessities of ordinary situations. 
Decimak of three places should therefore be made the mini- 
mum requirement. For strictly utilitarian purposes it is 
not necessary to change fractions like iJV or H to decimals; 
all the decimal equivalents necessary for the day's computer 
tions can be memorized after solving them with the aid of the 
monetary system. Not all children should be required to 
learn how to change any common fraction to a decimal, but 
all children should know the decimal equivalents of i, i, 
i, f y etc., fractions used in business and possessing denomina- 
tors that bear a simple ratio to a decimal denominator like 
lOy 100 or 1000. So, too, it may be well to teach what 
part one number is of another, but there are so many varia- 
tions of the type that it becomes necessary to differentiate 
examples, under this ca&e, that must be taught to all children, 
from those that may be given only to a selected group. All 
normal children in the 5B grade can be taught to find '' what 
part 8 is of 16,'' " what part 5 is of 9," or, " if I had 240 lbs. 
and sold 80, what part of my stock did I sell? " But not all 
children can solve problems of this case that vary the con- 
ditions, viz., '^ I sold 90 lbs. and had 160 lbs. left; what part 
of my stock did I sell to-day?" Mathematically spealdng, 
this last problem belongs to the same case as the preceding 
one, but it is obvious that only the child of arithmetical 
capability should be required to study this type so inten- 
sively. The course of study must indicate in every grade 
the minimum requirement, so that children whose school 
education is unduly short or who have little ability in quan- 
titative computations may be given that in arithmetic which 
will prepare them for the demands of society. 

Cautions in FormtiUUing Minimum Course of Study. — 
The advantages of setting up a minimum expectation for each 
grade may often be conterbalanced l^ serious consequences* 
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There is always great danger that the miniTnuTn becomes the 
maximiim requirement and the class as a whole is again 
reduced to the level of the mediocre or the backward. Great 
care must be taken in the supervision of a school to make 
certain that the course of study is adapted to the needs and 
abilities of the pupils. No child should be limited to the 
minimum course of study without the consent of the prin- 
cipal or his assistant or without notifying the parents. 

A second great danger in formulating a minimnm course 
of study in arithmetic is that the maximum course may be 
made up of those topics and processes that have no social 
use and that are taught for traditional, disciplinary or cul- 
tural reasons. We must ever be mindful of the fact that 
in the last analysis, the same standard — social need — deter- 
mines the content of both the maximum and the minimum 
course; the difference is merely one of degree. If the child 
who leaves school at the end of the sixth year cannot be 
taught all that is socially useful in arithmetic, he can be 
taught the most useful processes and facts. If the child's 
mental equipment will not enable him to assimilate, within 
the time limits of the school course, all that is commercially 
and industrially necessary in arithmetic, he can be taught 
what will be of relatively greatest need in his future life. 
At no time must the maximum course be permitted to degen- 
erate to formal mental gymnastics, puzzle solving, and 
memorizing obsolete tables and processes. The child study- 
ing the maximum course must be given : (1) a deeper insight 
into numerical relations, (2) a wider knowledge of socially 
necessary arithmetic, (3) a high degree of skill, increased 
speed, and greater accuracy in the fundamental solutions. 

THE CONTENT OF THE COURSE OF STX7DT 

We come now to a more specific and more detailed 
anal3rsis of the content of the general course of study and of the 
specialized maximum and minimum courses. We shall con- 
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sider: 1. The Minimum Course of Study; 2. The General 
Course of Study; 3. What to Omit from the Traditional 
Course of Study; 4. Algebra and Geometry in the Course of 
Study; 5. Industrialized and Conunercialized Courses in 
Arithmetic. 

1. The Minimum Course of Study. — Selecting on the basis 
of relative social need, wc find an irreducible minimum with- 
out which a child cannot understand the most common 
quantitative aspects of his enviropment nor intelUgently 
approach the arithmetical tasks that make up the day's 
routine in the usual activities of life. The absolute minimum 
can be simuned up in the following table: 

A. Fundamental operations (addition, subtraction, multiplica- 

tion, division) with whole numbers. 

B. Fundamental operations with conlmon fractions. The de- 

nominators same as those in usual business fractions. 
C Fundamental operations with decimals. Limited to three 
places. 

D. Problems: 

Fractions; to find fractional part of whole niunber, frac- 
tion, mixed number. 

Decimals; to find decimal part of whole number, decimal, 
mixed number. 

Percentage; to find per cent of any reasonable quantity. 

Finding cost of a quantity, given the rate per 3, 5, dozen, 
100, 1000. 

Simple Proportion, 

E. Percentage: 

Direct case (First Case) of any of the common business 
applications of percentage, viz., profit and loss, com- 
mission and brokerage, interest (years and months), 
conmiercial discount. 

F. Business Forms: 

Bills, receipts, receipted bills, checks, stubs in check book, 
deposM^ slip, cash book account. 
0. Tables orWeights and Measures: 

About six of the commonly used tables. Selection of the 
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tables to be determined by needs of the locality. Simple 
computations with these quantities. 
H. Mensuration: 

Finding area of rectangular figures. Finding volume of 
cube, boXy room. 
/. Special application of fundamental processes to industries 
and business of the immediate environment. 

This tabulation gives merely a bold outline of what may be 
considered only a tentative basis of a minimum course of 
study. It will be necessary to allot the various parts to the 
different grades; to correlate some of them in any one grade 
BO that the class learning to multiply whole numbers and 
fractions will alsa learn how to apply this knowledge in 
making out bills; to define with great clearness how in- 
tensively each of these topics is to be taught; to set up a con- 
crete or a quantitative measure of the approximate degree of 
proficiency to be attained at the end of any one year. This 
outline, it must be reemphasized, is not a course of study; 
it is only a guide in formulating the minimum arithmetical 
requirements. 

2. The General Course of Study. — ^The supervisor engaged 
in formulating a general course of study may find it helpful 
to have before him a smnmarized or a composite course of 
study containing the constituents of the latest coiu'ses in 
large cities or in leading states. The following sunuuation 
indicates the content of representative courses, year by year: 

First Year: Incidental number work. Taught through corre- 
lation with games, music, manual training. 
Degrees of variations: From no number work to formal drills 
in addition, subtraction, multiplication. 
Second Year: Number work through correlation. Addition and 
subtraction emphasized. Multiplication tables begun. 
Variations: From no niunber work to drill on simple division. 
Third Year: Addition and subtraction mastered. Much time 
to multiidication and division tables. 
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Variations: From mere introduction of arithmetic to consid- 
erable drill in fractions that can be added and subtracted 
by inspection. 

Fourth Year: Multiplication and division mastered. Fractions 
by inspection. 
Variations: From mere introduction of formal computations 
and incidental work in fractions to formal work in fractions. 

Fifth Year: Fractions mastered. Decimals introduced; denom- 
inate numbers. 
Variations: Too wide to be formulated. 

Sixth Year: Decimals mastered. Percentage and profit and loss. 
Problem work. Denominate numbers. 
Variations: So great as to permit of no systematization. 

Aim of the Hrst Six Years: To develop skill in the fundamental 
operations as applied to whole numbers, conunon and deci- 
mal fractions/ and to teach the necessary number facts. 

Seventh and Eighth Years: Percentage and every variety of 
business applications. Mensiuration applied with great varia- 
tions in extensiveness of treatment, greatly reduced in best 
courses of study. Ratio and proportion. Longitude and 
time. Metric system. Square and cube root (not in pro- 
gressive courses of study). Second half of the e^hth year 
often devoted to a complete review or to algebra and geometry. 

Aim of Last Two Years: To develop power to understand arith- 
metical solutions and manipulate quantities in problems 
varying from the type. 

Summary. — ^This composite course of study, the con- 
stituent courses of which represent the best efforts of super- 
visors in representative communities of the United States, 
shows us clearly that the formulation of courses in arith- 
metic still proceeds on the basis of personal opinion and 
traditional demands. There is little indication that those 
charged with the making of the course first formulate the 
aims of the course in arithmetic as an intelligent basis for 
selection of material. Nor is the sequence of subjects or 
the gradation controlled by any greater scientific considera- 
tions. The worker in experimental education and psy- 
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chology has here a virgin field for investigation. The chaos 
of aims and organization that characterizes the work of the 
last two years has contributed no Uttle to the discontent with 
the present system of an eight-year elementary com'se and 
its reorganization into the Six-Six plan. 

3. What to Omit in the Traditional Course of Study. — An 
analysis of existing courses of study shows clearly that 
most school systems have not freed themselves from the 
tyranny of traditional demands in arithmetic. Progress 
is retarded by much that is archaic or useless in actual 
trade or business practice. What can be omitted from 
prevailing courses of study? The following table suggests 
an answer to this oft-repeated query : 

A. In Fractions. 

(1) All fractions whose denominators are larger than six- 
teenths, or, if smaller, are unusual in actual occurrence, e.g., 
fifteenths, thirteenths, sevenths, elevenths, etc. 

(2) Greatest common divisor and least common multiple 
or denominator that cannot be found by inspection. 

(3) Complex fractions. 

B. Denominate numbers. 

(1) All imcommon tables of weights and measures, e.g., 
Troy weight, Apothecaries' weight. Surveyors' measure, etc. 

(2) Units of measure, obsolete, imaginary, or not used in 
the child's environment, e.g., long ton, long hundredweight, 
small measure (half bushel), hand, rood, furlong, etc. 

(3) Reduction ascending, descendiag, division and multi- 
plication of denominate numbers iavolving more than three 
units, e.g., "Reduce 1 mile, 2 rods, 3 yards, 2 feet, 7 inches 
to inches." "Reduce 5,246,489 iaches to high denomina- 
tions." "How much will 72 barrels hold, if the capacity 
of 1 barrel is 15 gallons, 3 quarts, 1 pint and 2 gills?" 

C. Percentage. 

Unusual and obsolete business applications; partial pay- 
ments; true discount; interest i^ cases where the rate is not 
one used in actual business or in cases where principal must 
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be found; stocks and bonds in classes not specialiidng in com* 
mercial arithmetic; life and fire insurances computed by rate 
per cent on the dollar, thus: "Find premium on a fire or 
life insurance policy, the rate being i per cent." 

D. Problems. 

(1) Indirect Cases. Great disagreement among teachers. 
Where indirect cases are taught, children not up to grade work 
should not be required to master more than the direct cases. 

(2) Partnership. Corporate organizations more common, 
hence partnership no longer used. Mode of computation to 
be the same as that actually followed in business. 

(3) Compound proportion: Examples of this type: "If 54 
men working 20 days build a wall 750X15X2 feet, how many 
men are required to build a wall measuring 250X12X2 feet 
in 30 days?" 

(4) Problems that form no part of industrial and commercial 
practice but are given as mathematical puzzles to challenge 
thought and iQgenuity. 

E. Mensiuration. 

Areas and volumes of uncommon figures, e.g., area of trap- 
ezoid, surface of cone, sphere, etc., volume of cone, pyramid, 
sphere, frustum of cone, etc. Such work should be part of the 
content of geometry or part of vocationalized arithmetic. 

F. Vocationalized arithmetic. 

The technical procedures and computations of specific 
and specialized industries cannot be made the subject for 
study by all children. Only those phases of arithmetic which 
contribute to the understanding of the common experiences 
of life should be incorporated in a general course. Examples 
in plastering, carpeting, paperhanging, gilding, etc., are sub- 
ject to specialized trade practices and should be omitted. 

0, Miscellaneous subjects. 

(1) Square root of number too large to be solved by in- 
spection or factoring. 

(2) Cube root. 

(3) Longitude and time beyond simple case of computing 
approximate difference, allowing 15 degrees to ^ hour. 
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Courses in arithmetic have grown gradually but con- 
tinuously in content until the channel of subject matter has 
increased in width but has suffered a proportional diminu- 
tion in depth. In formulating the table of what can be 
profitably deleted from prevailing courses of study, the author 
has suggested only those subjects and processes on which 
authorities are generally agreed. Too much has been 
attempted in aritLetic rndThe result has been an inevit- 
able superficiality of understanding and lack of skill in 
manipulation in fundamental operations. Simplifying the 
course of study by eliminating that which is of comparatively 
little social use will give time to narrow the channel of 
knowledge so that thoroughness of comprehension and skill 
of manipulation can be attained. 

4. Algebra and Geometry in the Elementary School 
Course of Study. — ^A. Confusion as to the Place of Algebra. — 
Much of the confusion in arithmetic in the upper grades can 
be traced to the introduction of algebra as a separate and 
distinct subject in elementary school mathematics. About 
35 per cent of oiu* city school systems teach algebra as an 
unrelated branch of mathematics. The topics taught in 
algebra are usually those found in high school coiu'ses of 
study. A simple textbook is used as a guide for the subject. 
Some courses complete the arithmetic by the end of the 
seventh year; others by the end of the sixth year. The 
last two or three or four grades of the eight school years are 
devpted to algebra and geometry with no attempt to estab- 
lish any vital relation between these new branches of mathe- 
matics and the arithmetic which preceded them. 

B. Purposes of Adding Algebra to the Elementary School. — 
A variety of reasons has been offered to justify the inclusion 
of algebra in the elementary course of mathematics. Briefly 
the justifications may be summed up under five heads, viz., 
(1) to aid pupils in analytical solutions by giving them 
mastery in the use of literal elements; (2) to aid pupils in 
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interpreting industrial formulae; (3) to enrich the course in 
elementary school mathematics; (4) to interest pupils in 
the work of the high school by giving them glimpses of higher 
education; (5) to bridge the chasm between elementary 
school and high school ciuricula. To these, Smith adds, 
(6) to train ptipils in the logic of mathematics and (7) 
to give pupils the ethical sense which mathematics can 
inculcate. 

C. The Proper Place of Algebra in an Elementary Course. 
— ^Whatever merit these reasons may have, it is not sufficient 
to justify the teaching of algebra as a separate subject. 
Pupils should be given skill in using Uteral elements and in 
interpreting simple formulae, but this is an end which can be 
attained by teaching only the simple equations of algebra 
and by making this part of algebra an integral part of arith- 
metic. The comrse in arithmetic can be more properly 
enriched through varied appUcations to commercial and 
industrial life, rather than through condensing the course 
and adding a new branch of mathematics. Whether teach- 
ing algebra in the elementary course will bridge " the dreaded 
chasm " or give a new interest in high school work is ex- 
tremely doubtful The disciplinary and the ethical values 
of algebra can be derived from arithmetic. 

All Uteral elements must be introduced as natural parts 
of the general coiu-se in arithmetic and must serve to make 
the solution of problems speedier and more accurate. The 
child finds no difficulty in using symbols early in reading 
and in writing. So, too, children readily acquire power to 
symbolize relations, operations, and quantities in arith- 
metic, for all analytical solutions of problems are, in the last 
analysis, Uteral or algebraic solutions. The child who 
solves the problem, "A third of my ruler was broken; 
I lost the use of 6 inches; how long was the ruler? " by 
explaining, " The ruler was f long; i of the ruler is 6 inches; 
i of the ruler is 6 inchesXS," is using an algebraic method. 
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Substitute x for " ruler " and the solution acquires the ac- 
cepted algebraic form. Uniform literal symbols and uni- 
fonn solutions of simple equations having been taught, 
algebra will have made its complete contribution to ele- 
mentary arithmetic. In the chapter on Problems the details 
of the inclusion of algebra in arithmetic and the methods of 
teaching the various forms of the simple equations will be 
fully considered and illustrated. 

D. Oeometry in the Elementary Course. — ^Disapproval 
of the method of teaching mensuration in arithmetic led to 
the selection and simplification of a body of geometrical 
facts and their addition to the elementary school course. 
Children were too often taught to memorize definitions of 
geometric forms, formute for obtainmg areas and volumes 
and other procedures of solution, through severely deductive 
lessons devoid of all concrete experience. The revolt against 
such unpedagogical practices led to a curtailment of this 
branch of arithmetic and the gradual introduction of in- 
ductive lesson-forms and the correlation with manual 
training and drawing lessons. This brought simplified 
geometry which was called " inventional " or " concrete " 
or " observational " geometry and which sought to develop 
the laws of areas and volumes through ex^perience in con- 
structing the conunon geometric forms. But the important 
principle to keep in mind is pot to group all this geometric 
work into one grade, but to introduce it gradually and 
make it coextensive with the course in arithmetic. The 
great danger of assigning all this work to one grade in the 
upper part of the school course is that it then becomes, not a 
natural^ppUcation of the fundamental processes of arith- 
metic, but a superadded, emasculated summary of the 
formal geometry taught in the first high school year. The 
content of this inventional geometry and the characteristic 
modes of teaching it must be reserved for a later chapter on 
Mensiuration. 
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6. CoiJise in Indttstrial and Commercial Arithmetic. — 
The youth of the elementary school is in greater need of 
industrialized and commercialized arithmetic than of a 
course in industrial and commercial arithmetic. The pre- 
ceding paragraphs show clearly that the fimction of the 
school is to develop that ability and those habits in number 
which will enable the child to approach arithmetical situa- 
tions intelligently. It is not the function of the general 
scho(d course to give a detailed study of the arithmetical 
practices in any one or in any group of specific industries. 
That course in arithmetic which relates itself to all the 
activities of the child's life and especially to all the indus- 
tries of his environment is as commercialized and indus- 
trialized as any school course need be. 

THE DEVELOPMENT OF A COURSE OF STUDY m AIUTHMETIC 

The study of the course in arithmetic has thus far con- 
cerned itself primarily with the selection of the content. 
Assuming that problem solved, the next question is how to 
organize and imfold the many topics in this subject. Peda- 
gogical theory and experience have evolved three solutions: 

1. Simultaneous Presentation of the Fundamentals. — 
Grube, one of the earliest students of the problem of organ- 
ization, suggested the simultaneous presentation of fimda- 
mental processes in arithmetic. When the pupil learns to add 
2+2+2+2, he should be taught 2X4 and 8-2 or 8-4; 
knowing 2X4, the division of 8 by 2 or by 4 should also be 
introduced. It is argued that these processes mutually 
supplement one another and build up in the child's mind rich 
concepts of the numbers so taught. Whatever the theoreti- 
cal advantages may be, it is obvious that such a system of 
organization appUes only to small numbers, for with large 
numbers only confusion will result. The fundamental proc- 
esses whether appUed to whole numbers or to fractions are 
surely not of equal difficulty. Frequently, one presupposes 
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a mastery of another; in division by a number as small as 
27, a knowledge of multiplication and subtraction is necessary. 
The practical teacher insists, therefore, on a sequence which 
shows at least a conscious attempt at rational gradation. 
When applied to branches of arithmetic other than the fim- 
damental operations, this system of organization falls of 
its own weight. 

2. Exclusive and Successive Attention to Each Branch 
of Arithmetic. — ^The obvious organization counsels attention 
to one process or one branch of arithmetic at a time. When 
that is mastered a second part of the subject is taken up. 
The prevailing coiu-se of study in arithmetic up to about 1895 
or 1900 taught notation and nmneration in one grade, 
addition in the next; similarly, subtraction, multiplication, 
division, fractions, denominate nmnbers, decimals and per- 
centage were taken up, one by one, and completed, before 
the next was attempted. In the " addition grade " children 
added any quantities within reason. In the "fraction class" 
or classes, every possible manipulation with fractions was 
taught so that vigorous and persistent drill was assiu^ed. 

The old schoolmasters justified this organization on 
many grounds. They argued that it gave opportunity for 
thorough grounding in essentials; that the organization 
provided for necessary drill; that concentration on a single 
line of thought was encouraged; that weaknesses in arith- 
metical knowledge of pupils could be traced forthwith to the 
proper grade, and thus responsibihty was fixed; that the 
child realized clearly that he was acquiring a new branch of 
the subject; that there was a definiteness of assignment 
too frequently absent in present-day courses. 

That there are advantages in an organization of the 
course which makes for exclusive attention to each part of the 
subject must be admitted by every opponent of the old 
system. But it nevertheless has inherent weaknesses that 
must not be overlooked. Exclusive attention to each of the 
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succeeding branches of arithmetic tends to mechanize the 
subject. The richness derived from a course which contains 
variety of appUcation is lost. The various branches of arith- 
metic are not mathematically independent but are interre- 
lated, and when properly correlated contribute towards clear 
comprehension. Under this system of artificially partitioning 
the subject, the child did not realize that i and .83^ or 83^^ per 
cent are all the same quantity. Decimals were not fractions 
and percentage forms were not decimals. It is obvious that 
the subject as a whole must be taught as interrelated func- 
tions and that its component parts must not be isolated. 

This sjTstem of exclusive attention to each topic in arith- 
metic is responsible for lack of inteUigent gradation. In a 
general way, it is true that subtraction is more difl&cult for 
the child than addition and that multiplication ranks next 
in the scale of difficulty. But in the development of these 
processes, this succession of addition, subtraction, multi- 
pUcation, division, etc., represents no gradation. It is much 
simpler for the child to learn to subtract 32 from 78 than it is 
to add ten numbers of five orders each; it is simpler to 
multiply 23 by 3 than to subtract 243 from 702. Similarly 
it is more intelUgent gradation to teach the child to divide 
936 by 3 than to postpone this type of example until he can 
multiply 7394 by 608. There is no reason to justify the 
teaching of all the cases and the forms of one process before 
taking up the next. A vivid realization of these limitations 
in the method of " Exclusive Attention and Successive At- 
tention to Each Branch of Arithmetic " led to the modern 
development of the subject. 

3. The Spiral Unfoldment — To retain the elements of 
strength that are possessed by the two systems discussed 
above, the spiral system was evolved. It is a compromise 
method and seeks to give in successive grades a series of 
repetitions of the same branches of arithmetic but in con- 
stantly and gradually widening circles. 
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A detailed illustration of the spiral plan may give clear 
comprehension of this method of developing a course of 
study. The accompanying tables show the development 
of arithmetic through the grades in New York City 
schools. If the reader will take any topic of arithmetic, 
addition, notation and nmneration, fractions, or decimals, 
and f oUow it through the grades down the vertical colmnn, he 
will readily see that it is not developed completely in any 
one grade, but is repeated in more extensive circles as the 
course progresses. The reading of the total grade assign- 
ment by studying any one of the horizontal hnes will show 
at once the variety of work in any one grade and the round 
of progressive repetitions. 

The subjoined graphs. Figs. 1, 2 and 3, show us how many 
grades are required to teach the whole topic of decimals. 
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Pig. 1. — Graphic Representfttion of Grades in which Common Frac- 
tions are Taught. 

Line A represents a school system which teaches fractions in three years, line B, 
in three vears, but not the same years; line. C, li years; line D, in 1 year (from 
middle of the 4th year to middle of 5th) ; line E^ in 5 years; line F, in one-half year; 
line O, in 1 year. 

Courses represented by il, B, ^ are very spiral in development; courses repre- 
sented by Z>, Ft Q are practically opposed to spiral forms. 



percentage, mensuration or fractions. We see again that 
there is a complete absence of agreement among makers of 
courses of study and that local opinion seems to govern in 
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Fig. 2. — Graphic Representation of Grades in which Dedmab ate 

Taught. 



Lines A — I represent di£Ferent school S3n9tem8. Courses represented by Am 
Et I are evidently very spiral; by B and F^ moderately spiral; by <7, 2), H, opposed 
to spiral plan. 

Note differences: Course O teaches decimals in second half of the 4th year; 
C, in first half of 5th year; D, in first half of 6th year. Course A requirea 4 yeazs; 
cotxrses C. D and Ot only one-half year. 
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Fia. 3. — Graphic Representation of Grades in which Percentage Is 

Taught. 

Lines A-J represent school systems. Point out differences in time required 
by different systems. Which are extremely spiral? Moderately spiral? Opposed 
to Spiral Plan? Compare courses F and J, courses F and Ch 
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allotting the various branches of arithmetic to the different 
grades. 

Advantages of a Spiral UnfoIdmerU. — ^The advocates of 
spiral courses in arithmetic set forth many advantages for 
them: (1) They argue that pupils who leave school before the 
completion of the eighth year are introduced to a richer and 
a wider range of topics in arithmetic. A cursory inspection 
of the tabular arrangement of the work of the grades in the 
New York City schools brings conviction on this value of 
the spiral system. (2) Greater correlation of the various 
branches of arithmetic is made possible, for in one grade the 
child learns that common fractions, decimals, and percent- 
age are mathematically the same despite their difference in 
form. Children learning to add and to multiply fractional 
quantities apply these processes at once to bills, men- 
suration, denominate numbers and various problems. Such 
correlation makes for natural and varied drills and applica- 
tions. (3) But this correlation leads to more rational associa- 
tions, and therefore better comprehension and more lasting 
impressions result. (4) All spiral courses are replete with 
opportimities for reviews of the work of preceding grades. 
The child who could not master the initial concepts of deci- 
mals in the 5B grade is not permanently deficient in this 
branch of arithmetic, for decimals will be taught again in the 
6A, and the 5B work wiU be reviewed as an apperceptive 
basis for the lessons in the higher grades. (5) Another 
important advantage in a spiral system is found in the fact 
that the subject is better graded, is more psychological than 
logical, and therefore insures better mastery in the long run. 
As the child grows older and gains in mental power, the 
various branches of arithmetic gradually increase in difficulty. 
In the older system, when all of fractions was taught in one 
grade or in one year, the child was early forced to learn the 
difficult forms and processes in fractional computations. 
But many children were not mentally matured for such thor- 
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oughness. In the spiral course, fractions may be taught 
in three or four grades; only the simplest concepts of frac- 
tions are developed early in the school course, and term by 
term the necessary facts and generalizations are intro- 
duced in a graded development which parallels the child's 
growing mental grasp. To attain these reputed advantages, 
curricula in arithmetic were made severely spiral in their 
oi^nization. 

Limitaiions of Spiral Courses in Arithmetic, — ^An ex- 
tremely spiral course often suffers from the defects of its 
own virtues. (1) Reviews and drills, within bounds, are 
advantages but when rational limits are transcended, they 
become stultifying repetitions. As the pupil goes from 
grade to grade in an excessively spiral course, he loses interest 
in the round of monotonous repetitions. It seems to h\m 
as if he were acquiring nothing new in the successive grades. 
An examination of many of our six and eight textbook series 
in arithmetic often discloses repetitions in the books assigned 
for two successive grades that make them ahnost identical 
in scope. 

(2) A second weakness of such a development is the 
apparent lack of unity. Teachers see nothing distinctive in 
each grade. They teach ahnost the same round of subjects 
and see no need of unifying the various topics. Teachers in 
fifth and sixth year classes often teach numeration and 
notation in the early part of the term, drill in fundamentals 
the second part, in fractions the third part, etc., and thus revert 
to the system of exclusive attention to one topic, not for a 
whole term but for part of the grade. Other teachers try 
to cover the assortment of topics each week. On Monday, 
notation and numeration and fundamental processes of 
whole numbers are taught and drilled; on Tuesday, frac- 
tions monopolize the lesson; on Wednesday, decimals; on 
Thursday, problem work; Friday is devoted to the grand 
review of the week's experience. Obviously, neither plan 
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possesses pedagogical merit. Teachers find it exceedingly 
difficult to plan the term's work when the grade assignment 
is so rich and varied. 

(3) A third element of weakness often results from the 
much emphasized correlation of the various topics of arith- 
metic. Interrelations do not always clarify. To the 
student who has a bird's-eye view of a subject and has an 
elementary knowledge of it, interrelations give new view- 
points and deeper comprehensions. But to the pupil who is 
only threading his way through the subjects, these very 
interrelations may become stumbling blocks and sources of 
confusion. Teachers often give evidence in support of this 
fact; they tell of befo^ed ideas and misinterpretations in 
arithmetic due to prematiu^ correlation. 

(4) Supervisors of elementary schools often complain 
bitterly against extreme spiral courses in arithmetic, for they 
make it impossible to fix responsibility for poor instruc- 
tional results. When every teacher teaches almost every- 
thing in arithmetic, who can be blamed for specific short- 
comings? Teachers are prone to take results as they come, 
and find comfort in the fact that their colleagues, who will 
have their charges the following term when the pupils are 
older, will be able to bring the class to that degree of skill, 
speed and accuracy which they themselves do not seem capa- 
ble of developing. This exceeding faith in the possibilities 
of fellow workers may be complimentary, but it discourages 
earnest effort on the part of some teachers. 

The Modified Spiral Development. — Theoretical analyses 
and practical experience point to the need of evolving a 
modified spiral coiu^se of study in which the spiral character- 
istic will be basic throughout the course, but in each grade 
certain branches of arithmetic wiU be so stressed as to 
mark them the distinctive contribution of that semester. 
There is every reason for retaining the spiral system in the 
earlier grades. But beginning with the middle of the ele- 
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mentary grades, opportunity must be given to focalize atten- 
tion on fewer topics and processes so that drills may be more 
intensive, and the resulting skill of a higher order. The 
severely spiral course presents a merry-go-round of topics 
in each grade and invites a feather-duster treatment of 
each. In the modified spiral system, it is possible to sub- 
ject each topic to careful study so that thoroughness of 
comprehension and permanence of knowledge may result. 

THE TIME TO BE DEVOTED TO ARITHMETIC 

No Set Time Yet Determined. — ^A problem which seems 
of vital significance to the maker of courses of study is the 
allotment of the approximately correct proportional time 
to arithmetic. The U. S. Bmreau of Ekiucation, making its 
computation on the basis of courses of study used in fifty 
of our leading cities, finds that about 15} per cent of the 
time devoted to all subjects in the curriculum is given to 
arithmetic. This averages about 45} minutes per day, 
assuming the regular five-hom* day. But when we recall 
the fact that some school systems have no formal work in 
the first year; that a few have none in the second year; 
that in school systems where formal work begins in the 
first year, the daily period is Umited to about 20 minutes or 
less — ^then we reaUze that to maintain an average of 45} 
minutes for all grades, it is necessary to devote much more 
than an hour a day in the highest grades. 

Relation of Time to Proficiency. — ^A comparison of the 
time allotted to arithmetic in courses of study used in typical 
school systems reveals only one interesting fact — ^the widest 
range of variations. Obviously there are no scientific data 
to guide us in determining approximately what part of the 
school time to devote to arithmetic. A priori, it would seem 
that the more time given to the teaching of arithmetic, the 
greater must be the proficiency developed by the pupils. 



COURSE OF STUDY IN ARITHMETIC 41 

But investigations made under experimental conditions do 
not warrant such an inference. They seem to indicate no 
relationship between time expenditure and the results of 
instruction. If we were to select at random a school from a 
list of schools that give more than average time to arith- 
metic; the chances are about equal that we would have 
chosen a school where the work is below standard, and, con- 
versely, if we were to select a school from among those that 
devote less than average time to this subject, we would 
probably find the children doing superior work in it. It 
was found that schools that attained a ratiag of 80 per cent 
in arithmetic and those that scored only 25 per cent in the 
same tests gave the same time to this subject. The accom- 
panying table summarizes in paA the result of C. W. Stone's 
investigations: ^ 

'The school system that stood 1st out of 37 school systems gave 

12 per cent of its time to arithmetic. 
The school S3rstem that stood 5th out of 37 school systems 

gave 14 per cent of its time to arithmetic. 
The school system that stood 7th out of 37 school systems 

gave 17 per cent of its time to arithmetic. 
. The school S3rstem that stood 13th out of 37 school S3rstems 

gave 11 per cent of its time to arithmetic. 
The school system that stood 13th out of 37 school systems 

gave 13 per cent of its time to arithmetic. 
The school system that stood 15th out of 37 school S3rstems 

gave 19 per cent of its time to arithmetic. 
The school system that stood 22d out of 37 school systems 

gave 20 per cent of its time to arithmetic. 

It seems obvious that time alone is not the determining 
factor in making for proficiency in arithmetic, nor is it as 
important when compared to other influences that make 

^C. W. Stone, ''Arithmetical Abilities and Some Factors Deter- 
mining Them," Col. Univ. Cont. to Ed., 19 (1908). 
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for development of power, as was traditionally supposed. 
The modes of instruction, the character of supervision, and 
the organization of the coiu*se of study are more telling ele- 
ments to be considered in trjring to bring children to a de- 
sired degree of proficiency. 

When Shall We Begin the Teaching of Arithmetic?— 
The Plea for Late Introduction, — ^An ever-pressing question 
which is asked in the teaching of all school subjects is the 
time for their introduction. Many parents and educator9 
are iu*ging the postponement of the teaching of formal 
arithmetic to the second or to the third year. The reasons 
are the oft-repeated ones: (1) children would probably 
learn the initial parts of the subject more rapidly if they 
were taught them when the mind is more mature; (2) the 
later the subject is introduced, the more clearly does the 
child perceive its need, and hence greater attention is 
assured because of rational motivation; (3) the physical 
welfare of the child demands postponement of formal book 
work and an increase in active education; (4) many of 
the basic number facts would be learned incidentally and 
time will not be lost in the long run. These are only a few 
of the set arguments for the exclusion of formal instruction 
in arithmetic from the first year or two of the elementary 
curriculum. 

The Case for Arithmetic at the Beginning of the Course. — 
But there is a growing conviction that incidental teaching 
resolves itself into no teaching and precarious results, for 
teachers are prone to neglect necessary natural drills in 
informal exercises. The earUest grades are devoted to 
inculcating necessary habits in arithmetic, not to securing 
clear comprehension. It seems wise to introduce addition 
and multipUcation tables as early as the child will accept 
them, so that nec essary b abita^.will be developed in the 
fundamental processes. For a large part of the school pop- 
ulation, the edufifltignal period is incredibly short and nee- 
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essary number facts must be acquired and skill developed 
from the very earliest grades. And finally, it is urged that 
teachers and supervisors give evidence that the normal 
child of seven, taught by proper methods, imderstands the 
basic concepts of arithmetic and develops skilTlui their 
use. 

Early Indrudtion in Arithmetic Need Not Be Formalized, — 
But it must not be assumed that because arithmetic is 
made an integral part of the work of the first two years 
that it is advisable to return to the deadening grind of the 
mechanical drills in additive combinations or in multipli- 
cation tables. Our psychology forbids such procedure; 
modem methodology condemns such practice. Although 
the work of the earliest grades is definitely and formally 
prescribed, it may be enlivened in many ways. Every 
number fact or process must be motivated by showing its 
social worth or by making it appeal to the instincts of the 
child; throughout the development of the early lessons, 
the inductive method must prevail so that the child is the 
active discoverer of knowledge; every drill must be pre- 
sented through some form of play activity and must appeal 
to the ultrasensitive senses of the child. Arithmetic so 
taught is vibrant with life and interest. 

Arithmetic in the Kindergarten, — ^It seems to be a general 
belief among kindergartners that children of five and six are 
usually too young to grasp number facts aside from the use 
they make of them in activities incidental to games and 
manual work. Although no attempt should be made to 
give formal instruction to these children, certain mathe- 
matical knowledge cannot be kept from them. Their 
work and their play necessitate counting to twenty and 
even to thirty, the recognition of certain geometric forms, 
recognizing groups of five or six objects, addmg, subtracting, 
multiplying and dividing small quantities, and producing 
halves and quarters by folding paper or other objective 
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devices. But all these arithmetical facts should be ac- 
quired, not by consciously setting out to add these definite 
ideas to the child's knowledge stock, but incidentally, in the 
round of pleasurable activities, while the mind is bent on 
more attractive ends. 



CHAPTER m 

GENERAL PRINCIPLES GOVERNING THE TEACHING 

OF ARITHMETIC 

The Dissatisfaction with Results of Instructioii in 
Arithmetic. — There are few complaints against current 
education that come with greater frequency than those 
directed by business men who find the school graduate 
unable to measure up in arithmetic to the demands of com- 
mercial life. It is charged that he, the graduate, is inac- 
curate, unduly slow iq his calculations, and unable to meet 
a new arithmetical situation, however sUghtly it is changed 
from the type. School superintendents have undertaken 
to systematize the demands in arithmetical knowledge, 
which business firms make of the unspeciaUzed workers. 
Invariably these demands are very simple when compared 
to the standards set up by elementary schools. Dr. 
McAndrew, Associate Superintendent of Schools, of New 
York City, selected two firms in the Borough of Brooklyn, 
which employ the greatest number of school graduates. 
The managers of these firms were asked to give specimen 
tasks most commonly required by school graduates in then* 
employ. Their requirements in arithmetic are summed up 
in the two types which follow: 

. 1. Addition: A sum of about this difficulty. 

SI. 58 

.65 

.49 

2.98 

10.77 

1.38 

3.10 

45 
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2, Penmanship, multiplication, fractions, addition, filling out 
a sales slip about like this one from dictation, computing the values, 
and adding the amoimts: 



Bought by Henry Wise, 

649 Classon Ave., 
Brookl3ai. 



Sales No. 
163 




Date 
6/16/15 



Quantity 


Items 


Amoimt 


2i 
3 


White lace @ 57c 
Spools white silk @ 10c 
White silk @ 93c 








Amount 



The other tasks are not given because they do not bear 
on arithmetic. These tests were given to the pupils of the 
graduating classes of the Brooklyn divisioi^ with the fol- 
lowing results: 

Test No. 1 Siiqple Additi<niB 

Number Tested 1023 

Number Eight 778 

Per cent Right 76% 

Poorest Class Record 68% 

Best Class Record 91% 
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Test No. 2. PemnaDship, multiplication, fraetiocs, addition. 

Number Tested 962 

Number Right.. 539 

Per cent Right 66% 

Poorest Class Record 42% 

Best Class Record 92% 

Without going into the details of marking, evaluating 
answers, norms used, etc., this may be regarded as a typical 
result which gives point to the prevalent dissatisfaction 
with school work. Teachers spend hours each week for 
eight years striving for attainments in arithmetic that far 
exceed the modest requirements set up by these employers 
of school graduates. What a gulf between the actual 
achievement and the standards striven for! How can we 
explain the conditions which produce such waste in teach- 
ing? Many factors may be enumerated, chief among which 
are the following: Absence of specific aims in the course of 
study; failure to introduce a common standard of measur- 
ing progress in all grades; lack of knowledge of the busi- 
ness man's demands in arithmetic; differing views as to the 
worth of arithmetic, which produce a variety of purposes 
that govern instruction; different views as to what subject 
matter to select to fidfill the requirements of the course of 
study; teachers poorly prepared in the subject matter and 
in methods of instruction in arithmetic; making arithmetic 
a fetish of elementary education and thus wasting time by 
attempting to attain standards imnecessarily high. It is 
evident that much can be done through more rational 
courses of study and improved methods of teaching. The 
preceding chapter was given to a study of curricula in 
arithmetic and their organization along practical lines. 
It is the function of this and the succeeding chapter 
to formulate guiding principles for more effective instruc- 
tion. 
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ARITHMETIC MUST BE HUMANIZED 

The first basic principle which must obtain in the teach- 
ing of arithmetic requires the estabUshment of a most 
intimate relationship between the problems of life and the 
probl ems of arit hmetic. Changing the order of topics in 
arithmetic, eliminating certain obsolete forms, empha- 
sizing the heuristic method or any other procedure — ^these 
are insignificant considerations when compared to the need 
of a social attitude in .jarithmetic. Unless the problems 
of arithmetic are real, raa their solutio n seem s urgent^ the 
subject will always lack human significance. An exam- 
ination of problems taken from current tests in arith- 
metic, from manuals of methods of teaching, and from 
courses of study, shows clearly how far we are from this 
standard. Thus, one author asks: "A, B and C eat eight 
loaves of bread, each the same amoimt; A furnishes 3 
loaves and B 5 loaves. C pays 24 cents for what he eats, 
how much should A receive? Make an analytic diagram." 
Later in the text the same author is troubled by another 
situation: ''A is 6 feet tall. It is proposed to make his 
statue 12 feet tall. A's little finger is 3 inches long. 
To paint a statue of A's size costs $2. The weight of a 
statue of A's size is 1000 lbs. What wiU be the length of 
the little finger of the statue? What wiU it cost to paint 
the statue? What will be the weight of the statue?" 
Lest the questions go unanswered, this author presents the 
solution: "A's height has been multipUed by 2; multi- 
plying a linear part by a number, multipUes the linear part 
by that number, multiplies a surface part by the square of 
that number, and multiplies a soUd part, by the cube of 
that number; 2 inches, the length of the Uttle finger, must 
be multiplied by 2; $2, the cost of painting a statue of 
A's size, must be multiplied by the square of 2; 1000 lbs., 
the weight of the statue, miBst be multipUed by the cube 
of 2." The problem and its solution are offered as models 
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to young teachers in a book on the teaching of arith- 
metic. 

Problems as far removed from life may be selected from 
other books just as well known as the one from which the 
above quotations were taken. Further illustrations are 
cited in the chapter devoted to a study of problems. It is 
evident that instructicnml reform in arithmetic must reach 
deeper than mere rearrangement of some topics or elimina- 
tion of others. Unless the ^problems and the situations 
are real, arithmetic wiU continue to be devoid of human 
touch. 

MOTIVATION IN ARITHMETIC 

Value of Motivation in Arithmetic. — ^The best safeguard 
against teaching what is socially useless in arithmetic is to 
make an earnest endeavor to convince the pupil of the 
need he has for the knowledge we are about to present. It 
wiU not suffice to justify the lesson to ourselves. We 
must try to interpret the topic to the child in terms of need 
and use in his life. If teachers and textbook writers 
tried to motivate the problems they give to children, they 
would, doubtless, eliminate much that they now regard as 
important. Once social worth is shown, we are reasonably 
certain that the child is actuated by real motive; that 
attention will cheerfully be given; that interest of a d3mamic 
nature is aroused; that self-activity will flow in plenty, and 
that the class will cooperate throughout the entire lesson. 

How to Motivate Arithmetic? — ^But the vital question 
which the teacher asks at this point of our discussion is, 
naturally: " How can the subject matter of the course of 
study in arithmetic be motivated? " The variety of meth- 
ods of motivation in arithmetic is rich and simple of at- 
tainment in most grades. To these we must now turn. 

1. Arithmetic can be motivated by showing the pupil 
the need he has for a specific process or set of facts. In 
teaching business forms, bills, receipts, checks, single entry 



60 TEACHING OF ARITHMETIC 

bookkeeping — ^topics so intimately related to the child's 
experience — ^the mere mention of the aim of any of these 
lessons will serve as a motive. A lesson on multiplication 
by fractions can be motivated by making one item of a 
bill, " 1| yd. at $2.40 " and leading the pupils to foreshadow 
the aim of the lesson — "to learn how to multiply with 
fractions.'' Similarly, a lesson on division by a decimal 
can be motivated by giving the children a practical prob- 
lem, the solution of which is foimd by dividing by the 
decimal .6. The children do not proceed very far before 
they inform the teacher that they do not know how to 
manipulate the decimal point. The pupils are then asked 
" What must I teach you now? '' and the children state the 
aim of the succeeding lesson. These are typical illustra- 
tions of a host of similar situations in arithmetic in which 
motivation can be achieved by showing that the new proc- 
ess is necessary in the pupil's life. 

2. A second means of arousing rational motive is to 
rdate new experience to an object or an end in which the child 
is direeUy interested, A pupil who is not interested in . 
arithmetic but is fascinated by work in manual and voca- 
tional exercises may be attracted to arithmetic by deriving . 
all of its problems and processes from the activities that he 
likes. Such a pupil can be taught addition, subtraction, 
multiplication and division of fractions, reductions and 
various manipulations of denominate numbers by relating 
all these arithmetical processes to manual and vocational 
exercises. In making out the price tag for an article of 
furniture just completed, the child must add a per cent 
profit to the cost of material and labor. Here we have 
the motive for teaching this child the initial lesson in per- 
centage. In similar manner a child's interest in athletics 
may be utilized as a motive for arithmetical piu'poses. 
Four schools in athletic competition have thus far the 
following records: 
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School I Won 4 Lost 3 

School II 5 2 

School III 5 3 

School IV 4 1 

These figures can be made the basis of an interesting series 
of mental arithmetic examples and can be used to motivate 
teaching of Case II, in percentage, by asking, " How shall 
we compute the per cent of games won by each? " So, too, 
interest in physics, geography, or cooking can be made the 
means of stirring motive and arousing a desire for the 
mastery of certain arithmetical experiences. 

3. A simpler means of attaining the same end, motiva- 
tion, is to appeal to any one of the child's impelling instincts. 
Through the child's inherent love for play and games, early 
number work is made the source of great pleasure. Many 
of the mechanical processes of arithmetic are made natural 
by appealing to the puzzle instinct, the instinct of curiosity, 
the urge to overcome obstacles the conquest of which 
seems to be within our capacities. Children may even find 
reducing fractions to lowest terms and discovering least 
common multiples and greatest conmion factors no stupid 
processes when these are presented in the light of puzzles 
which challenge their ingenuity. Adults often spend hours 
in attempting to solve puzzles in newspapers and in ad- 
vertisements. When all other attempts at motivation 
fail, an appeal to an instinct will often prove not only suc- 
cessful, but also a potent spur to intense activity. 

METHODS AND PROCEDURES IN THE TEACHING OF 

ARITHMETIC 

The Variety of Methods. — ^Many systems or methods of 
teaching arithmetic have been evolved. A tabular arrange- 
ment of these methods will afPord an easy summary. 

1. Inductive v. deductive method. 

2. Analytic v. synthetic method. 
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3. Heuristic method. 

4. Laboratory method. 

5. Textbook method. 

Each of these has its own advantages over the others, but 
none is so perfected as to be capable of exclusive and gen- 
eral application. An eclectic method formed by a combina- 
tion of all of these is not always possible nor practical in 
the teaching of arithmetic. The pecuUar merits of any one 
method often make it the best procedure in a specific case 
and the least eflfective mode in another. We must, there- 
fore, study each of the conmion methods of teaching arith- 
metic to discover its aim, its procedure and the situations 
that make its use, singly or in combination with another, 
most advisable. 

!• Inductive v. Deductive Method. — Chief Charac- 
teristics of IndiLction Summarized, — The writer assumes 
that the student of special methods of teaching arithmetic 
knows that induction is that form of reasoning in which a 
general law is derived from a study of particular objects or 
specific processes; that the five formal steps of the Her- 
bartian recitation or the Method-Whole follow a severely 
inductive development; that induction is the method 
which leads f.liftj^ipil i^ " HiBoovftr ^^ Irnnwlpf^gftj that the 
law, rule or definition formulated by the child in inductive 
lessons is the summation of all the child has gathered in 
the presentation; that induction demands active coopera- 
tion on the part of the pupils throughout the lesson. The 
reader will find many illustrations of inductive teaching 
in the chapters that deal with fractions, decimals, percent- 
age and mensuration, and in the discussion of the heuristic 
method in this chapter. 

Is Induction in Arithmetic True Inductionf — Strictly 
speaking, pure induction is seldom found in the teaching of 
arithmetic. In all induction in life, the generalization that 
is evolved is regarded as a tentative conclusion, a temporary 
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hjrpothesis, the validity of which is tested by application or 
the content of which is modified or enriched through further 
experience. Tlie law obtained in an arithmetic lesson is 
final because the teacher selected only those individual in- 
stances which point immistakably to it. 

Induction through Typical Instances, — ^At times the law 
is evolved from a typical instance and not from a study of 
a number of specific individual cases. Thus, the general 
procedure for multiplying by any number of two orders, e.g., 
by 18, is derived from the procedure followed in multiply- 
ing by some one number of two orders, or the rule for the 
division by a decimal may be deduced from the specific 
example which requires division by some one decimal 
fraction. 

PUice of Induction in the Teaching of Arithmetic. — De- 
spite the incompleteness and the unscientific character of 
these inductions, they are, nevertheless, emphasized in 
the teaching of arithmetic because they follow the general 
mode of thought in induction. All inductive teaching con- 
cerns itself with the development of mental power, mental 
habits and modes of thought, rather than with the mere 
acquisition of fact. The inductive method must, therefore, 
be the predominating method in the teaching of arithmetic. 

Chara^cteristics oj Deduction Summarized. — It is evident 
that deductive teaching which begins by positing the law, 
and then seeks to read meaning into it by attempting to 
solve specific examples, lacks the instructional elements 
of strength that characterize induction. In deduction the 
child does not discover laws, but verifies them; he does not 
develop a mode of thought, but acquires well-established 
laws and facts. The lesson in division, given in Chapter 
VIII, is an illustration of a typical deductive lesson and 
shows that deductive teaching is not necessarily authori- 
tative instruction imposed on the child without appeal to 
thought or motive. 
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Place of Deduction in Arithmetic. — ^There are conditions 
in arithmetic when deductive teaching is not only advis- 
able, but almost imperative^ Chief among these we must 
include the following: 

(1) When the Generalization is Too DiFPicifLT. — 
There are laws in arithmetic that require powers of analy- 
sis and synthesis beyond the meager mental resources of 
the child. To attempt an inductive development is to 
produce confusion and discouragement in the child. For 
this reason we must teach deductively division by a num- 
ber of two orders, multiplication by a number of three 
orders, and subtraction with numbers in the subtrahend 
larger than numbers in the corresponding order of the 
minuend. 

(2) When the Generalization is too Long. — ^A law 
can be derived inductively only when the individual cases 
presented are simple enough to enable children to compare 
them, to abstract underlying likenesses and characteristics, 
and then to weld them into a synthetic concept. Obviously, 
we court confusion when we attempt to develop the method 
of finding the least common denominator or the greatest 
common divisor, or the method of dividing by a number of 
two or more orders. The elements in these procedures are 
so numerous that no child can maintain enough control 
over them to enable him to formulate the generalization. 
Experience teaches that a deductive lesson is wiser, for it 
makes for economy of time and clarity of comprehension. 

(3) When Legitimatelt Pressed for Time. — ^There 
are conditions in the course of class instruction which make 
it necessary to achieve a definite end in an unusually short 
period of time. Thus, a teacher in a given grade must teach 
the next progressive step in denominate numbers or in deci- 
mals and finds that the class, for reasons which cannot 
readily be ascertained, lacks the necessary apperceptive basis 
which should have been acquired in an earlier grade. It is 
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evident that the work of the lower grade must be made up. 
The exigency of such a situation makes it advisable to fol- 
low a deductive procedure. Teachers of upper grades of 
the elementary coiu^se; charged with a review of all preceding 
work, often find that necessary processes have been forgot- 
ten by the class. To accomplish the work of review and 
reteach such parts of the subject as are necessary, a deduct- 
ive development is often a matter of absolute necessity. 
It must not be assumed that mere saving of time is the 
proper justification for a system of instruction that is ex- 
cessively deductive. There are values in the inductive 
lesson that more than compensate for the extra expendi- 
ture of time which it necessitates. Only when the time 
cost far outweighs this gain of induction are we justified in 
giving way to deductive teaching. 

(4) When a Topic Assigned is of Little Social 
Worth to the Child. — ^Teachers must always scrutinize 
the course of study and seek to harmonize it with the needs 
of the specific class to be taught. When a course of study 
is so rigid in its prescriptions as to make impossible this 
adjustment, it is wise to teach deductively such parts of 
the subjects as will, in all probabiUty, play no part in the 
lives of the children. An illustration may avoid misimder- 
standing of this suggestion. A teacher of an eighth year 
class in one of our city schools finds that she must teach the 
area of a circle to a class of girls whose education, at best, 
will not extend beyond the elementary school. It is evi- 
dent that the formula, wr^, will contribute no material aid 
in the adjustments which these girls must make imme- 
diately after graduation. To teach the area of a circle in- 
ductively will take an entire period and leave no time for 
application; to teach it deductively requires about one- 
fifth of the period and leaves considerable time for appli- 
cation of this formula and for drill on calculations of greater 
worth to these particular children. It is futile to argue 
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that a course of study which imposes such a topic and 
which is so lacking in flexibility is pedagogical tyranny. 
The teacher is confronted by a real condition — ^the course 
of study must be carried out; the deductive method in 
such cases minimizes the limitations of the course of study 
and helps the teacher to square pedagogical practice with 
professional ideals. 

(5) When a Textbook Lesson is to be Given. — 
The deductive lesson must be followed when children are 
given a lesson in arithmetic from the book, in the endeavor 
to teach them how to study the subject without the aid of 
teacher or of parent. While the methods of study may be 
developed inductively, the subject matter of arithmetic 
will naturally be acquired deductively. Detailed expla- 
nation of such lessons, together with appropriate illustra- 
tions, will be given under a later topic in this chapter. 

From the eniuneration of the conditions that make 
advisable the deductive method, it is obvious that it is 
not, in the nature of the case, an imusiial instructional 
procedure, and it must not be assumed that deductive 
teaching is mechanical teaching, authoritative in spirit and 
characterized by pure memory appeal. The deductive 
lesson has a rationale and a development as logical and as 
thought provoking as most inductive instruction. For 
illustration, the student is again referred to a later discus- 
sion — ^the deductive recitation, in Chapter V. 

Supplementary RelcUion between IndiLction and Deduc- 
tion. — ^From the characteristics of the inductive and the 
deductive modes, it is readily seen that each of them has 
compensating values for the limitations of the other. In- 
ductive teaching is absolutely dependent upon deduction, 
for when it is unsupplemented by deduction it lacks verifi- 
cation and application; exclusive deductive teaching em- 
phasizes facts at the cost of method and fails to teach the 
characteristic mode of reasoning in arithmetic. 
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2. Analysis and Synthesis in Aritlimetic. — Meaning 
of These Terms. — ^Analysis and synthesis are terms often 
niisused in the teaching of arithmetic. Students take the 
elementary conceptions of these terms and therefore 
think that " synthesis may be defined as a process of put- 
ting together, and analysis as a process of taking apart." 
These definitions are quoted from a book on methods of 
teaching arithmetic and reveal the crude and erroneous 
conceptions that have gained ciurency. Analjrsis is more 
than a mere taking apart; it is a separation according to 
function or according to a principle of classification. So, 
too, synthesis means assembling elements by inter-relating 
their functions. To pour the liquid in a receptacle into 
two or three test-tubes is no act of analysis. To separate 
the liquid into its two or three chemical elements is an act 
of analysis. The machinist who puts wheels, shafts and 
bolts together to produce a machine is synthesizing, for 
the place given to each part in the organization of the whole 
is determined by the function it performs. The [auto- 
mobile that is wrecked in a collision is not analyzed; it is 
smashed. Nor is the act of gathering up the broken pieces 
one of synthesis. 

The Terms Illustrated. — ^Analjrsis and sjmthesis are 
modes of organizing data and reasons in arithmetic. To 
teach a child the number eight by counting, one, two, three, 
four, five, six, seven, eight, or by adding one to seven, is 
an act of synthesis. To teach eight by beginning with eight 
children and having a pupil arrange them in single file to 
discover that eight one^s make eight, in double file to learn 
that four two's make eight, in groups of four to find that 
two four's make eight — ^these constitute an analytical les- 
son. The teaching of geometry which begins by positing a 
proposition and then proceeds to put together known laws, 
axioms, and propositions to build up to the proposition that 
introduces the lesson is another illustration of synthetic 
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reasoning. A typical analytical solution of the following 
problem is offered below : 

A foundry reduces salaries by 8 per cent and thus saves an 
additional $3248.00 per month. What was the amount of the pay 
roll before reduction? 

8 per cent of salary is reduced. 
S3248.00 is the sum reduced. 

/.8% of salary » $3248 

1% of salary »i of $3248 -<406 
100% of salary »$40600 

Pedagogical Importance of Analysis and Synthesis in 
Arithmetic, — ^From the illustrations cited above it can be 
seen that mathem atical synthesis j proceedairom the known 
to I be rela ted unknown, while analysis^man ipulates unknown 
quantities tojiiscover their worth. Mathematical analysis 
is, therefore, a method of discovery in which the child ac- 
quires a method of mathematical reasoning. Mathematical 
sjmthesis is logical explanation, but does not disclose the 
method of arriving at a new conclusion in mathematics. 
In mathematical analysis the child is mentally active, while 
in following mathematical synthesis the child is com- 
paratively less self-expressive. The dominant mode of 
teaching must therefore be analytical if the mathematics 
of the elementary school is to exert, in full measure, its 
disciplinary power upon the developing mind of the child. 

3, The Heuristic Method. — Explanation. — ^The heuris- 
tic method is more commonly known as the development 
method and refers to that mode of teaching in which the 
child is led to rediscover the socially necessary knowledge 
that the race has gathered. It regards the pupil's mind as 
concentrated potential energy eageFto^burst its confines in 
its endeavor to attain necessary ends. Its aim is not the 
giving of fact, but the development of power through self- 
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lUiuirattans of the Heuristic Method. — ^The character* 
istics and the merits of the heuristic method may be made 
clear through its application to actual instructional situa- 
tions. In teaching children to subtract 37 from 62, six 
dimes, and two cents are shown. It is now necessary to 
pay a debt of 37 cents, i.e., of three dimes and seven cents, 
k It is a simple matter to give my creditor three of the six 
dimes, but how give seven cents when I have only two? 
The children are now confronted by a problem. What 
solution can they suggest? A few judicious questions and 
suggestions lead them to see the light. Have I enough 
money? Must ten cents always be in the form of a small 
silver coin? How many cents can I receive for the dime? 
If I change a dime into cents, how many cents will I have? 
The conversion is made and the children now see that they 
not only have five dimes, but twelve cents — denominations 
that make it possible to pay my debt of three dimes and 
seven cents. A few more similar problems are solved and 
the children discover a way of subtracting niunbers of two 
orders where the digit in the subtrahend is larger than the 
digit in the minuend. 

In teaching division by decimals the heuristic method 
stirs pupils to similar active cooperation. A problem is 
given, in which it is required to divide 24.36 by 6. No 
diflSculty is experienced, for the children know this calcu- 
lation. A second problem is now given in which it be- 
comes necessary to divide 24.36 by .6, not 6 a whole niun- 
ber. Most children begin the division only to stop as they 
realize that the decimal point of .6 is a troublesome element. 
The teacher elicits from the children that if it were pos- 
sible to eliminate the decimal point of the divisor they would 
readily find the answer. The problem now confronting 
the class is how to bring about a change in the divisor 
from .6 to 6. The teacher has recourse to facts known by 
the children and asks the class to convert l-^2, 2-^-3, 3-^4, 
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7 -J- 10, 15-2-6, into fractions. The board work presents 
the following appearance: 

l-^2-i 7-^10-A^ 

2-5-3 -f 15-^ 6=^ 

3-^4=1 

The class id now asked to convert 24.36 -J- .6 into fractional 

form and the answer — ^ — is readily obtained. The basic 

.6 

problem " how to turn .6 into 6,'' is now recalled and the 
teacher asks: " What do I do to the denominator when I 

change — '-— into —^ — ? " When the answer, " It is mul- 
.0 o. 

tipUed by 10," is obtained, the children are asked: " If I 
multiply the denominator by 10, what must I do to the 
niunerator? " " Have I now changed the value of the 
fraction? " The work on the board now shows: 

24.36^.6=?^x5^=?^=6.)243.6 

.6 10 6 

In a similar way children are led to recognize the new prob- 
lem involved in dividing 2.436 by .06 and to discover the 
mode of solution. After a few similar cases are worked out, 
the pupils are now ready to formulate the law for dividing 
by a decimal. 

Cautions and Suggestions in the Use of the Heuristic 
Method. — ^There are conmion misconceptions concerning 
the heuristic method which destroy its value as a mode of 
teaching. To these we must now turn. 

1. Inductive and Analytic-Synthetic in Character, — ^The 
heuristic method usually follows an inductive rather than 
a deductive imfoldment and for that reason is analytical 
in its initial stages but toward the end of the lesson when 
the new law is discovered and formulated a synthetic proc- 
ess is employed. It is not absolutely true that the heurio- 
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tic method is always inductive. Children may be told 
that climate is detennined, among other things, by latitude, 
altitude, distance from a large body of water, prevailing 
winds, ocean currents and surrounding topography. The 
problem before the class is to make inteUigent inferences 
concerning the climate of England. 'These laws of dunate 
are regarded as tentative and are verified by a comparison 
with the facts found in the textbook. Here, therefore, is 
a deductive lesson, but one in which the problem was de- 
veloped by the children. In arithmetic, however, heuristic 
teac hing; is generally inductive teachi ng. 

2. Time and Cost of Discovering Knowledge Must Be Con- 
sidered. — ^We must ever be mindful of the fact that in the 
heuristic method, knowledge must not be discovered by the 
children regardless of time, effort and ultimate purpose. 
The price in time and effort that the race paid for its knowl- 
edge must not be repaid by each succeeding generation. 
Teachers must therefore evaluate the arithmetical experi- 
ences they teach in terms of time and effort, and decide 
whether the fact is worth the cost. Children can be taught 
reduction ascending heuristically, but we may question 
the wisdom of spending the necessary time and effort on a 
topic that plays so Uttle part in the lives of most children. 

3. Heuristic Teaching is Directed Teaching, — It must not 
be erroneously conceived that heuristic teaching entails 
blind, wasteful effort, a series of trials and errors with ulti- 
mate accidental success. It is the teacher's duty to lead 
the child along the correct path and guard, by questions 
and suggestions, against pitfalls in reasoning and against 
unwarranted conclusions. The heuristic method is there- 
fore not a method of learning devoid of teaching, but rather 
a mode of instruction which regards teaching as the art of 
systematically arousing and directing the self-activity of 
the pupil until a desired end is attained. 

Ldmitations of the Heuristic Method, — ^The cautions that 
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were discussed in the use of the heuristic method show 
clearly that it is not without its limitations. (1) Its cost 
in time is often a serious factor, although not one which 
precludes its use to any great extent. Since growth in 
mental power rather than in acquisition of facts is the de- 
sideratum, the course of study can be made less extensive 
and the time thus saved can be invested jn pedagogical 
teaching. (2) The heuristic method is not suited to all 
children. Those lacking in mathematical power are often 
pushed through a series of explanatory steps, and imi- 
tatively repeat " therefore's" that are imposed upon them 
by teachers who hope to lead children to rediscover the 
knowledge of the race. An artificiality is thus produced ^ 
which violates all the principles of psychologized pedagogy, ff^ 
(3) The heuristic method often encourages wandering from^ 
the purpose of the lesson and from the line of thought 
designed to lead to the desired conclusion. In the hands 
of an unskilled teacher, questions are* clumsy, irrelevancies 
are not excluded, every passing suggestion is followed, and 
the heuristic method gives way towards the end of the les- 
son to a telling method. All these limitations are not be- 
yond remedy and they argue for intelligent application 
of the method rather than for its elimination 

Values of the Heuristic Method. — It remains for us to 
sum up the advantages of the method which were seen in 
the illustrations. (1) The heuristic method stirs self- 
activity and makes the child an active participant in the 
development of knowledge. The entire lesson is now perme- 
ated with that personal warmth which is felt for ever3rthing 
that is the result of one's own effort. In the illustration 
cited above, the law for dividing by a decimal is the child's 
own, the result of his attention, his insight, and his formu- 
lation. (2) Such teaching brings better comprehension 
and (3) more lasting impression. (4) The heuristic method 
always rouses a feeling of confidence in a child. Step by 
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step ne followed the line of thought, held to it at every 
turn, and finally smnmed up its essence. The child re- 
alizes that he has power and capacity, a feeling which no 
book method can give. (5) A final worth of the heuristic 
method is found in its ability to give the child a mode of 
thinking in arithmetic. This new power helps him to 
reconstruct the law for division by a decimal, should he 
forget the process. It also helps him to evolve a solution 
when new elements enter into this arithmetical expe- 
rience. The child who is taught to divide 24.36 by .6 
or 2.436 by .06 by rule of thumb is at a loss when the 
example is 24.36 by .006. But when the pupil contributes 
towards the development of the law he usually has enough 
insight into the process to meet the difficulty. So, too, in 

the example 600)543.6; when such a pupil is told to divide, 
not by 600 but by 6, a mere suggestion will show him that 
since the divisor is divided by 100 the dividend must un- 
dergo similar treatment and the solution is simplified into 

6.00)5.436. The time of teaching the original law heuristi- 
cally is more than compensated for by the insight into 
nmnber, by the mode of thought that is acquired and by 
the time that is saved in later teaching. 

4. Laboratory Method. — ^A suggestion for improved and 
vitalized teaching of arithmetic has in late years assumed 
the dignity of a ** method " and the pretentious title of the 
laboratory method or the Perry movement. It * urges 
teachers to begin arithmetic in th e needs of th e pupils' 
lives, to teach it by appealin g tol^hildren 'g. instincts, to 
present^ the subject psychologically rather than logically, 
to make arit^etic a phase of geography, phjrsics, history 
and industry. In essence the laboratory method reduces 
itself to the problem of supplying an intelUgent and a social 
motive for instruction in arithmetic; the principle of teach- 
ing which this method embodies was discussed with greater 
fullness in the previous study of motivation. 
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In so far as the laboratory method would make arith- 
metic solely incidental in other subjects as the need for 
mathematical solutions arises, it suffers from serious limi- 
tations. Such instruction in arithmetic makes no pro- 
vision for the rigorous drill needed to insure habits of ac- 
curacy and speed in the manipulation of fundamentals, 
nor for the gradual instruction in the elements of arith- 
metic which will bring the student to those more advanced 
parts of the subject that can be applied in the solution of 
real problems. Then, too, it must be remembered, there 
are certain processed in arithmetic which are technical in 
their nature and which cannot be applied directly in the 
solution of a real problem, but which, nevertheless, are 
5tne ^uanonm acquiring such a mastery of numbers as wiU 
make this practical application possible. Finding least 
common multiples, factors, short cuts and learning the 
decimal notation are a few of these technical elements which, 
directly, are inapplicable to the solution of real problems, 
but which, nevertheless, are indirectly the basis of all prac- 
tical operations in arithmetic. The laboratory method 
indicates a helpful tendency in arithmetic, for it counsels 
correlation with the quantitative problems of life, and to 
that extent relates arithmetic most intimately to the needs 
and the envkonment of the pupils. 

6. The Textbook Method; Teaching Children to Study 
Arithmetic. — The Problem a Vital One, — ^The most djmamic 
conception of teaching, that is, the art of arousing and 
directing pupils' self-activity toward a definite goal, implies 
that the pupil is the follower and the teacher the leader. 
For this reason, an instructional program of exclusive 
teaching, however efficient that teaching may be, is ulti- 
mately enervating, for the student is not taught to select 
his own goal and to direct his own energies toward its 
attainment. If the final aim of the teacher is to make him- 
self superfluous, it is obvious that children must be taught 
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the technique of book study, for the book must ultimately 
become the source of knowledge in postnschool days. The 
teacher who neglects the use of the class text or who neg- 
lects to teach children how to study a new lesson from the 
book faQs in the most vital aspect of instruction. 

Illustration of the Use of Textbook in Class Teaching, — 
A school arithmetic used in many classes introduces its 
examples and problems in reduction descending of denomi- 
nate numbers as follows: 

Reduction Descending 

It often becomes necessary in practical computations to change 
3 gal., 2 qt., 1 pt. to pints. The following form is suggested: 

gal.' qt. pt. 
3 2 1 
X4 

12qt.+2qt. = 14qt. 

X2 

28pt.+l pt.=29pt. 

Explanation, — There are four quarts to a gallon. Hence in 3 
gal. there will be 4 times the number of quarts. But it is necessary 
to add the 2 qt. in the given quantity, hence 3 gal. and 2 qt. are 
reduced to 14 qt. There are 2 pt. in 1 qt. In 14 qt. there will 
be 14 X 2 or 28 pt. But there is 1 pt. in the original quantity, hence 
14 qt. and 1 pt. are reduced to 29 pt. Ans, 29 pt. 

The model solution and explanation are followed by a 
long list of examples requiring the reduction of denommate 
numbers from larger to smaller units. 

Teachers who make a fetish of developing all lessons 
in all subjects carefully guard their children from this 
short and rather formal explanation of reduction descend- 
ing, and give themselves to the extravagance of an inductive 
development through the formal steps. This inductive 
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recitation, because it is logical, well graded, and clear, leads 
the children to formulate the rule. But in the final analy- 
sis the teacher was the leader and the pupils the followers. 
The greater the merit of the traditional teacher, the simpler 
is it for the class to follow in his footsteps. But such 
teaching, which reduces itself to skillful leading, develops 
mental dependence and discourages self-instruction. 

A wiser procedure is less elaborate, less inductive and 
makes the formal explanation and model solution of the 
book the basis of the lesson. The teacher *asks, " What will 
3 gallons, 2 quarts and 1 pint cost at 6 cents a pint? " " What 
will I pay for 4 bushels, 2 pecks and 4 quarts at 12 cents a 
quart? '' A judicious suggestion or question leads the class 
to conclude that it is necessary to know the number of 
pints bought in the first example and the number of quarts 
in the second. The teacher then asks a pupil to formulate 
the aim for the day's arithmetic period. The class is 
then told their textbook offers the solution on page x. All 
turn to the topic, " Reduction Descending." The teacher 
then asks: " What would you do with this lesson, if you had 
no teacher? " With the aid of the class, it is decided that 
the following steps would be taken : 

(1) Find the meaning of " Reduction Descending." Method: 
(a) Use dictionary; (h) Examine type of examples. 

(2) Attempt to understand explanation given in the book and 
apply it to the example worked out. 

(3) Work out same example without the book. Compare 
answer. 

(4) Work out similar example in same table. Check answer. 

(5) Work out similar examples in other tables. Check answers. 

These steps must now be taken by the children. They 
search in the dictionary for rediiction and descending, 
study the problems on page x and conclude that reduction 
descending means ''changing larger units to smaller ones.'' 
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The teacher asks them to prove their definition and the 
children, examining each example, find that miles must be 
changed to rods, yards to inches, gallons to pints, etc. In 
studying the explanation of the solution, children should 
not be told the meaning of words. These should be found 
in the dictionary. AU the problems that arise must first 
be subjected to the pupil's most serious efforts, and only 
after repeated failures should the teacher proffer aid. If 
the children are ready for this type of example there should 
be no difficulty in having them master the solution through 
a study of the book. The lesson suggested is deductive, 
entails a minimum of guidance on the teacher's part, a 
maximum of effort on the pupil's part, and teaches the 
children the art of study 

Fwrfher Uses of the Textbook in the Teaching of Arith- 
metic. — ^The chief instructional values or uses of a good book 
in arithmetic can readily be summed up under the following 
heads: 

(1) It is an instrument for developing in children habits 
of study, the art of extracting thought from the page, and a 
feeling of self-reliance. The foregoing illustration is an 
attempt to demonstrate this function of the arithmetic 
book. 

(2) It makes for economy of time and effort. A good 
arithmetic book reduces the need of dictating examples to 
the class. AU that need be done is to mention the page and 
the mmiber of the exercise. 

(3) It offers a collection of exercises and forms of appli- 
cation possessed of greater variety and more careful grada- 
tion than most teachers can work out to meet a special 
teaching need. No slur is implied in this statement. Writ- 
ers of textbooks of arithmetic are usually specialists of wide 
experience and their texts are genevally the result of careful 
selection and liberal eliminations. 

(4) It is a means of verification. In all inductive les- 
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sons children should be taught not to accept the laws, the 
definitions, the rules that they formulate, as final. It is 
wise to develop in children the attitude of regarding their 
generalizations and inferences as tentative, to be accepted 
as final only after these have been compared with the text- 
book generalizations and applied to the solution of prob- 
lems. 

We see then that while the arithmetic book need not be 
followed religiously, page by page, it may, nevertheless, at 
times supplant class instruction. Usually it supplements 
the teacher's instruction by sununing up the laws, defini- 
tions, tables and solutions evolved in class. To neglect 
the textbook in arithmetic is to rob the subject of much of 
its disciplinary worth for the elementary school. 

QvMities of a Good Book in Arithmetic, — ^The practical 
teacher realizes at once that not one of these values of the 
textbook method can be realized unless the arithmetic book 
is properly organized and developed. The concluding 
question in the discussion of the textbook method and of 
teaching children to study must, therefore, be: "What 
qualities characterize an effective arithmetic book for the 
elementary grades? " 

(1) A good arithmetic book must not include the whole 
subject in an endeavor to meet the needs of the entire 
school course, unless it is designed for review work in 
the last grades. It is evident that the language, the 
forms of exercise, the explanations and the definitions must 
change with the prc^ressive stages of the school course. 
Therefore, no one book can meet the needs of all grades. 
For this reason the bulky " Complete Arithmetic " of 
former years has given way to smaller arithmetics written in 
a series of volumes, each covering a limited portion of the 
school course. In most school systems it is deemed wise to 
introduce the book as early as the third or the fourth year, 
depending on the pupils' language ability. 
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(2) A satisfactory text in arithmetic is replete, with a 
variety of well-graded exercises and forms of application. 
The teacher cheerfully assmnes the task of instruction^ 
but looks to the book to relieve her of the labor of gather- 
ing suitable exercises, examples and forms of appUcation. 
It is in the application step that most teachers expect the 
book to render its greatest service. 

(3) The forms oi application in a good arithmetic book 
are intensely practical and closely related to the commer- 
cial and industrial needs of the community. For this 
reason it is becoming customary to adapt standard arith- 
metic books to changing localities. 

(4) The problems and exercises in an arithmetic book 
must be designed for oral as well as written solution. 

(5) Whether a good arithmetic book should contain the 
correct answers to the problems is a question that is much 
disputed among teachers and supervisors. To give the 
child the correct answer is one way of enabling him to check 
his work and test its accm-acy. In the event of error, the 
correct answer gives him a motive for working the problem 
over again. Many a child has evolved a mode of solving a 
problem by working toward the correct answer or back- 
wards from it. 

(6) Another requisite of an effective book in arithmetic 
is that it should be devised not solely for the purpose of 
supplying exercises, but also for the purpose of enabling the 
teacher to instruct her pupils in the art or studying arith- 
metic. Most arithmetic books published in very recent 
years are devoid of all explanatory and expository state- 
ments, all definitions and dia^ammatic presentations. 
The authors of these books assiune that arithmetic is to 
be learned only from didactic instruction by the teacher. 
When one turns to the topic " Insurance " or " Division by 
Fractions " he finds only a long list of graded and varied 
examples. Manifestly such books cannot be used in the 
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class for the purpose of teaching children how to study new 
lessons without direction by the teacher. A good arith- 
metic book gives simple and clear explanatory statements of 
new matters, diagrammatic illustrations of quantitative 
relations, a complete index, and adds all that is reasonably 
necessary to enable children to acquire some knowledge 
from the printed page as well as frcun the teacher. The 
modem doctrine of self help must be kept in mind in plan- 
ning textbooks in arithmetic. 

To these demands of a textbook in arithmetic we must 
add those characteristics that are expected in a good book 
on any subject. The language must at all stages be suited 
to the children; the development must, at all points, be 
psychological rather than logical, so that there will be a vital 
point of contact between the child and the new topic; the 
mechanical requisites of paper, print, style and binding must 
measure up to approved standards. 

OBJECTIVE TEACHING IN ARTTHBiETIC 

Lessons from Psychology. — ^The observer of classroom 
methods of instruction in arithmetic is forcibly impressed 
by the unorganized, ill planned and excessive use of object- 
ive teaching in the early grades and its thorough elimina- 
tion from the upper grades. This condition is due to the 
naive assiunption that modem psychology teaches that the 
young child is in a " sense perception stage " while the older 
pupils are in the " conceptualization stage.'' For this rea- 
son there is a superfluity of objects, pictures and diagrams 
at .every step in the work of the early grades, and an insist- 
ence on the memorization and mouthing of imperfectly 
understood generalizations in the higher grades. We must 
realize that modem psycholc^y insists that all primary 
ideas, all new concepts, must be built up through direct 
experience with a variety of concrete presentations, irre- 
spective of the age of the student. The pupil„ who in the 
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last two years of his school course is studying the metric 
system, must be taught these new units and their relations 
in as objective a manner as the table of liquid or linear 
measure was taught in the early school years. The newness 
of the concept, and the previous experience of the pupils, 
rather than their age, determine ihe degree of objective- 
ness that must be incorporated in our methods of teaching. 

Qualifications of Effective Objective Teaching. — ^But 
unplanned objective presentation or a conglomerate of 
objects does not make for effective objective teaching. Un- 
less objective demonstrations possess certain qualifications, 
teachers will find their efforts, along this line, doomed to 
failure. What are the essentials of effective objective 
teaching? 

1. Variety of Objective Presentation, — ^A serious fault in 
current objective teaching of arithmetic is the limited range 
of materials. The child is confronted by the monotonous 
round of sticks, beads, beans, papers, strings and lentils as 
he goes from class to class Proper variety can be intro- 
duced by: (a) changing directs, materials and activities; 
using the variety of traditional classroom objects in 
games, community activities, pla3ang at various occupa- 
tions, etc.; (6) changing the sense appealed to in the 
lesson; thus children add soimds, steps, hops, as well 
as the objects they see and handle; (c) changing the com- 
binations that can be made with the ordinary objects; a 
child may be taught the combinations in four by using only 
four sticks. The child is directed to make a box of his four 



sticks, , Indian tents, /\ /\, four Indians 

, a chair, ] L etc. In 



1 1 I I, a weather flag, <Q 



the course of these new forms and combinations made 
wiUi the same four sticks, the child is taught that 4 is four 
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one's, two two's, two and two, three and one, one more 
than three, two more than two. 

2. iThe Objects Used in Arithmetical Relations Must Be 
Pari of the ChildCs Environment. — ^To add beads or beans, to 
subtract lentils, or to manipulate dots in rows and colunms, 
introduces an artificiality into arithmetic that robs it of 
motive and purpose. We must, as far as possible, make the 
objective manipulations natural. For this reason, pla3dng 
at various occupations like store, baker, butcher, etc., 
practicing community activities, pla3dng games, solving 
problems based on seating arrangement in the class, etc., 
constitute more natural and, therefore, more effective objec- 
tive work. We must ever be mindful of the fact that un- 
natural objects are as unobjective as mere verbal teaching. 

3. The Object Must Not be a Symbolic Representation. — 
The terms objective and concrete, as used by the la3anan, 
cannot be applied in teaching without adding a distinctive 
idea. The mere fact that a thing can be sensed does not 
make it concrete or objective in teaching. The truth of 
this contention can readily be seen from an illustration. 
The following problem was presented to a fifth-year class: 
" I lost i of my money and found that I had $240 left; how 
much had I at first? " The teacher decided on a concrete 
demonstration of the problem by means of the following 
diagram: 



I 


i 


I 

6 


5 


6 


tn 


«0 


«» 


$00 


Loat 


'^ J 





f of Money Lett 
orS240 

Fig. 4. 



Upon closer examination what have we here? A long 
rectangle represents " all the money I had at first." This is 



GENERAL PRINCIPLES 73 

broken up into five-fifths. One small part, a fifth, repre- 
Bents "the money I lost/' and four of these small boxes rep^ 
resent *' the money that was left." The conclusion to which 
the teacher tried to lead the class was: " therefore, four of 
these boxes represent $240." But in the final analysis this 
is not a concrete presentation but a symbolic representation, 
for the long rectangle represents one quantity, each part 
represents another and the grouping into four-fifths and 
one-fifth represents a quantitative relationship. The dia- 
gram above does not make the problem any more concrete 
than does the diagrammatic representation of the gram- 
matical parts of a sentence. The sentence, " Them that 
honor me, I shall honor," may be analyzed diagrammatic- 
ally as follows: 



shall honor I them 

honor 



\ that 



me 



But it is apparent that this analysis by diagram does not 
make the granmiatical relations concrete. Analysis by 
diagram is a symboHc representation, not a concrete pres- 
entation. So, too, in teaching children to write numbers of 
two orders, e.g., 15, 16, 12, by a device which makes pupils 
tie sticks into bundles of ten, we are not, strictly speaking, 
giving a concrete demonstration. To make the first prob- 
lem concrete it is necessary to make the amount of money 
very small, say 24 cents, and then evolve the solution by 
actually using the money. The same type of problem can 
be made concrete by changing the form to read: " One- 
third of my ruler is uneven; this makes 4 inches useless; 
how long is the ruler? " After a number of such problems 
is solved with actual money and actual rulers, then the 
teacher shows that whether we say ruler, stick, measure, 
money, makes no diiSference, for the mode of solution and 
the diagram are the same. But to introduce this type of 
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indirect case by the first example given above and then to 
represent the quantities and the relations among them by a 
series of 83rmbols adds to the child's difiElculties in trying to 
imderstand the new situation, the necessity of learning what 
the sjrmbols symbolize. 

4. Where Possible, the Objects Used Must he of Proved 
Worth. — ^Experimental pedagogy is now busy testing the 
relative worth of various forms of objective materials. 
Evidence gathered under experimental conditions tends to 
show that disklike and spherical objects bring out the frac- 
tional idea much better than linear representation. In 
the discussion on the teaching of number, we shall have 
occasion to point out groupings of units that make for more 
efficient mastery than others. These tests of the relative 
worth of various illustrative materials are still in the embry- 
onic stage, but teachers and supervisors must keep abreast 
of the pro^i'ess that is made in this branch of experimental 
education, and apply the scientific conclusions. 

Dangers of Overemphasizing Objective Teaching. — ^It 
must be recalled that only new concepts must be developed 
concretely. Part of the disciplinary aim of arithmetic is to 
develop in the student that mental power which will enable 
him to rise above the concrete. We must not only discon- 
tinue objective teaching when concepts are no longer new, 
but we must also be on our guard not to plan too elaborate 
use of objective material. Recent writers complain that 
in ciurent teaching there is no unity in the use of objective 
material, for beans, sticks, papers and marbles are employed 
in the same lesson. Suppose in the lesson on the two com- 
binations, 7+4 and 7+5, the children add a variety of ob- 
jects to discover 7+4, 7+6,4+7, 5+7, 5+ ? = 12, 7+4 = 11, 
etc. ; what harm is done? The purpose is obviously to reduce 
these combinations to habit; the illustrative material is 
only an introductory step, a means to an ultimate end. 
Had the teacher decided to have the children play store 
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and add miniature bags of flour and boxes of oatmeal, would 
the resulting '' unity in materials " have reduced these com- 
binations to habit more speedily and more easily? Objec- 
tive teaching usually nms to extremes — ^it is either neg- 
lected or made a fetish 



CHAPTER IV 

GENERAL PRINCIPLES GOVERNING THE TEACHING 

OF ARITHMETIC (Concluded) 

GRADATION IN ARITHMETIC 

Careful Gradation a Determining Factor in Successful 
Teaching. — A cause of much of the difficulty which children 
experience in learning arithmetic is ungraded and poorly 
graded subject matter. .Textbook writers and teachers 
often take the logical attitude toward the subject. The 
new topic to be taught is divided into its subtopics and 
these are presented in logical sequence. But it must be 
remembered that subtraction changes with each new exam- 
ple, for new factors enter, new combinations are required, 
and known figures take new relative positions. A child 
who can subtract 2786 from 8234 may not be able to take 
245 from 708, and a child who can solve the second example 
may find himself puzzled when two ciphers are introduced 
into the minuend, thus: from 8007 take 3543. Similarly, a 
pupil may be able to cancel the proper factors in the ex- 
ample f Xi but may be helpless when the fractions are 
changed to read f X^. In the first case, the child divides 
the proper numerator and denominator by 3 which is seen, 
but in the second example the divisor 3 is not the same as 
both the numerator and the dominator to be canceled. Sim- 
ilarly a child who can solve f of ^ may not know how to 
proceed in the example of | of ^, for here the common factor, 
2, is not seen but must be discovered. 

The teacher who has an intellectual sympathy for the 

76 



GENERAL J>RINCIPLES (concluded) 77 

child can take the attitude of the immature pupil and dis- 
cover, one by one, the successive difficulties that present 
themselves in the imfolding of the subject. Such a teacher 
introduces into a lesson a gradation that goes far to remove 
obstacles from the learner's path. Most children in a well- 
organized class can readily master the prescriptions of the 
average course of study. The most usual cause of failure 
lies in the fact that because of imperfect gradation more 
than one difficulty is presented at a time. Let us assume 
that division by a decimal has been explained carefully by 
the teacher and imderstood clearly by the class. It does 
not follow that because the children can solve examples 
used by the teacher in the course of instruction in which the 
divisor is .6 or .8 or .15, that they can therefore solve any 
case that comes under the caption " Division by Decimals.'' 
When the example takes the form of .15)2.455 or .12)36.48 
no difficulty is experienced, but when a slight change is 
made so that the example becomes .15)245.5 or .15)2455., 
many in the class are puzzled, for there is an insufficiency 
of decimal places in the dividend. The writer has seen 
children able to solve .15)65.75 but unable to obtain the 
correct answer to .15)657.5; able to solve .15)657 .5 but 
imable to manipulate the necessary elements in .15)6575; 
when questioned as to the cause of the difficulty the 
children replied, ** There is no decimal point in the divi- 
dend." The reader might assume that the instruction 
was inefficient and that the children were taught that to 
solve .15)65.75, " we move the decimal point two places 
in the divisor and two places in the dividend." Such 
an assumption would be unwarranted, for when the pupils 
were asked to explain the division of 65.75 by .15 they said: 
" We multiply the divisor by 100 and then do the same to 
the dividend." When they were requested to apply the 
law to the division of 65 by .15 they moved the decimal 
point in .15 two places to the right, but sinice there was no 
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decimal point in the dividend, they multiplied it by 100 by 
adding two ciphers and proceeded as follows: 

4 33 A 433i. 



15.)65 00 
60 

60 
45 

50 
45 



But without these questions they seemed unable to proceed. 
In the teaching of division by decimals careful gradation 
demands the introduction of the following steps, each 
taught only when the preceding one is mastered. 



1. 5)54.26 

2. .5)54.25 



Step 



3. Divide by .6, .7, .9, .6)37.86 

.7)54.67 

4. Divide by .12, .14, .15, 

.12)38.64 .14).322 

5. Divideby 1.2, 1.4, 1.14 

1.2)38.64, 1.4).322, 
11.4)7.98. 

6. Divide 32.2 by .14 



Reason 

1. This is a known procedure. 

2. This introduces the problem 

of division by a decimal 
and shows the difference 
between the known form 
and the new. 

3. Drill in dividing by decimals 

of one place. 

4. Applies the same law to 

decimals of two places. 

5. Introduces the idea that the 

whole number in the divi- 
sor has no influence on the 
mode of procedure. 

6. Places in the dividend in- 

sufficient and must be 
made up by the addition 
of ciphers. 
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7. Divide 322 by .14. 

8. (a) Increase the decimal 

places to 3 places. 

(6) Divisor 3 places and a 

mixed number^e.g. 1.215. 

(c) Divisor 3 decimal places, 

! dividend less than 3 

decimal places. 

9. To divide by 240, 2400, 800, 

etc. 



(a) 2400)5468.76 
(6) 200)5.468 
(c) 200). 5468 



7. Dividend a whole number. 

8. (a) Carrying out same law 
with examples a little 
more difficult. 

(6) Showing that whole num- 
ber, again, has no in- 
fluence on mode of 
procedure. 

(c) See Steps 6 and 7. 

9. While this is not dividing 
by a decimal, the same gen- 
eral law operates and helps 
to simplify the process, 
e.g. 24.00x)87:65S2 

(a), (6) and (c) The gradation 
here indicated is explained 
above when similar gradation 
is shown in the division by 
a decimal. Steps 6 and 7. 
In planning the application of a new principle in arith- 
metic, the teacher must list all useful forms or types and 
then so grade these that as the round of applications is met 
only one new difficulty presents itself to the child. 

"LABELING*' AND << CRUTCHES " IN ARITHMETICAL 

ALGORISMS 

Excessive Labeling. — In most classrooms it is conomon 
practice to require children to label all numbers in the course 
of solving a problem. Since every quantity that repre- 
sents something concrete must be tagged, considerable 
writing is done before the answer is obtained. Many teach- 
ers oppose " full forms, " which means excessive writing; 
various abbreviations are taught, but every quantity is 
labeled; h. m. stands for "how many," I for "loss," g for 
" gain," m. p. for " marked price " or " catalogue price," 
etc* This labeling is justified by a variety of reasons: It 
encourages sustained thinking, teaches systematic arrange- 
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ment of work, simplifies inspection and examination by the 
teacher, and encourages accuracy. 

Upon closer analysis, we may doubt the effectiveness of 
the habit of " labeling all niunbers." It surely is not the 
method pursued in real life; one thinks about the problem 
and decides that if a were added to c and the result divided 
by 6, the number of " bales required " will be found. Only 
the answer is labeled. The more interested one becomes in 
the problem, the more impatient does he become to reach 
the end of the manipulations and obtain the answer. It is 
not uncommon to find children who have obtained the 
correct answer going over the problem and inserting names 
to accompany the numbers. Nothing is gained, in the course 
of solving an example, by forcing the child to arrest the 
solution in order to associate every nmnber with the con- 
crete object that it represents. Labeling all nmnbers in 
solving problems is often an obstructive practice. 

" Crutches " or Accessory Algorisms. — ^The term " algor- 
ism " refers to arrangement and form of arithmetical solu- 
tion. It is common practice to find auxiUary figures and 
marking taught children when new topics or operations are 
introduced. To teach a child, in column addition, " to put 
down the imits under imits, write tens in the corner, and 
then carry the figure to the other tens"; in subtraction, to 
change the figures in the minuend; in division, to make 
checks imder each figure of the dividend as it is brought 
down — these are illustrations of accessory algorisms or 
" crutches." Such work takes on the following appearance: 
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The tendency among recent writers is to reject all these 
crutches for reasons that are serious. (1) It is argued that 
children who learn to use these aids develop skill in a form 
that is not the form that will finally be used. (2) Waste of 
time and energy is caused by teaching one form until a 
habit is developed and then requiring children to break it 
so that another habit may replace it. (3) Every auxiliary 
check tends to keep the process, already understood, a 
rational one, so that speed is reduced. Crutches may 
therefore be devices whose ultimate cost is far outweighed 
by the temporary aid that is rendered. For this reason, 
there is a growing feeling that all crutches should be 
eliminated. 

Theoretical analysis may bear out the final conclusion, 
but practical experience often refutes such a sweeping as- 
sertion. Teachers who grade their work carefully and give 
sufficient drill on each step find that many children can be 
brought to a desired level of proficiency without the use of 
accessory algorisms. But there are young pupils who for 
one reason or another cannot master a new solution without 
the aid of crutches. To force such children to abstain from 
their use reduces their speed and their accuracy and makes 
the learning process unduly difficult. It is obvious that 
children must be encouraged to drop these aids as soon as 
possible, but not all children can be treated in the same way. 

The Correctness of All Algorisms. — Such statements 
and algorisms as are used must always be mathematically 
correct. Arithmetic must be made the instrument of 
developing precision of speech as well as accuracy of thought 
in dealing with quantities. Textbook writers object to the 
formula 6 ft. X4 ft. = 20 sq. ft. on the ground that the multi- 
plier cannot be concrete, and even if 5 ft. could be multi- 
plied by 4 ft., the conversion into square feet would be im- 
possible. They suggest the form 5X4X1 sq. ft. == 20 sq. ft., 
an algorism which the child hardly understands and which 
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makes the multiplier no less concrete to him. In solving 
problems of the indirect type, *' A peddler who always sells 
to gain i of the cost, made a profit of $6.20 in a day. What 
«did he invest in his stock? " loose statements like the fol- 
lowing must not be tolerated: 

t -gain 
S6.20"gain 
/.* -$6.20 

i -i of $6.20 =$3. 10 

i -$3.10X5-$16.60 

s 

It is manifestly absurd to say that i and $6.20 are equal. 
We must insist on an accurate statement of facts 'as shown 
below: 

i of cost -$6.20 

i of cost « ? 

i of cost «i of $6.20 -$3.10 

i of cost -$3.10X5 -$15.50 Ans. 

Children can be shown the importance of accwate* state- 
ments by referring to one of the traditional fallacies dis- 
cussed in logic. On the supposition that a barrel half full 
contains as much as a barrel half empty, the following may 
be evolved : 

' i bbl. full -i bbl. empty 
Multiply both sides of equation by same number, 2 ' 
i bbl. full -i bbl. empty 
bbl. fuU - bbl. empty 

No aim in arithmetic can be attained unless it is made 
a goal in all phases of the work. To insist onacciu'acy 
in number manipulations and to neglect accuracy in state- 
ment and arithmetical formulation lead ultimately to 
inaccurate and loose thinking in all arithmetic. 
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INCULCATING HABITS IN ARITHMBTIO— THE DRILL 

Aritbmetic a Subject of Habits. — School studies may be 
grouped into content subjects and formal subjects. History, 
descriptive geography, literature, natiu^ study are illustra- 
tions of the first, while arithmetic, grammar, locational 
geography and map study come under the second. The 
former group of studies is rich in theory, story, and hmnan 
relations; the latter sums up settled facts and fixed asso- 
ciations. The controUing purpose of all formal subjects 
is to reduce necessary associations to habit. In arith- 
metic, the combinations of addition or multiplication, the 
mode of dividing, and the procedure in cancellation are 
only a few of a host of habits that must be inculcated so 
that correctness of result with a minimum of conscious direc- 
tion is assured. A subject in which so many habits must 
be developed is, in the very nature of the ca^e, one in 
which the drill lesson plays no small part. 

What Habits Should Arithmetic Develop?— The manifold 
habits that can be developed through the mastery of so 
formal a subject as arithmetic can be grouped under three 
heads. There are first the habits of subject matter. Every 
item in the multipUcation tables, in the forty-five additive 
combinations, the reverse of these, the facts in the necessary 
tables of weights, all the modes of computation, notation of 
decin^s, short cuts, per cent equivalents of common frac- 
tions, modes of checking answers — all these constitute the 
subject matter which must be so thoroughly mastered that 
they in turn master the child. An emuneration of all the 
subject matter habits that must be inculcated will lead only 
to a repetition of the content of the miniTnnm coxirse of 
study (page 22} . 

The second set of habits are the habits of procedure. 
Throughout the teaching of arithmetic, teachers must in- 
sist on a systematic arrangement of all written solutions; 
on accepted forms of ruling of bills, cash account and busi- 
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ness forms; on scrutinizing an answer and submitting it to 
a checking device before going to the next problem; on 
examining a problem before solving it and writing out what 
is given and what is to be found; on labeling necessary items 
in the solution of an example; on reducing the numbers in 
problems that seem difficult to much smaller ones and then 
attempting to evolve a solution; on attempting to translate 
new problems into diagrammatic form and then seeking a 
solution; on neatness and legibility of all figures and 
words. These procedures are constantly emphasized by 
the teacher until by dint of repetition they sink deep and 
are performed through force of habit. 

Mental habit$ constitute the third group. Throughout 
the teaching of arithmetic we strive to develop a sense of 
accuracy, increased concentration, power to imagine new 
relations, power to reason and judge. It is hoped that as a 
result of years of study of arithmetic children will acquire a 
mode of attacking a problem and power to deal with quan- 
titative relations. 

These three sets of habits mark the permanent results 
of the subject, the final ends which the teacher seeks to 
attain. Scientific standards in arithmetic for determining 
progress and capabilities of pupils measure the habits which 
have been inculcated in children. 

Objections of Functionalists to Formal Drill. — In recent 
pedagogical literature strong objections are often voiced 
against formal drills on the ground that mere mastery of 
abstract combinations in arithmetic is no guaranty of equal 
proficiency in these very combinations as they occur in 
practical solutions. The child may be able to give the 
correct answer to 6+7 = ?, 5X7 = ?, 5X?=35, ?+7 = 12, 
and, nevertheless, be unable to solve simple problems of 
the type of, " Had 12 cents and lost 7; how many cents have 
I left? " " If each of 7 boys has 5 marbles, how many have 
they all? " " Children need 36 marbles for a game in which 5 
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are to play; how many marbles must each bring?" Althou^ 
the child knows the combinations as such, he may not be 
able to apply them when they are made to function in a 
practical problem. It is argued, therefore, that as the 
child solves nmnerous problems in which these combina- 
tions occur, he acquires not only a perfect mastery of the 
latter, but also becomes expert in their application. 

This objection to formal drill will be regarded by the 
practical teacher as an extreme viewpoint borne out by 
theoretical conjecture rather than actual experience. While 
it is true that mastery of an abstract combination of 
numbers is no guaranty of ability at appUcation, it does not 
follow that there must be no formal drill in the tables. A 
mastery of the items in the tables is a step towards devel- 
oping power to apply these in practical problems. Practice 
in certain seemingly isolated abilities is necessary in many 
arts. The singer practices scales, intervals^d range; 
the basketball player practices tackling, blocking, shooting 
the ball; the handball enthusiast practices forms of serving; 
in all these cases drill in isolated abilities which are the con- 
stituent elements of the larger activity is found necessary. 
True, abiUty to sing certain scales is no guaranty of ability 
to sing effectively the song in which they occur; nor does 
expertness in tacklmg or in serving inevitably lead to ex- 
pertness in playing the game or basket ball or handball. In 
all arts, as in the art of arithmetic, there must be two forms 
of drill — ^formal drills in isolated abilities and functional 
drills, practice in the appUcation of these abilities. Many 
writers use the term " drill " only for the formal drill; and 
the expression " modes of appUcation " for all functional 
drills or drills in problem form. 

Fonns of Drill. — It is evident from the preceding dis- 
cussion that associations that occur and recur in the same 
form must be subjected to drill. In arithmetic these drills 
must take a variety of forms. They must be not only oral, 
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but written as well. Not only must childrei^ be practiced 
in 6X8, 6X8, 7X8, 8X6, 8X7, in oral work, but in the 
written period they must be required to solve 268X8, 
676X8, 687X8, etc., so that ability developed in the one 
form may be transferred to the other. Nor must it be 
assumed from these illustrations that all drills must take 
ai\ abstract form. Successful work demands equally ex- 
tended drills in problem forms as well as in abstract forms. 
Children learning the first case of percentage should, there- 
fore, be subjected to both of the foUowing forms of drills: 

Drill in Abstract Form: 
Find 5% of $606, of $6000, $50, $5. 
Find 12% of $800, $80, $8000, $8. 
Find 1% of 626, of 52.50, of 5250. 
Find 10%, 15%, 24%, 1%, etc., of $900, etc. 
Drill in Concrete or Problem Form: 
Goods costing $62.50 and sold at a profit of 10% bring what 

gain? 
A man who owes me $7200 can pay only 30% of his debt; what 

do I receive? 
2300 cubic yards of dirt are to be removed. How much has 

been removed when the contractor completes 40% of his 

task? etc. 

While drills in arithmetic may be in oral, written, abstract 
or problem form, the variety of ways in which these four 
forms can be given is almost beyond count. If the reader 
will turn to the discussion of Variety of Objective Material 
(page 71)j and to the variety of drills offered at the end of 
the lessons on Teaching Niunbers (page 149) , Teaching a Com- 
bination (page 160), Teaching Addition (page 150), Teach- 
ing Multiplication (page 184), Counting (page 162), he will 
readily reaUze how rich the subject of arithmotic is in its 
possibiUties for variety of drill. To tabulate this variety 
here would entail needless repetitions and would wrench 
subject matter out of its natural sequence and association. 
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Characteristics of an Effective Drill Lesson in Arith- 
metic. — ^The discussion of the drill lesson in arithmetic 
cannot be concluded without a consideration of the qualities 
of effective drills. Since the final purpose of a drill lesson 
is to insure the functioning of knowledge as habit, the laws 
governing the drill lesson must be identical with those con- 
trolling habit formation. From this viewpoint, the fol- 
lowing comparative table may make clear the pedagogical 
requirements of a drill lesson in any subject. 

Habit Formation Effective Drill Lesson 

1. Purpose, — ^The final 1. Purpose, — ^In all drill lessons the 
purpose in all habit for- aim is to develop such a perfect mastery 
mation is to secure auto- of the associations involved that the 
matic reaction so that presentation of one element will in- 
maximum speed and high- stantaneously and automatically recall 
est degree of accuracy the others. When this control is de- 
are attained. What is veloped the recall occurs more speedily 
done from force of habit and with a degree of accuracy unknown 
is done more quickly and in a reaction in which conscious effort 
with less chance for error and reason prevail. The child who has 
than that which is per- been successfully drilled in adding orally 
formed through conscious 27 and 56 sajns, " 27, 77, 83." The 
direction. The assump- child who must think of the steps says, 
tion, however, is that " 27 and 60 will give 77; 77 and 6 will 
the situation presents no give 83." Not only is more time re- 
new elements and that quired by the second pupil, but actual 
the usual reaction is re- experience demonstrates immediately 
quired. The child who that such a child is more likely to err. 
speUs the word " occur " 
because the writing of it 
is a habit does so in less 
time and with less chance 
of making an error than 
his classmates who decide 
on each successive letter. 
But should the word be 
changed to occurred, a new 
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situation arises and the 
law of habit no longer 
holds. 

2. Steps. 2. Steps. 

(a) M(Aivaiion. — ^With- (a) Motwatian, — Much of the tedium 
out the child's coopera- of the dnll lesson can be removed if 
tion habits cannot be the pupil regards the drill as necessary, 
formed effectively. It is Before beginning the round of repeti- 
therefore wise to lead tions, the drill lesson must be motivated, 
children to a thorough This can be done in any one of the num- 
understanding of the ber of ways that are explained and il- 
values of the habits that lustrated in the discussion of the topic, 
they are to develop. As Motivation. By a few judicious ques- 
far as possible every habit tions and suggestions, the teacher can 
to be inculcated should lead children to realize that ability to 
be motivated, should be derive 5X7, 6X7, and 7X7, or the 
interpreted in terms of items in the linear measure, will 
the child's needs. not suffice; that repetitions are neces- 

sary if these facts are to be reduced to 
second nature. 

(6) Comprehension, — ^ (6) Comprehension, — ^No drill lesson 
Before any habit can be must be attempted unless there has been 
formed there must be a a period of explanation. No combi- 
thorough understanding nations, processes, modes of manipula- 
of the reaction that is to tions, or number facts must be subjected 
be habituated. Children to a drill process without reasonable 
must understand what certainty that the children understand 
constitutes politeness or the ideas and the relationships involved, 
impoliteness, neatness, ac- 
curacy, or correct stand- 
ing posture, before they 
can develop desirable 
habits in these direc- 
tions. 

(c) Repetition, — With (c) Repetition, — ^The , subject matter 
motivation and compre- that is understood and motivated may 
hension assured, we may now be subjected to the round of 
proceed to the repetitions repetitions that constitute the essence 
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that are to form the of a drill lesson. As in habit, so in drill 
habit grooves in the ner- lessons, these repetitions must be regvr 
vous system. It must, lar and frequent. Repetitions that 
however, be borne in mind come once a week or a fortnight, or that 
that mere repetition will occur often on one day and are neg- 
not suffice; these repeti- lected for many days after that, will 
tions must be regvlaryjre- not reduce knowledge to habit. Drills 
quent, for short periodSy in arithmetic should come daily in 
said without lapsea. special periods regularly set aside for 

them. Care must be taken, however, 
to keep the drill periods short. More 
effective work can be done in two drill 
periods of five minutes each than in one 
period of twelve or fifteen minutes. 
This fact has been demonstrated ex- 
perimentally, but it has not yet been 
decided scientifically how long to 
make the drill periods for different 
grades and different operations in 
arithmetic. 

(d) Attention to the Rep- (d) Attention to the Repetitions, — 
etitions, — In acquiring a Mere drill lessons without attention 
habit it is necessary to in the focus of consciousness reduce 
attend to each repetition themselves to aimless repetitions that 
so that the coordinations do not lead to mastery of set subject 
are consciously made. As matter. Children who repeat " 5i 
soon as the pupil masters yards equal 1 rod " and give themselves 
the reaction, habit sets to a stream of pleasant imagery of games 
in and thereafter masters and associated experiences are merely 
the pupil. mouthing words and producing sound. 

The equivalents, 5^ yards and 1 rod, are 
not being reduced to habit. Children 
who write tables as punishment go 
through mechanical penmanship with- 
out consciously attending to the associa- 
tions involved. Such drills deceive both 
children and teachers and involve no 
little waste in time and energy. 
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(e) Fufiher Steps in (e) Introduce CondUions that Offset 
Habit Fermation. — ^The Monotony Inherent in DriU Lessone. — 
analogy between habit A few mechanical conditions must be 
formation and the de- borne in mind if the drill lesson is to be 
velopment of effective freed from much of its inherent monot- 
drill ends here. Such ad- ony. Chief among these we must men- 
ditional suggestions as are tion the following: 
given in habit formation, (i) Speed. — ^The more rapidly the 
e.g., a vigorous initiative, lesson is conducted and children called 
reminders in the form of on, the more effective is the drill, 
mottoes, badges, etc., are (ii) Avoid Regularitt of Se- 
of importance in habit quence. — ^In calling on pupils, teachers 
inculcation but have little must not follow the sequence suggested 
application in drill les* by the alphabet or by the arrangement 
sons. of seats. Calling children in regular se- 

quence makes for attention only among 
those who are about to recite. Such 
a degree of comfort experienced by the 
class during a drill is an infallible sign 
of weakness in the conduct of the 
lesson. 

(iii) Change the Form. — ^Variety 
of statement should be introduced as 
often as possible. The statement 5X9 
may be changed to 9X5; ?X9"45; 
5X?=45; 5, 45 and ?; 9, ? 45. The 
form ''4 quarts »1 ge^on" may be 
given as 1 gallon »4 quarts, 2 quarts » 
\ gallon, 8 quarts ^2 gallons, 6 quarts » 
1^ gallons, etc. As the statement is 
varied attention is reinforced and di- 
rected to the combination to be mas- 
tered. 

(iv) Appeal to Many Senses. — ^It 
is not wise to confine drills to oral forms 
only. Effective drills are carried on by 
appeal to visual and muscular senses as 
well. Children are told to look at 
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7X0«*63, 9X7-63, which are written 
on the blackboard. They are then told 
to shut theur eyes and '' see " what was 
before them. This visualization makes 
a deep impress on many minds. Other 
children find that number facts that 
are written and rewritten, whether in 
the air with the finger or on paper 
with pencil, will make for thorough 
mastery. 

(v) Caution wtth Concert Wobk. 
— Concert work used infrequently and 
for very short periods may prove effect- 
ive. But as a regular mode of drill 
it has limitations which make its use 
doubtful, for it discourages attention, 
makes limited sense appeals, and intro- 
duces a soporific rhythm. 



ACCURACY AND SPEED IN ARITHMETICAL OPERATIONS 

Relation of Accuracy to Speed. — ^Because of the exact- 
ness of mathematical relations, the standard of accuracy in 
arithmetical calculations is necessarily one hundred per cent. 
Of two children equally accurate, other conditions being 
equal, the more rapid worker has the advantage in all prac- 
tical situations. It is desirable, therefore, to develop as 
high a rate of speed in calculation as is thoroughly consist- 
ent with absolute accuracy. Speed acquired at the cost 
of accuracy leads to retardation rather than acceleration of 
work. 

It has been a traditional belief among teachers that as 
accuracy increases speed develops in approximately equal 
proportions. Experimental evidence shows conclusively 
that these abilities do not develop together, for schools that 
rank first in accuracy are often much lower in the scale of 
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speed. Both accuracy and speed are qualities of arithmetical 
work which respond readily to systematic and regular drills 
and show steady increase when appropriate exercises are 
devised. 

How Can Accuracy Be Increased? — ^Accuracy can be de- 
veloped by continually emphasizing a few simple practices 
throughout the teaching of arithmetic. Irregular attention 
to these devices is productive of no results; regular insist- 
ence on these will gradually bear fruit. These suggestions 
for developing arithmetical accuracy must now be summar- 
ized. 

1. Develop Habit in Fundamental Operaiions and Com- 
binaiians, — Our analysis of habit showed that habituated 
reactions are more accurate than those that result from 
deUberation. In all drills on necessary operations and 
combinations in arithmetic, the ever-guiding aim must be 
the development of a set of habits which will guarantee 
results of absolute accuracy. 

2. Legibility of Figures. — ^Much inaccuracy arises from 
the fact that children's figures are poorly formed or so care- 
lessly or irregularly placed that correctness of final results 
is impossible. Civil service boards throughout the country 
are now testing for this quality of penmanship in candidates 
for clerical positions. Legibility, when applied to figures or 
to penmanship, sums up a complex of qualities. It refers to 
" ability to read " under every variety of condition. In 
multiplying by 204 we often find children so careless in the 
placing of the various figures of partial products that cor- 
rectness is rendered impossible. 
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In the accompanying illustration, the 2 of the second partial 
product is erroneously added to the 4 of the first partial 
product; 9 is brought down and 2 and 7 give the second 9; 
the 14 completes the incorrect answer. Errors in every 
variety of number manipulation can be traced to similar 
carelessness of arrangement as well as to malformation of 
figures. 

The conclusion for the teacher in all these observations 
is simple. Penmanship drills must include the writing of 
figures as well as letters. But just as penmanship exercises 
give practice in writing words as well as letters, so, too, fig- 
ures must be written in a variety of combinations and 
groupings so that the child develops abiUty to write figures 
legibly and to place them accurately. Scales for measuring 
penmanship should include specimens of figures in a pro- 
gressive order of merit. 

3. Ability to Copy Figures, — Closely related to legibiUty 
of figures is the ability to copy figures accurately. Many 
teachers regard errors in copying figures as one of the 
chief sources of inaccuracy in arithmetic. These errors are 
usually one of three forms, viz. : 

(a) introducing new figures, i.e., copying 37 for 7 or 57; 

(6) interchanging figures, i.e., copying 37 for 73; 

(c) omitting figures, i.e., copying 37 for 307. 
Brown and Coflfman ^ tell us that experimentally they have 
ascertained that the first type of error is more conamon than 
the second in the ratio of 28 to 11; that figures are omitted 
one-third as frequently as they are miscopied; that pupils 
below the average in speed miscopy more frequently than 
those above the average; that the lower the grade, the 
greater the niunber of errors due to miscopying. In addi- 
tion to practicing children in writing figures, regular exer- 
cises should be given in copying figures in a variety of group- 
ings. This can be made a form of busy work or homework, 

* Brown and Coffman, " How to Teach Arithmetic," pages 54-^55. 
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in which children check one another's results. There is 
Uttle that the teacher can do to reduce errors in cop3ring) 
aside from dignifying these exercises, giving them fre- 
quently, and ascertaining whether pupils who do not im- 
prove are suffering from some form of eye aUment. The 
greater the opportunities for practice, the surer are normal 
children to develop ability to copy figures accurately. 

4. Critical Examination of All ResvUs. — ^The habit of 
testing the result of a computation, so thoroughly ingrained 
in all accoimtants, must be developed in children. They 
must be taught how to approximate results and how to 
apply various checks. The various modes of testing an- 
swers and the system of checks applicable to each of the 
fimdamental operations wiU be given in detail in Chap- 
ter IX. 

6. Habit of Planning Work and Seeking Correct Inter- 
pretation of Problems. — ^A cursory examination of children's 
results in arithmetic shows that the untrained mind usually 
attacks a problem in almost feverish haste without at- 
tempting to familiarize itself with the facts and conditions 
of the problem or to understand clearly what is demanded. 
The general appearance of the problem recalls a seemingly 
similar type and the solution is often half completed before 
the child realizes that new conditions have been introduced. 
Frequently the confusion that results is too great to permit 
clear thought and successful solution. Children must be 
taught how to analyze problems and plan for their solution. 
The specific method and devices for teaching children modes 
of attacking problems must be postponed to the chapter on 
Problems. 

6. Accuracy of Statement, — ^We must re(gmphasize the 
fact that accuracy of statement makes for accuracy of 
thought and that looseness of statement encourages loose- 
ness of thought. The suggestions given earlier in this 
chapter for accuracy of algc»ism and precision in the use of 
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language in arithmetic must now be recalled as illustrations 
of this final suggestion. 

How Can Speed Be Increased? — 1. Develop Accuracy. — 
While it is true that the accm^te worker in arithmetic is 
not always speedy in his manipulations, it is, nevertheless, 
ajdomatic that inaccuracy is the greatest handicap in striv- 
ing to attain speed. The plea made for one of our school 
systems, that while it ranked below average in accuracy, it 
nevertheless, stood much above average in speed, did not 
impress one of the school superintendents who saw in the 
explanation only the fact that it *' takes us less time to get 
a thing wrong than it does in the average school system.'' 
The habit of accuracy is the greatest single factor that makes 
for speed. 

2. Acquisition of Necessary Habits in Arithmetic. — Re- 
actions that are automatic are always more rapid than those 
that occm* through direction by higher centers. The more 
effort spent on inculcating in children the complete round of 
necessary subject habits, mechanical habits, and mental 
habits, the more is the teacher contributing towards in- 
creased speed in the arithmetical manipulations of the 
pupils. 

3. Ldmit Time for Assigned Work, — ^Experience shows 
conclusively that most rapid workers in arithmetic have 
developed speed as need for it was felt. The inexperienced 
bill clerk or bookkeeper finds that the conditions of business 
demand more rapid computation. He puts an extra strain 
on consciousness, gives himself more completely to the task 
at hand, and finds that he can increase the speed with which 
he works. It is wise, therefore, to Umit the time for aU 
work in arithmetic. After the assignment is made the 
children should be told that they will be held responsible for 
the entire task at the end of a set period. The class feels 
the strain and sets to work with greater concentration and 
more intense application. To allow children to take the 
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time that they deem necessary discourages concentration 
and dissipates effort. 

4. The Use of Short Cuts. — ^Much time can be saved by 
teaching children to use short cuts when longer processes 
are understood. When bhort cuts are used not at the 
teacher's direction but from force of habit, economy of time 
and effort is achieved. 

5. Reduce Formal Analysis. — ^A cause of much of the 
slow, cumbersome solution of problems can be traced to 
excessive analyses and algorisms with their many " labels." 
We must look upon formal analysis as an aid to systematic 
thinking when a type of problem is new. But just as soon 
as children give evidence of a thorough comprehension of 
the thought involved, formal analysis must be abandoned. 
It must be a constant aim to reduce the language accompany- 
ing the solution of a problem to an absolute minimum. 

6. Abandon Crutches, — ^Auxiliary figures, when justified 
at all, may be used in the introductory stages of a new 
process; but when mastery in the solution taught is as- 
sured, the crutches must be eliminated. All reminders in 
subtraction, in division, or in fractional solutions must be 
dropped as soon as the progress of the children will permit. 

7. Use a Minimum of Figures. — ^Teachers must also 
strive to have their children use as few figures in the solu- 
tion of a problem as possible. The problem given to a 
sixth year class was: "The census shows that 55 per cent 
of the population of a city of 145000 inhabitants is colored; 
20 per cent of the negro population is in skilled trades; how 
many colored people have skilled trades? " The model 
solution that the teacher required was as follows: 

1 15950 
145000 inhabitants ? of 707^ people » 15950 colored 



.55 people in trades. Answer. 



725 
725 



79750.00 colored population. 
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Judging by the number of children who obtained the correct 
answer, there was no need of insisting on so many labeled 
numbers and so careful a statement of each operation. A 
more economical solution should have been given to the 
class. The following forms are submitted for comparison: 

145000 
^^55 

725 
725 



5)79750.00 



15950 colored people in trades. Ans. 
11 

1 M 

g of Y^ of 145(KD0 =15960, colored people in trades. 

The time saved in solving this one example by the shorter 
method is not of serious consequence, but it saves the child 
from \^Tong habits of work which require needless penman- 
ship and useless repetition of niunbers. 

8. Assign Work to Children According to Their Ability. — 
The practice of assigning a fixed niunber of examples to all 
children in a class is responsible for the development of 
habits of slow work among abler pupils. When imiform 
assignments are made regardless of abiUty, the more capable 
complete their work in relatively short time. Some of 
these pupils continue working rapidly for the satisfaction 
they feel in " finishing first/' while others soon learn that 
even though they work slowly they nevertheless complete 
the given task in good time. Gradually they acquire habits 
of divided attention which cling with a persistence that ren- 
ders futile later endeavors at concentration. 

THE PLACE OF DEFINITIONS IN ARITHMETIC 

The Exaggerated Importance of Formal Definitions. — 
Arithmetic has a terminology of its own. For effective 
instruction and for application of arithmetic to real situa- 
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tions of life, it is necessary that children know the language 
of arithmetic. But it must be remembered that ability to 
define the important terms is no guaranty of their compre- 
hension. The child who glibly recites a formal definition of 
number y unity or ratio is repeating a statement imposed by 
his teacher and formulated by a person of mature mind and 
thorough insight into the subject. Nor are all definitions 
correct and immutable; most of them attempt to summarize 
prevailing characteristics. The definition of a fraction, 
which is most frequently given by textbooks is the tradi- 
tional " one or more of the equal parts of a tmit." But f is 
not always | of 1, i.e., 3 of the 4 equal parts into which one 
unit has been divided; f may refer to J of 3. The original 
definition of a fraction does not suggest, even remotely, this 
second interpretation of a fraction. Formal definitions 
are not the necessary aids which older pedagogy thought 
them. 

Necessary and Unnecessary Definitions. — ^But it must 
not be assumed that all definitions may be eliminated in 
the teaching of arithmetic. We must draw a distinction 
between serviceable and useless definitions. It is obvious 
that the primary grades must be freed from formal defini- 
tions. In these classes the children are too young to formu- 
late the definitions themselves and too immature to read 
meaning into those that are given to them. 

Definitions that Describe v. Definitions that Classify. — 
It may be helpful to separate definitions into two classes 
depending upon their functions. Some definitions are 
purely descriptive in nature and sum up those general qual- 
ities which label a whole class. The definitions of addend, 
factor, multiplicand, multipher, dividend, divisor, subtra- 
hend, denominator, are illustrations. Nothing is gained 
by having formal statements memorized for definitions of 
these terms. If children can recognize these elements in 
arithmetic and can give examples of any one of them, they 
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have sufficient knowledge to enable them to pursue their 
work intelligently. 

But there is a second group of definitions which serves 
as a basis for classification. The definition of rectangle, 
triangle, parallelogram, common y. decimal fraction, proper 
v. improper fraction, does more than state general charac- 
teristics. The child who does not know how to formulate 
a definition of a rectangle may not see clearly that a square 
and an oblong are rectangles but that the figure / / is 
not in the same class. Children who have vague notions of a 
rectangle but who can find the area of any rectangle often 
solve a problem which calls for the area of a parallelogram 
whose base is x feet and whose inclined side is y feet, by 
multiplying x and y. We may conclude, therefore, that in 
arithmetic only those definitions that serve as a basis for 
useful classification should be taught in the upper grades, 
while those that are purely descriptive may be neglected and 
emphasis placed on recognition, comprehension, and appU- 
cation of the terms. 

Suggestions for Teaching Definitions. — ^Where defini- 
tions must be developed it will be foimd helpful to incor- 
porate the following suggestions dictated by experience: 

(1) The definition should come after the lesson has been 
developed and the functions and duiracteristics of the term 
in question have been thoroughly grasped by the child. The 
lessons on Meaning of Fraction, and Multiples, will give 
ample illustrations of this suggestion. 

(2) The definition must be formulated by the doss, vari- 
ous children making improving contributions to the final 
statement. However inadequate the language used by the 
children may be, they must, nevertheless, suggest the thought 
elements in the definition, for only as they succeed in doing 
this are they giving conclusive evidence of comprehension. 

(3) After the component ideas have been contributed 
by the pupils, the teacher may modify the hnguage. 
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(4) The final statement need not be memorized by the 
children. It will suffice to have them learn the component 
ideaa in a definition. When called upon to give a definition 
of a rectangle, children should think of '* four sides " and 
" four right angles " and should then attempt to express 
these two ideas in the best sentence they can formulate. A 
stereotyped definition is rarely necessary. 

(5) It will be found a helpful procedure to train children 
to precede each definition with an original example. The 
child called upon to give the definition of factor or rectangle, 
says for the first, " Five is a factor of ten or fifteen — 
factor is a number that divides another number evenly "; 
and for the second, " The window pane is a rectangle — a 
rectangle is a figure having four sides and four right angles." 
Children are often able to give correct definitions but lack 
imderstanding and therefore ability to apply their knowl- 
edge. The original illustrations which precede the defini- 
tion give immistakable evidence of comprehension. 

RATIONALIZATION OF ARITHMETICAL PROCESSES 

Importance of the Problem. — ^An ever-present problem 
in the teaching of arithmetic is the determination of the 
extent to which number facts and processes should be based 
on reason or on authority. Much time is spent explaining 
to children what, in their immatiuity, they cannot imder- 
stand. Excessive rationalization is an expression of an 
adult interest in the subject rather than an answer to the 
child's curiosity. Such teaching involves waste of time and 
mental energy. To eliminate all attempt to rationalize 
any part of arithmetic results in its thorough mechanization. 
Such instruction is deadening and robs the subject of every 
vestige of disciplinary worth. A plan of instruction in arith- 
metic which will set intelligent limits to the problem of 
rationaUzation results in economy of time and energy and 
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retains the mental vigor which should accompany the study 
of arithmetic. 

Older modes of instruction in arithmetic were character^ 
ized by severe memory drills and constant imitation by 
the pupils. Facts were accepted on the teacher's authority 
and were at once appUed to a variety of situations and prob- 
lems regardless of their practicabiUty. Thorough habitua- 
tion was the aim; blind rote work seemed to be the only 
means of attaining it; the teacher demonstrated and the 
child imitated. The reader may have a vivid recollection 
of memorizing the law, " To divide a fraction by a fraction, 
invert the divisor and proceed as in multipUcation." When 
this was mastered, it was explained and appUed to a few 
examples by the teacher. The class was then set to work to 
imitate the mode of solution by finding answers to other 
examples. 

The reaction set in with the popularization of pedagogy. 
Deductive teaching was condenmed; inductive teaching, 
the development method and objective demonstrations 
were extolled. Every step was explained, every process 
rationaUzed, every relationship discovered, every number 
properly labeled. Children were so busied imderstanding 
the " why " that they lost the " how " and the " what." 
The elaborate devices of bimdling sticks into tens and 
hundreds, of packing beads into bags of tens, hundreds or 
thousands in preparation for the teaching of notation to 
seven-year-old children are illustrations of the type of 
method prompted by the rationaUzation fetish in arithmetic. 

To-day there is a clear reaUzation that there are limits 
to both rationalized and mechanized teaching which must 
not be transcended. Progressive tendencies in arithmetic 
teach the need of differentiating mechanical from rational 
processes and seeking to reduce the former, without explana- 
tion, to the plane of habit while preserving for the latter all 
rationalizations. 
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There are authorities on methodology of arithmetic who 
set themselves against all rationalizations except solution 
of problems. These writers seek to emphasize arithmetic 
as an art rather than as a science. Their position appeals 
to many teachers and must, therefore, be scrutinized. We 
must siunmarize their arguments and note their final worth. 

Arguments of Opponents The Criticism 
of Rationalvsed Arith- 
metic 

1. What is to be used 1. The argument is a non sequUur. 
mechanically in everyday The aim in all teaching is to mechanize 
life must be taught me- all necessary knowledge so that it is 
chanically in school. All applied from force of habit while 
the processes of arithme- the mind is freed for new adjustments, 
tic are applied in post The products of the United States or the 
school days from force of facts of the most important tables of 
habit and should therefore weights and measures should be so 
be inculcated by a series thoroughly mastered that they are re* 
of repetitions without ra- called when necessary without appre- 
tionalized explanations. ciable conscious effort. But we do not 

coimsel teaching a list of products with- 
out leading children to understand the 
physical forces that explain a coimtry's 
products. Nor do we tolerate methods 
of teaching which impose a table without 
having children first see the units and 
discover the various relationships. The 
present tendency in teaching is to pro- 
ceed from rationalization to mechaniza- 
tion. 

2. Modem psychology 2. True, habits make for mental 
sets " habits '' as the final economy, but unless habits are pre- 
goals in all instruction, ceded by appeal to reason the individual 
The immediate aim is is helpless when new conditions arise, 
therefore to reduce knowl- To habituate without understandiog 
edge to habit. To ra- reduces life to stupid repetitions utterly 
tionalize is to focus con- dependent on the avoidance of change. 
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Bciousness on a reaction 
that should become auto- 
matic. 

3. Efficiency is not im- 3. So long cus there is no variation 
paired if children do not from the t3rpe, efficiency in a process is 
know the justification for not determined by comprehension of it. 
a process they perform But new conditions arise constantly 
automatically; why, there- in arithmetic, even in the mechanical 
fore, "stir up a hornet's operations. A child capable of sub- 
nest by explaining borrow- tracting 276 from 854, when conf ront*- 
ing in subtraction, carrying ed for the first time by the example, 
in addition or the mode of 804—276, may be unable to find the 
building up tables of mul- answer because of the cipher. A pupil 
tipUcation or of weights who understands the mode of solution 
and measures? " appUes what he knows and finds the 

answer by following the same steps. 
Rationalization gives an intelligent 
insight into a process and enables 
the pupil to meet new conditions. 

4. Economy of time 4. Inmiediate economy of time results 
demands an elimination from the elimination of all explanations 
of all attempts at rational- and the mechanical imposition of knowl- 
ization in every operation edge. But in the long run this economy 
in arithmetic^ is dissipated by the helplessness which 

such methods develop. If all geogra- 
phy and history were taught through 
repetition without explanation, in order 
to establish fixed associations, even 
more time would be saved, but in 
the long run the loss of power would far 
outweigh the gain in time. 

Principles that Govern Rationalization in Arithmetic. — 

1. No process should be rationalized unless it is impor- 
tant. Square root and compoimd proportion, when pre- 
scribed in a course of study, are illustrations of the 
operations that do not merit rationalization. 

2. When an arithmetical situation or type occinrs in 
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variable form, it is necessary to rationalize it. This sug- 
gestion applies to problems in the various branches of arith- 
metic. 

3. When there is doubt as to children's comprehension 
of underlying reasons, it is wise to omit all rationalization. 
Any attempt to explain to fifth grade children that " in- 
creasing the denominator decreases the value of a fraction," 
" decreasing the denominator increases the value," or the 
process for finding the greatest common divisor or least 
common multiple, division by 208, is usually doomed to 
failure. 

4. When repeated use and increasing maturity will 
reveal the reason for a process that cannot be explained 
early in the school course without the expenditure of much 
time and effort, it is advisable to postpone the rationaliza- 
tion. Division of fractions; multiplying a quantity by a 
fraction decreases the value; cancellation — these are illus- 
trations of arithmetical operations or phenomena which 
may be presented without rationaUzation but which acquire 
meaning through extended apphcation and the more ma- 
tm*e reason of later years. 

5. The same standard of rationaUzation must not be 
applied to all children regardless of native ability. Children 
who give evidence of power in arithmetic may be led to see 
reasons in processes that must be taught didactically to 
others. Children who experience no little difficulty in 
mastering the essentials of arithmetic may acquire the 
habit of dividing by a decimal without being able to 
explain each step; their more gifted classmates may, how- 
ever, be initiated into the reasons. To some children 
rationaUzation is a source of confusion; to others, it serves 
to add interest and give a deeper grasp of the essentials 
of the subject. 

No hard and fast rules can be laid down to govern all 
classes, aU children, or all topics. The teacher must make 
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the adjustment which will be most effective in a given 
situation.^ 

Transition from Rationalization to Habituation. — In con- 
cluding the discussion of rationalization in arithmetic we 
must note the stages by which a process is reduced to habit. 
These may be smnmed up imder four steps: 

1. The teacher demonstrates the process at the board. 
Questions are asked and the children's co5peration is en- 
listed in every way as the explanation is evolved. Through- 
out this rationalization the teacher alone solves the prob- 
lems used for illustration. The object of this initial step 
is to insure comprehension by the children. 

2. The pupils are now required to apply the new law of 
arithmetic to problems, all work being done at the black- 
board. The teacher scrutinizes the work, points out in- 
dividual and general errors, and encourages the hesitant 
pupil. The aim is now to clarify the children's ideas. 

3. The progress of the pupil now warrants seat work. 
Examples are given out and are solved by the pupils at 
their desks. The teacher maintains supervision which is 
rather indirect and concerned primarily with the weaker 

^Compare these principles governing rationalization with those 
offered in the Report of the U. S. Bureau of Education, No. 13, on 
Mathematics in the Elementary Schools of the U. S., 1911, page 107. 

1. *' Processes of frequent occurrence should not be rationalized, 
e g., correct placing of partial products in multiplying by a number 
of two or more orders. 

2. ''If a process does recur in the same manner, but is so little 
used in after life that any formal method of solution would be for- 
gotten, then the teacher should 'rationaUze' it. The process of 
finding the square root of a number illustrates this fact.'' 

3. "When in doubt as to the frequency of occurrence of a process, 
it should be taught both mechanically and through rationalization." 
"The division of a fraction by a fraction is frequently taught both 
'mechanically' and 'by thinking it out.'" 

4. "When a process occurs in variable form, it must be ration- 
alized. Problems come under this direction." 
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pupils. The purpose of this third step is to afford driU 
through variety of application so that the process of habitu- 
ation is set in active motion. 

4. The final stage is characterized by assignments for 
homework or study periods. The object is now to secure 
independent application. 

It is evident to the practical teacher that these four 
stages in the transition from rationalization to habituation 
may be modified, enriched or contracted as changing con- 
ditions suggest. Only when they are used with this free- 
dom can they serve any classroom pui^pose. 

TESTING ABILITY m ARITHMETIC 

It is not the purpose of the author to offer an extended 
treatment of the place of examinations in school instruction, 
their conduct, their organization, systems of marking, and 
such other pertinent questions as apply to the teaching of 
all subjects, but rather to set forth suggestions that have 
special application to the subject of arithmetic. The gen- 
eral subject of examinations is given with some degree of 
thoroughness in books on general method. 

Objects of Examining in Arithmetic. — There are 
two sets of reasons which make stated examinations desira- 
ble as an integral part of instruction in arithmetic. These 
reasons are the chief concern of the pupil or the teacher 
and, therefore, group themselves under two heads. 

1. Objects Concerning the Child. — ^From the point of 
view of the pupil, the examination may be given: (a) to 
lead the child to take stock of his weakness and thus to 
exert greater effort in special directions; (by to stir pride in 
the progress indicated by a high rating, and thus feel en- 
couraged to continued endeavor; (c) to serve as a motive 
for reviewing the work of a part of the term. 

2. Objects Concerning the Teacher. — To the teacher the 
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examination serves very different purposes. It may be 
used as an index of the knowledge status of the pupils. It 
is necessaiy to ascertain, in a variety of ways, the ability 
of each pupil and the state of comprehension of old informa- 
tion before new topics are attempted. Properly organized 
examinations give this information. A second and more 
vital purpose is to discover the effectiveness of the teacher's 
own methods of instruction. After a careful examination 
of the answers the teacher sees at once which points were 
taught well and which wiU bear reteaching by new methods. 
Examinations conducted with these aims in mind may lead 
to constructive criticism and improved modes of presen* 
tation. 

Need of Aims investing as Well as in Teaching. — ^We 
are fully alive to the need of definite aims in teaching, but in 
giving tests we collect questions and problems on grade 
work with no governing purpose. A test must be designed 
to disclose individual weaknesses and the degree of mastery 
of specific branches of arithmetic. A test of ten examples 
containing one on column addition, one on finding an area, 
one on division, one on decimal notation, one in addition 
and subtraction of fractions, one in division by a fraction, 
one in reduction of denominate numbers, and three in 
problems involving finding the whole when a fractional part 
is given leads to a composite result that has Uttle pedagogical 
significance. Let us assume that a child scores 60 per cent 
in such a test or that a class averages 55 per cent. What 
inference can be made that will be useful in the later teach- 
ing of that class? Such a composite examination paper 
may have its {dace at the end of a term or when a rating or 
" mark '' is required for some reason, but as a test it is 
devoid of instructional significance and has no educative 
influence. 

In organizing a test, a fixed piu*pose must be set first, 
80 that the questions bear directly on the aim. An examina- 
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tion may be given to determine ability in any one of the 
four fimdamental operations, in fractions, in decimals, in 
copying figures accurately, in use of tables of weights and 
measures, in accuracy of manipulation, in speed of manip- 
ulation, in problems that follow the type, or in thinking 
problems that vary from the type. Where the teacher is 
testing for accuracy, no credit is given for wrong answers 
obtained by model solutions; where the test is for reasoning 
ability, due credit is given for intelligent mode of solution, 
even though the result is incorrect; where the test is to 
ascertain the degree of speed, the time must be limited. 
Such speciaUzed and differentiated tests reveal the weak- 
nesses of each individual, indicate where further drill is 
needed and what changes must be made in the course of 
study. Illustrations of examinations in arithmetic that 
lead to constructive conclusions and that are scientific in 
their formulation will be found by referring to the Courtis 
tests, series A and B, in Chapter XVII and in the Appendix. 

EXPERIMENTAL RESEARCH m ARITHMETIC 

Recent experimental studies concerning themselves with 
the teaching of arithmetic emphasize problems that have 
hygienic and physiological influences on the pupils. The 
results obtained in this comparatively new field are meager 
and crude and do not warrant the formulation of scientific 
conclusions. In a general way these researches tend to 
emphasize warnings that must ever be kept in mind. We 
may summarize these briefly in the concluding paragraphs 
of this chapter. 

Many of these experimental researches point to the 
dangers of overdrill which produces not added power in 
application, but a state of mental stupefaction. Teachers 
who labor on the assumption that no amoimt of drill is 
excessive are confronted by evidence which seems to prove 
the danger of drills that transcend ordinate limits. Drill 
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which continues beyond the point necessary to develop 
ability essential in arithmetical operations involves waste 
of teaching effort and makes for arrested mental develop- 
ment. 

Other experimenters are gathering data which may prove 
that overspeed in arithmetic may produce a mind as ener- 
vated as that which results from overdrill. 

Important researches deal with the time cost of arith- 
metic and establish the fact that there is no general arith- 
metical ability; that a child may be proficient in one branch 
of arithmetic and yet may be deficient in another; that, 
therefore, children must not be harassed by arithmetic. 

German students of experimental didactics are concen- 
trating on types of mind and the relation of each type to 
efficiency in arithmetic. W. A. Lay (^'Anschauimgs imd 
Gedachtnistypen ^'), has shown that a person may be visual 
minded in subjects like language or the social sciences and 
nevertheless be motor minded in arithmetic or geography. 
Heretofore psychologists taught that a visual-minded per- 
son has greater visual acuity and visual efficiency for every 
variety of experience. Springer, experimenting on 500 
children, concludes that visual motor appeals, " see-write," 
give the best results in all grades except the first and the 
fifth year; that in the first grade the auditory appeal proved 
most effective; that in the fifth, the visual. It would seem, 
therefore, that the best appeal for the initial stages in arith- 
metic is the auditory; for all other grades, the visual motor, 
the " see-write " or " see-do." This conclusion was borne 
out when additional tests were made with numbers of vary- 
ing difficulties and with children of varying degrees of pro- 
ficiency in arithmetic. But no general conclusion can be 
drawn from this one study. It may serve, however, to 
disturb the smug advice that is so often repeated, " Appeal 
to all senses." Multiple sense appeal may not be soimd, 
for it may hinder the child of pure sense type. The auditory- 



110 TEACHING OP ARITHMETIC 

minded pupil may be retarded in his work by persistent 
visual motor appeals. But this possibility may be offset 
by the fact that most people are of mixed mental type and 
are not hurt by a special sense appeal. The atypical child, 
either the subnormal or the precocious, is frequently a pure 
type, depending on one sense — ^visual or auditory or motor — 
markedly more than on any other. Here, then, is a de- 
partment of teaching in which pedagogy must suspend 
judgment and hold itself in readiness to modify its methods 
as soon as scientific evidences warrant new conclusions. 

These researches, though tentative, have a direct bear- 
ing on the question of the advisabiUty of postponing the 
teaching of formal arithmetic imtil the child is ten years old. 
No conclusive evidence has as yet been obtained, but the 
impartial student of educational matters is led to question 
the amount of arithmetic that is taught and the wisdom 
of prevailing methods. Many investigations point to the 
belief that the number instinct in children of seven is often 
strong enough to warrant the introduction of formal 
arithmetic and the inculcation of certain basic number 
habits. It is to be hoped that these experimental investi- 
gations will dedicate themselves to the task of supplying a 
truly scientific basis for methods of teaching arithmetic. 



CHAPTER V 

THE ORGANIZATION OF A RECITATION IN 

ARITHMETIC 

The previous chapters concerned themselves with values 
of arithmetic, courses of study and general principles of 
teaching the various branches of this subject. We must 
now turn to a consideration of the effective organization of a 
recitation period in arithmetic. 

VARIETT OF KBCITATIONS 

The Inductive Recitation. — ^The traditional recitation 
with its five formal steps, preparation, presentation, com- 
parison, generalization and appUcation, still serves as a 
basis for many effective lessons in arithmetic. A first 
lesson on the reduction of a conmion fraction to lowest 
terms, in which children are taught to divide numerator 
and denominator by the same number, will serve to illus- 
trate this form o( recitation. 

Preparation: Elicit that 90 cents and 9 dimes are the same; that 
90 cents is -f^ of a dollar and 9 dimes is -^ of a dollar; hence 
StWt^IA; in similar manner, using 25 cents, $Vy\r=$i« 
Lead children to conclude that since the values are the same, 
it would be advisable to use smaller fractional forms in all 
solutions. Question children on what should be the next les- 
son in arithmetic. The answer " How to change large frac- 
tions into smaller ones " is readily obtained. Note that the 
lesson has an aim, a motive, and an apperceptive basis. 

Ill 



112 



TEACHING OF ARITHMETIC 



Presentation: Diagrams like the following axe presented. 
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The effectiveness of these diagrams can be enhanced by using a 
variety of colors to indicate the different fractional parts and 
by having children fold paper to reproduce these subdivisions. 
With the aid of the diagramS| elicit from the children the 
following: 



M 






Take the first fractional equivalents, f =i, and submit f to an 
analy^s like the following: by what must I divide the 2 to ob- 
tain 1; the 4 to obtain 2? The third, i-i', by what must 
I divide the 4 to obtain 1; the 8 to obtain 2? In the same man- 
ner analyze each equation and the blackboard work now has 
the following appearance; 
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2 + 2 JL 2 + 2 }_ 

4+2*2 e+2"3 

4 + 2 2 4 + 2 2 

8+2"4 6+2"3 

4 + 4^1 3 + 3 1^ 

8+4*2 6+3*2 

6 + 2 3^ 3 + 3 1^ 

8+2*4 9+3*3 

6 + 3 2^ 

9 + 3*3 

Comparison: Lead children to note that 2, 3, 4, or any number may 
be used as divisor; that where 2 or 3 or 4 is used to divide 
numerator, the same number is used to divide denominator. 

Generalization: Children now attempt to formulate the law. 
Teacher modifies their language as may be deemed necessary. 

Application: Variety of examples now given for oral and for written 
solution until habit is formed. 

If the reader will follow the lesson without noting that 
it was planned according to formal steps, the entire devel- 
opment seems natural. The formal steps tend to put the 
burden of the work on the children, to lead them to discover 
the various relationships among numbers and the final 
law involved, to give them opportunity for application, 
and to assure systematic and psychological organization. 
This method-whole has been much maligned and is, there- 
fore, no longer in pedagogical fashion. But for want of a 
better substitute, it may still be used with advantage when 
inductive teaching is desirable. Much of the odium con- 
nected with the form of the recitation is due to the mis- 
conception that none of these steps can be combined with 
another or eliminated if it serves no useful fimction in a 
given lesson. The formal steps constitute a suggestive 
plan, not a fixed procedure. 

The Deductive Recitation. — ^A deductive recitation is 
not devoid of plan and purpose. In the discussion of the 
place of induction and deduction in the teaching of arith- 
metic, conditions were listed which make the second mode 
of instruction desirable, The deductive recitation, in its 
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complete form, consists of five steps, viz.: the preparation; 
the data; the generalization; the inference, or explanation, 
or application; the verification. Whether the recitation 
is inductive or deductive there must be a preparatory step 
which calls up necessary old knowledge, establishes an aim, 
and attempts to stir a motive for the new knowledge. The 
fimction of each of these steps can be illustrated by a lesson 
on the area of a circle. 

Preparation: Cite instances necessary to find area of circular rather 
than rectangular surfaces. Lead children to state object of 
new lesson. Aim and motive are now established. 

Data: All necessary facts must now be gathered. Review meaning 
of radius, diameter, circumference and area; have children 
recall that diameter is twice the radius, and that circumfer- 
ence =3+ X<i or ird. 

Generalizaiion: The teacher gives the law, namely '' 3^ X radius 
squared," or xr*. 

Application: Examples in the book are solved by applying this law. 

Verification: By a construction exercise the answers can be approxi- 
mated. Compare answers obtained with those in book. Com- 
pare area of circle with area of a circumscribed square. 

In teaching long division, the mode of obtaining the least 
common multiple, or any of the lessons that make the de- 
ductive recitation appropriate, these five steps may not all 
be necessary, nor need they follow the sequence as outlined. 
It often happens that the data follow the generalization 
or that the verification is impossible. Any modification, 
whether of addition, elimination, or combination, may be 
made, if, in the judgment of the teacher, the effectiveness 
of a lesson will thereby be enhanced. A lesson without 
any plan usually entails extravagant waste of tinie and 
energy; a plan, modified by the teacher after due dehbera- 
tion, usually produces a better lesson. 

The Recitation Based on the *< Steps in Thinking." — 
The thinking activity is usually started by a need to re- 
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adjust old experience. So long as life's routine continues 
without change, reason is discouraged. When a new prob- 
lem must be solved, a new relation evolved, or contending 
elements harmonized, the mind's thought processes are set 
in motion. The child who can multiply by a number of 
three orders containing any three digits except the cipher 
finds no need for thought when the multipUer is 246 or 375 
or 892; but the moment a zero is introduced in the multi- 
plier, a new condition arises and the mind's power to reason 
is awakened. Steps, more or less definite in fimction, are 
recognizable in an act of reasoning. These are: (1) a con- 
flict in experience; (2) recognition of a problem; (3) attempts 
at solution; (4) evolving the final explanation or procediu^; 
(5) verifying the conclusion. The scope and function of each 
of these steps in reasoning can be seen in the following lesson; 
therefore, no attempt is made to define them formally. 

In teaching multiplication by a decimal, certain prob- 
lems were presented and the children were asked to indi- 
cate the mode of solution. They su^ested that $24.54 
be multipUed by 8 to obtain the answer for the first and 
$72.36 be multiplied by 12, for the second. Since they 
knew how to multiply dollars and cents by a whole number, 
they obtained the answers with no trouble. The numbers 
8 and 12 were then changed to .8 and .12 respectively, and 
the children were again asked to indicate the mode of solu- 
tion. It was clear to them that $24.54 X. 8 and $72.36 X. 12 
would give the required answers. They were asked to 
perform the operations. Some children stopped at once; 
others continued beyond the initial point, but all failed to 
complete the process. The various stages of incomplete- 
ness are shown below: 

$24.54 $24.54 $72.36 $72.36 
.8 .8 .12 .12 

» 

••■'^■^■■^^^^^"» mm^^^mm^^^m^^^^ mm^mmm^m^^-^^ ^^^^^m^^mmmmm^mmm 

$19632 $86832 
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A few questions elicited from the children that these mtdti- 
plications involved a new condition and that the task for 
the day's arithmetic period must be " to discover how to 
multiply by a decimal." We have here (1) a conflict in 
experience, and (2) the recognition of a definite problem. 

" What are probable ways of obtaining the answer? " the 
teacher asked. All agreed that $24.54 must be multiplied by 
the eight and $72.36 by the twelve, but the products would 
not be the correct answers. The children were then led to 
conclude that if they knew where to place the decimal points 
in the numbers $19632 and $86832 the entire difficulty 
would be removed. Each child was then asked to find the 
place for the decimal point. Some pupils thought it be- 
longed between the 9 and the 6, thus, $19,632; and be- 
tween the 8 and 6, thus, $8.6820; " because if you add 
the places in the two nmnbers you get three places in the 
first example and foiu* in the second." Others objected 
to adding the places '' because these are examples in multi- 
plication, not addition "; these children suggested the an- 
swers $196.32 and $8.6820, because '^ in the first example we 
have two places and one place, 2X1=2, but in the second, 
we have two places and two places, 2X2=4." The lesson 
had, thus far, progressed through the next two steps, viz., (3) 
attempts at solution, and (4) evolving the final procedure. 

The children now realized the need of testing their re- 
spective conclusions. Since they knew no method of veri- 
fication the teacher suggested the solution by common frac- 
tions. This was attempted and the following results were 
obtained: 



$24.54X^=?^»$19.632 



$72.36X:^=?^?^ =$8.6832 
100 100 
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It was evident that those who " added the places in the two 
numbers " were correct. After two more examples were 
solved and the answers tested, the law for pointing oflf in 
decimal multiplication was established beyond question. 

The caution that was urged in connection with the use 
of the inductive and the deductive recitation must be re- 
peated here. There is nothing unalterable in the sequence 
or in the niunber of these steps. Teachers must rise above 
the method if it is to serve classroom needs most effectively. 
Each of these recitations is no artificial organization that 
has been evolved by teachers of methodology, but it is rather 
an attempt to incorporate in formal instruction the psycho- 
logical processes that function in normal and natural life. 

Characteristics of an Effective Recitation. — Since each 
of these forms of recitation may be modified to meet special 
instructional exigencies, we must formulate the most essen- 
tial characteristics of any effective lesson in arithmetic. 
These are summed up in the foUowing questions: 

1. Does the lesson begin at the " point of contact " in the child's 

life and interests? Is the lesson motivated through an ap- 
peal to need or to instinctive craving? 

2. Does the lesson begin in the knowledge that the pupils have 

of kindred subject matter? Is the new lesson an outgrowth 
of old knowledge? 

3. Does a clearly defined aim determine the progress of the lesson? 

Do children as well as teacher constantly keep the aim in 
view? 

4. Does the lesson follow a logical plan, a recitation plan? 

5. Is the lesson based on objective experience? 

6. Is the child's self-activity stirred and directed at all times? 

7. Is there sufficient and varied oral and written drill in the 

mechanical phase of the lesson, and rich application of the 
thought phase to problems of social life? 

8. Is there an adjustment of the lesson to the needs and abilities 

of groups of children or do all pupils receive the same in- 
struction, the same drill, the same application? 
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9. Is the lesson so organized that all sources of waste are elimi- 

nated7 
10. Is there a well-planned test to ascertain the children's pro- 
ficiency in the lesson? 

THE CONTENT OF THE RECITATION IN ARITHMETIC 

As a general rule there must be a division of the recitation 
in arithmetic into two parts, one being devoted to oral 
work and the other to written applications. These two sub- 
periods differ in purpose, in spirit, and in method, and must, 
therefore, be subjected to careful analysis. 

The Period of Oral Arithmetic. — Duration of Oral Arith" 
metic. — No day's work in arithmetic must be without its 
oral period. Oral arithmetic should be assured of a mini- 
mum of about one-third of the total time given to arith- 
metic. Frequently it is given a much greater proportion 
of the lesson; on days when a new process is taught it 
usually takes the entire period devoted to arithmetic. From 
the time which the oral work is permitted to consmne, we 
may deduce its vital importance in developing efficiency in 
arithmetic. 

Aims of Oral Arithmetic. — 1. The first purpose of the 
oral period is to prepare the child for the rapid oral arith- 
metic prevalent in the business world. > The merchant, the 
buyer, the broker, the mechanic offering a tentative esti- 
mate, the retail clerk or salesman — all these usually work 
under conditions that make slow written solutions impos- 
sible. These people must arrive at their conclusions, ac- 
curate or approximate, rapidly and without recourse to 
paper and pencil. 

2. A second aim of oral arithmetic is purely disdplinarif — 
to train in rapid thinking and concentralion. Written arith- 
metic affords opportunity for slow, dispirited work. Drill 
in rapid oral work gives tone and spirit to the entire lesson 
in arithmetic and makes its results apparent in the written 
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exercises that follow it. Proficienpy in written work is no 
guaranty of equal or approximate proficiency in oral work, 
but proficiency in oral work contributes directly to greater 
accuracy and speed in written work. In the interest of 
written arithmetic, oral arithmetic must be emphasized. 

3. Continiums drill in the fundamental processes is the 
third aim of oral arithmetic. Here emphasis is laid on the 
purely utilitarian aspect of the subject. All normal chil- 
dren can be brought up to a useful degree of proficiency in 
the mechanics of arithmetic. At least five minutes a day 
must be devoted to rapid addition, subtraction, multipUca- 
tion and division of whole numbers. All the devices sug- 
gested in the chapters on the Fundamental Operations must 
be utilized in daily drills in the earnest endeavor to bring 
children to the degree of accuracy and speed demanded by 
the business world. If the school fails in this respect, it 
fails hopelessly to meet the primary needs of the employer. 
The plan book of a certain sixth grade teacher emphasized 
the mechanics of arithmetic by tabulating part of the work 
of the week as follows: 

Oral ArUhmetic — ^The fundamental operations. Daily, 10 minutes, 
(a) Daily — Rapid column addition, adding statistics found in 
appendix in geography. Rapid subtraction of t3rpe *' 27 
from 82." Rapid multiplication and division by usual 
circular devices. Time, 5 minutes. And, 
(6) Monday — ^Addition and subtraction of conmion fractions. 
Tuesday — Multiplication and division of common fractions. 
Wednesday — ^Four operations in decimals. 
Thursday— Finding 1%, 2%, 2i%, 3%, 3i%, etc., of a 
number. Time, 5 minutes. 

Each day ten minutes were devoted to the mechanics of 
arithmetic, five minutes every day to whole numbers, and 
five minutes to a more specialized drill in the mechanics of 
the fractions and percentage. Examples like .2 X .1, .2 X .01, 
.2-r .2, .2^.02, .02-1- .2, 3i% of $260, 1% of $500, 1% of $50, 
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1% of $5, i—i, i— I, iXf, fXi, etc., were solved orally 
with a degree of accuracy and speed that hardly seemed 
possible at the begimiing of the term. 

4. Another fimction of the period of oral arithmetic is 
to introduce and develop the new topic. It is obvious that on 
a day when a new process is taught the entire period in 
arithmetic is given almost exclusively to oral work. After 
the new lesson is imderstood it is usually apphed orally until 
the mode of thought is well grasped. 

How Shall Oral Arithmetic Be Given to the Class? — 
Spirit is infused into oral work by the alertness which the 
teacher displays in giving problems and exercises to the 
class. The materials for oral solution must not be read to 
a class from a book. The teacher must prepare her work, 
select her nmnbers, and then give the exercises to the chil- 
dren with seeming spontaneity. To save time, children 
may be asked to read the examples from the printed page or 
a mimeographed sheet. But in all such work, time should 
be limited and children must be held to strict accounta- 
biUty for answers to every exercise. To state a problem or 
indicate an exercise and then call on a volunteer for the 
answer discourages attention and concentration. Every 
child must feel responsible for all answers within the time 
set by the teacher. 

The Period of Written Arithmetic. — ^That part of the 
arithmetic lesson known as " written arithmetic " is merely 
an extension of the application step of the oral work. Noth- 
ing new is taught. Effort is now directed to solving problems 
that come under the type of what was taught but which 
have numbers so large as to make written record necessary. 

Aims of Written Arithmetic, — ^Throughout the written 
work three aims must ever be kept in mind: (1) Accuracy 
of solution and form must be stressed constantly; (2) 
speed consistent with accurate work must be the next aim; 
(3) proper algorism, neatness, logical and sequential ar- 
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rangement of the various parts of a problem — these consti- 
tute the third group of habits that must result from written 
work. 

Written Arithmetic a Collective Record, — The common 
practice is to use a new sheet of paper each day for the 
written exercises in arithmetic. If kept by the children 
these sheets are lost; if stored away by the teacher, they 
serve no pedagogical purpose. The written work must be 
kept in a special notebook or in a large envelope in which 
the daily sheets are arranged in chronological sequence. A 
collective record shows at once progress or retrogression of 
any one child in accuracy, neatness, care and effort. The 
child whose work is improving, experiences a sense of pride 
in his accomplishment and feels the thrill of encourage- 
ment, while his less earnest neighbor is constantly confronted 
by evidence of decreasing merit. The supervisor who sees 
a set of arithmetic papers in the middle of a term has no 
just basis for a judgment of the teacher's work or the prog- 
ress of the class. Assuming that the class average is forty 
per cent, what is the inference? That the children have 
made no progress? That the teacher is weak in instruc- 
tional power? What if the first week's results show a class 
average of only twenty-eight per cent? On the other hand, 
let us assume that a class scores an average of seventy-five per 
cent in the middle of the term. Are we justified in drawing 
complimentary conclusions about the teacher's ability and 
the progress of the class? What if the pupils averaged 
eighty per cent during the preceding term? A cumulative 
record may show that although a pupil has scored only 
fifty or fifty-five per cent during the last fortnight, that same 
pupil never attained a rating above thirty per cent at the 
beginning of the term. Cumulative records of pupils' work 
show progress, retrogression, or stationary standing, and, 
therefore, afford rich opportimity for constructive criticism 
and supervision. 
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HOW TO SECXmE MAXnfUM VALUE FROM THE RECITATION 

Waste in the Recitation. — It is not an uncommon experi- 
ence for the observer of classroom instruction to find the 
recitation in arithmetic opened by the assignment of a 
problem The children set at the solution with avidity. 
After three minutes of work children begin putting down 
their pencils and indicate by exaggerated posture that they 
have the answer. They sit in idleness waiting for their 
slower classmates. After seven minutes have elapsed, all 
pencils are ordered down and a pupil proceeds to the black- 
board to make a copy of his work and explain the solu- 
tion. Questions are asked of backward children and weak 
points are bolstered up. At least five or six minutes are 
required for this task. Division monitors are now given 
the signal to mark the children in their section. This 
done, the first example is completed at a total time cost of 
about fifteen minutes. A second problem is treated in 
much the same way and the half-hour devoted to written 
work is at an end. But what waste! In such a class the 
author coxmted eighteen out of forty children, who solved 
both problems correctly in a maximiun of six minutes. 
These children lost twenty-four minutes waiting for their 
slower classmates and were subjected to the stultification of 
listening to explanations of processes well understood by 
them. We must now turn to the problem of economy in the 
recitation, the causes of waste, and remedial suggestions. 

Causes of Waste in the Remedial Measures 

Recitation 

1. Time is often lost 1. A monitorial sjrstem must be de- 
because of incompetent vised that will permit the distribution 
class management. A of necessary material before the class 
considerable portion of arrives. Children should be encouraged 
the recitation is taken to rule papers before the lesson begins, 
up by distributing mate- The rulings must be uniform and exceed- 
rial and ruling papers and ingly simple so that the time necessary 
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preparing elaborate head- to prepare the paper or the sheet 
lug. Teachers often force is negligible. Necessary diagrams, fig- 
children to sit idly by ures arranged for drill, etc., must be 
as they draw elaborate made before the class assembles, on 
diagrams or write lists large cardboards or on slate cloth, 
of figures on the black- and hung, ready for class use. If un<- 
board. Such time costs expected board work must be done, 
are inexcusable. children should be set to solving a prob- 

lem while the teacher is thus occupied. 

2. T h e dicatation of 2. (a) The obvious remedy — ^to omit 
problems with unneces- all imnecessary phrases — ^is not sound, 
sary phrases is another Children must be taught to listen in- 
practice that makes for telligently and discriminately and then 
waste in the recitation. put down the essential elements. No 

instructor of law would edit the case 
for his student. It is hoped that the 
pupil will develop, in the course of his 
legal training, the power of selective 
judgment. The child must be taught 
to take down problems discrimina- 
tingly. 

(6) Examples should be worked from 
books as far as possible. 

(c) Mimeographed sheets containing 
suitable examples can be prepared and 
distributed among the children. 

(d) Examples may be written on 
cards. These are distributed and the 
children sent to the blackboard. 

3. Time is often lavish- 3. (a) If the purpose is to give drill 
ly spent working out ex- in the fundamental operations, a me- 
amples with long numbers; chanical or abstract exercise should 
and difficult combina- be given, e.g., 3426X786; but when 
tions. problems are assigned the aim is to 

develop thought in arithmetical situa- 
tions. The numbers chosen must be 
such as to avoid arduous manipulations 
of division and multiplication. This 
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suggestion does not encourage ultrasim- 
pMcation of arithmetic, but rather 
seeks to conserve a maximum of time 
for the rational phase of arithmetic. 

(6) Visiudize the Process, — ^When an 
important and difficult type is taught, 
effective drill in the mode of sdution 
can be given by omitting the mechanical 
operations altogether and merely visual- 
izing the solution. Let us assume that 
the new type is in unitary analysis, to 
find the cost of x units, knowing the 
cost of y units, the numbers all in 
fractional forms. A mimeographed 
sheet containing about twenty-five of 
these problems, all well graded, is 
distributed. The exercise reads as 
follows: 

If 3i yards cost $10.50, what 
will 5i yards cost? 

What must I pay for 18^ yards 
at the rate of 5i yards for $7}? 

Paid $17.25 for 8i rolls of cloth. 
Find the cost of 12} rolls. Etc. 

The children are told to read the first 
problem; the recitation then follows: 
" Pupil A, what is given? B, what is to 
be foimd? C, what is the first step? 
D, what is the second step? E, how do 
you perform the first step? F, approxi- 
mate the answer. G, how do you 
perform the second step? H, approxi- 
mate the answer. J, how would you 
test the accuracy of your final answer?" 
Each problem is subjected to oral analy- 
sis, to visualization of its process, to an 
approximation of its results, and to a 
mode of checking, but not a single step 
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k worked out on paper. In twenty 
minutes at least twenty exercises are 
performed and the class has had vigor- 
ous drill in the rationale of this type of 
jiroblem. A few of these i»t>blems 
are given for homework and as many 
others as may be necessary are solved 
the next day in class. As a daily mode 
of instruction, this process of visualiza- 
tion is not to be recommended. 
4. Time is wasted for 4. Children must be made to feel that 
some pupils because work they are expected to work at maximum 
is not apportioned accord- capacity. It is advantageous, there- 
ing to ability. To assign fore, to group children into sections A, 
a set number of examples B and C, according to their capabilities 
and hold all children re- in arithmetic. Groups A, B, C, are 
sponsible for the solution given examples 1 and 2; group B is 
of the same number, in- given an additional example; group A 
volvee waste for the abler is given two additional examples. In 
children. other words, group A is expected to 

do examples, 1, 2, 3, and 4, while group 
B does 1, 2, and 3; group C is not ex- 
pected to do more than the two ex- 
amples. Examples 1 and 2 are t3rpe 
forms, example 3 is a slight variation, 
while example 4 requires the exercise of 
ingenuity for its solution. Work is 
not only apportioned in quantity and 
quality, according to ability, but all 
children are assured of practice and 
test in the t3rpe form. Examples 1 and 
2 are explained more slowly. While 
children in Group C are correcting their 
errors, those in A and B who have incor- 
rect answers to examples 3 and 4 attend 
to the explanations; the others, mean- 
time, are set to profitable work. 
The same end can be attained by 
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sending all children in Group C to the 
blackboard while those in B and in A 
are in their seats. Work is assigned as 
above or the problems given the C 
children at the board inay be entirely 
different from those done by the A and 
B pupOs. The teacher gives the first 
part of the period exclusively to the 
children at the board. While the C 
children correct their errors, the teacher 
takes up the work with the A and B 
groups. Any variation which seeks to 
assign work according to capacity and 
break the lockstep system in instruc- 
tion will be found superior to the old 
system of uniform assignment and 
uniform requirement of all children. 

5. A recitation with- 5. In planninpa recitation there must 
out purpose or aim is be a very specific aim governing the 
a means of dissipating entire period and determining the 
energy and wasting time, nature and the quality of work as- 
signed. To fill the period with prob- 
lems or exercises is not enough. The 
purpose may be to increase speed, to 
emphasize accuracy in mechanical oper- 
ations, or to develop mastery of a given 
tjrpe of solution. Every step in the 
recitation and every*exercise assigned to 
the class must be designed to achieve 
the specific aim; any divergence from 
this aim results in direct loss of energy 
and waste of time. 

6. Overdrin entails as 6. In an earlier discussion on drill and 
much waste and produces habit formation, the dangers of over- 
as much inefficiency as drill were emphasized. But inordinate 
insufficient drill. drill is found not only in the mechanical, 

but also in the rational phases of arith- 
metic as well. Care must be taken not 



THE ORGANIZATION OF A RECITATION 127 

to overemphasize the type in any 
branch of arithmetic; the type must be 
varied after the initial drill periods. 
So, too, teachers must not indulge in 
formal analysis of problems, or in writ- 
ing complete statements when the proc- 
ess is understood by the class. 

7. Indefiniteness of as- 7. Assignment in arithmetic, whether 
signment is a serious for classwork or homework, must be 
cause of time waste. analyzed carefully by the teacher. We 

must be certain that unnecessary dif- 
ficulties are not allowed to creep in, that 
the language and the conditions set 
forth in the problem are not beyond 
the pale of the child's experience, and 
that the problems are applications of 
principles taught in the class. Im- 
properly assigned work robs children of 
valuable time and leads to resentment 
or unwarranted discouragement. 

8. The attention of the 8. After a problem has been com- 
entire class need not be pleted, those children who made mis- 
directed to explanations takes should be called to the board in 
needed by a minority of a group and the example in question 
the class. explained to them while the rest con- 
tinue with the next problem. The 
second example is treated in the 
same way; only those who failed in the 
solution are given the explanation while 
the others are permitted to invest their 
time to greater profit in additional work 
in arithmetic or in some form of study 
work in other subjects. 

9. Failure to use short 9. In framing problems the teacher 
cuts entails unnecessary should so select the numbers for multi- 
expenditures of time. plication or division as to permit the use 

of short cuts. Instead of asking for the 
area to be paved if a gutter measures 
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54 feet X 129 feet, change the numbers 
to 54X125 and thus allow the child to 
add three ciphers and divide by 8. If 
the short cut is to be of any value, its 
use must become a matter of habit. 
The common practice by which children 
perform their manipulations by the long 
process and use the short cut only when 
the teacher says, " Be sure to do this by 
the short way or you will be marked 
wrong/' is an utter waste. Short cuts 
must be so taught that children will 
automatically use them. Then and 
only then are they sources of economy 
of time and labor. In the later dis- 
cussion of short cuts this desideratum 
is explained more fully. 
10. Anothei cause of 10. It was emphasized in our earlier 
waste in a recitation is discussion that problems must be real; 
the assignment of prob- that the conditions they set forth must 
lems that are outside the make solution seem necessary; that they 
scope of practical busi- must constantly reflect the practices of 
ness usage. commerce and industry. To violate 

this cardinal rule is to reduce the recita- 
tion in arithmetic to puzzle solution and 
to divorce school work from the needs of 
life. 

HOME WORK AND PROFICIENCT m AIOTHMETIC 

Need for Homework in Arithmetic. — ^It has not yet been 
demonstrated experimentally that homework in arithmetic 
adds to the efficiency which children develop in class work 
nor what proportional part of a child's efficiency is due to 
the homework assigned for a given period. It will be nec- 
essaJy to keep careful records of progress and make scien- 
tific tests of two sets of children in the same schools, taught 
by the same teacher imder approximately similar conditions, 
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the one required to do homework, the other relieved from 
all arithmetical preparation after school hours. It may be 
that the traditional claims for homework will receive a 
ruthless jar from the results of such an investigation. To- 
day, homework is justified by teachers on the groimd of 
limited opportunity for drill and application in class, and 
the presence of imgraded pupils. For these reasons, teach- 
ers allow the work of the class to encroach on the child's 
free time. < 

Difficulties Caused by Homework. — Every teacher 
must meet additional disciplinary and instructional prob* 
lems which come as by-products of homework. Some 
children do not carry out the assignments — ^investigation 
is necessary and punishment must be meted out. Others 
perform their tasks carelessly and imperfectly — measures 
must be taken to correct these pupils. Most of the prob- 
lems which arise from homework can be obviated or mini- 
mized by careful attention to correct assignment of these 
exercises. We must, therefore, turn to a consideration of 
proper assignment. 

How to Assign Homework Properly. — 1. Homework Must 
Be Supplementary, — In all but the last school year, home- 
work must be based on what was taught in class. Home- 
work becomes an extension of the application step of the 
lesson or a specialized drill period. At the end of the school 
course, new material may be assigned for home study be- 
cause the aim is to test children's power to derive knowledge 
from the printed page as well as to give added opportunity 
for application. 

2. Homework Must Be Assigned wUk Careful Attention 
to Time. — Homework must be given sparingly in all classes. 
Most authorities agree that homework must not be given in 
the first three years, for with these young children it may 
work irreparable harm rather than good. In the early 
grades, children must, work imder supervision so that no 
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incorrect habits of fonn, of content, or of manipulation will 
develop. Through about the fifth year, no problems should 
be assigned in homework. Children should be required to 
solve examples in fimdamental operations and type forms, 
the time cost of which can be approximately determined. 
In no grade in the elementary school should homework 
in arithmetic take more than thirty minutes of the child's 
time. More progress is to be expected from systematic 
class drills and supervised study periods than from excess- 
ive homework. 

3. Homework Must Be Assigned with Careful Attention 
io Difficulties Involved, — ^Every example assigned must be 
examined to see that there are no difficulties of language or 
superfluous numbers. Unnecessary difficulties must be 
removed. It is advisable to assign homework at the end 
of the arithmetic period in order that children may read 
the examples and ask such questions as they deem neces- 
sary. 

4. Homework Must Be Assigned with a View to Correc- 
tion, — ^A primary consideration which determines the as- 
signment of homework is the matter of inspection and cor- 
rection of children's products. Homework which is not 
examined soon degenerates and becomes a source of demor- 
alizing mfluences in all written work. Some teachers have 
the correct homework put on the board and each child 
marks his neighbor's results. The children who have any 
example incorrectly worked are helped, during spare mo- 
ments, by those who put the work on the board correctly. 
The books are then collected and are inspected by the teacher, 
who usually puts some mark on the day's work. In this 
way each child sees his error, learns the correct solution and 
receives the teacher's comment — all at the expense of little 
time and effort on the part of the teacher. Any simple 
system which guarantees inspection, correction and help 
may be substituted for the device suggested. 
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6. Homework Should Be Kepi in Notebooks. — ^Tlie rea- 
sons advanced for keeping the daily work of arithmetic 
in a notebook rather than on separate sheets of paper 
apply with equal force to matters of homework. It may 
be possible to keep classwork in the first half of the book 
and the homework in the second. Whatever the plan, the 
aim is to have a cumulative result which shows at a glance 
the status of each pupil's proficiency day by day. 

. 6. The Pupil Must Be Assured of a Favorable Place for 
Study and Homework. — Teachers must ascertain whether 
their pupils can secure conditions favorable for study and 
homework. Children often fail to carry out the assign- 
ments for homework because their homes make it impossi- 
ble for them to retire to a place that is quiet. A classroom 
in charge of a teacher should be kept open after school 
hours so that children may be assured of a quiet place, and 
the necessary equipment of pen, ink, blotter, dictionary, 
simple reference books, and sympathetic help. 

7. AU Pupils Not to Have Same Homework Assignment. — 
If we look upon homework as an added appUcation of knowl- 
edge taught in class, it is app^trent that, in most cases, all 
children are not in need of the same amoimt of drill in the 
same subjects. Homework must be differentiated so that 
pupils proficient in mechanics of arithmetic are required 
to work problems, while those deficient in fimdamental 
operations have more mechanical exercises. To require 
all children to perform the same homework must result in 
overdrill for some and insufficient drill for others. 

8. Not AU Homework Need Be Written. — ^The usual form 
of homework in arithmetic must necessarily be written, but 
it need not be the imvarying form. If tables are assigned 
for home study, it is not advisable to require all children to 
write these a set number of times. Those who master the 
combinations or the equivalents from class drill may be 
excused fr<HU further drill. Children should be encour- 
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aged to study their own characteristics, to note whether 
they are visual, auditory, or motor minded, and then appeal 
to the sense that seems most active for them. To require 
auditory children to devote time and labor to writing the 
tables ten times may retard progress. Teachers must 
learn to accept any evidence of earnest attempt to study 
the table in question. Some children may bring in written 
evidence, others notes, written by themselves, and signed 
by their parents, telling the teacher: " This is to certify 
that Master WiUiam Smith studied the table of linear 
measure for ten minutes by looking at it and saying it over 
and over." In this differentiated homework the child is, 
therefore, enabled to work along the line of his native en- 
dowment and to discover those personal idiosyncrasies 
which make for efficient study. 

Conclusion. — Much has been said of the value of home- 
work for developing concentration, self-reliance, habits of 
study, and for bringing parents into closer relation with 
the work of the school. The powers enumerated above 
can be developed by the school through other agencies 
which do not encroach on the child's hours of free play. 
And it is to be hoped that the school will evolve more 
social means than homework of bringing parents into inti- 
mate contact with the school. 

GROUP TEACHIKG IN ARTTHMETIC 

The Need of Group Teaching in Arithmetic. — In our 

earUer discussions, it was shown that arithmetic is a com- 
plex of processes and fimctions of varying characteristics. 
Proficiency in one branch of arithmetic offers no assurance 
of approximately equal proficiency in another branch of the 
subject. It was also shown that there is no general arith- 
metical ability. A child may develop power quickly in 
one phase of arithmetic and experience no Uttle difficulty 
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in attempting to master another. A small nimiber of pupils 
respond to a rational appeal when a new topic is presented, 
some to an objective presentation, while others see the rea- 
son governing the modus operandi only after using the new 
process again and again. Experimental evidence seems 
to show that native endowment is the most telling factor 
in determining proficiency in arithmetic. Mathematical 
judgment of younger chUdren with less experience and 
training in arithmetic often surpasses that of older ones 
with three or four years more study of the subject. The 
inference seems conclusive that arithmetic demands group 
rather than class teaching, special forms of presentation 
and specialized forms of dnU to approximate the needs and 
the capacities of the pupils. 

Devices for Group Teaching in Arithmetic. — It is not 
within the scope of this book to treat of the devices and 
methods of class management which are necessary for suc- 
cessful group teaching. Books on class management and 
on group teaching give ample discussion of this phase of 
our problem. We must stop long enough to indicate the 
nature of the differentiated work. 

Specialized Drills, — Since drill must be adjusted to the 
need of the pupil, specialized tests must be given at regular 
intervals to discover the degree of proficiency which ieach 
pupil has attained. These tests will indicate individual 
weaknesses and serve as a basis for prescribing the form of 
drill calculated to contribute most to a child's needs. 
Through differentiated homework, differentiated class drills, 
differentiated written work in class, children may be helped 
to overcome their peculiar weaknesses and limitations. ! 

Differentiated Teaching, — ^In addition to differentiated 
drills, there must be differentiated modes of presenting new 
lessons. For the slower children, the lesson must be more 
objective, graded with greater care, less rationalized; for 
the abler pupils, a shorter presentation with a greater ap- 
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peal to the logic of successive steps may prove more eflFect- 
ive. With the first group, the work may touch only gen- 
eral principles; with the second, a more intensive appeal 
may bring gratifying response. A uniform mode of in- 
struction, however skillful, is not calculated to evoke a uni- 
versal response. 

Monitorial Teaching. — ^A common classroom practice 
is the appointment of abler pupils as special coaches of 
their less proficient classmates. The benefits which the 
teaching pupil derives are ethical rather than mathemat- 
ical. These are often counterbalanced by exaggerated 
estimates of abiUty and superior attitudes which are devel- 
oped by these aids. The backward pupil is not taught, he 
is " shown how," he is coached, he is forced to imitate. 
We have conveniently assumed that this system of class 
coaching will lift the arithmetically submerged to the nec- 
essary level of proficiency. Nevertheless we reject the 
conclusion that with slower pupils the teacher should not 
teach but merely present each fact or process through purely 
mechanical imitation. The reader must not conclude 
therefore that student coaches must not be appointed; he 
must reahze that we have not yet justified the practice of 
intrusting to children the highly skilled art of teaching 
arithmetic. In all teaching situations where faithful imita- 
tion or emulation of conduct is the final goal, properly 
supervised monitorial teaching has its place. 



CHAPTER VI 

TEACHING NUMBER CONCEPT; COUNTING AND 

MEASURING 

The concept " number " is foundational in the study of 
methods of teaching arithmetic. There is a variety of in- 
terpretations of this basic term, each determining in its own 
way a definite mode of instruction. It is the fimction of this 
chapter to set forth the meaning, the origin, and the devel- 
opment of the number idea and to formulate a system of 
teaching number which incorporates the lessons of modern 
experimental psychology. With this aim in view we shall 
attempt to smnmarize four important conceptions of num- 
ber: (1) nimiber as a symbol; (2) nimiber as a sense fact; 
(3) number as a rhythmic idea; (4) number as an idea of 
relationship resulting from a variety of thought processes. 
Each of these interpretations of nimiber will determine, very 
definitely, a distinctive mode of teaching. 

I. NUMBER AS A SYMBOL 

The earUest conception of nmnber which governed 
teachers held that number is merely a symbol for a group. 
Arithmetic was a purely utilitarian subject which summed 
up all number symbols and rules governing their manip- 
ulation. The figure 5 was made synonymous with the 
number five and was taught by a severely deductive proc- 
ess based on imitation and endless repetition. The arith- 
metician was an artisan and the teachers of arithmetic 
were incorporated in the society Rechnenmeisters. Since 
number was a S3nnbol, no educational influence was sought 
from the teaching of arithmetic. Although this explanation 
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of number is old, it is not necessarily obsolete, for much 
of the deductive teaching with its purely iniitative char- 
acteristic gives evidence that niunber and symbol are still 
identical in the minds of some teachers. 

n. NUMBER AS A SENSE FACT 

Number the Result of Sense Experience. — ^Pestalozzi 
was the first educator who succeeded in suppl3dng a psycho- 
logical basis for number. To him, niunber was more than a 
^mbol; it was a mental image derived from sense experi- 
ence. Four books are seen, four coins are touched, fom* 
sounds are heard — ^these sense impressions are recorded in 
the brain, and the mind, by a one to one correspondence, 
l)ecomes conscious of jcnir. Just as the facts red, rough, 
'VHirm, circle are acquired through the senses, so, too, nmnber 
arises from a repetition of sense experience. 
^ Conclusions for Teaching. — ^The pedagogical conclusions 
evolved by Pestalozzi give greater clearness to his concep- 
tion of number as a sense fact. His first maxim for teachers 
Number before figure,^^ He differentiated clearly be- 
tween or 1 1 III and the symbol 6, The 
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mental picture which images the group of dots or lines is 
the number; the written symbol, 5, is the figure. To teach 

the figure 5 before the picture 



or 




or 




is clearly imaged in the mind, is to teach 



a sign before the object which it represents. 

A second pedagogical practice which Pestalozzi made 
famous was, " AU number must be taught orally and object- 
ively.^' If number is a sense fact, children must learn 
number by seeing, hearing, and touching every variety of 
illustrative aid — papers, beads, strings, chairs, pupils, 
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taps, bell sounds, hand claps, etc. To insure this percep* 
tual basis for number and guard against too early an in- 
troduction of figures, he emphasizes, for the first time, oral 
teaching of number. 

Pestaloz^i observed that counting, for some reason, ap* 
pealed to children oa much ss manipulating concrete ma- 
terials. He therefore decides that aU number must he 
taught through counting all possible objects and sounds in 
the environment. In seeking to teach number exclusively 
through counting, Pestalozzi's theory naturally suflFers from 
the weakness of any extreme position. To Pestalozzi must 
be given credit for having introduced the perceptual basis 
in number work and the disciplinary value of arithmetic. 



m. NUMBER AND 

The Origin of Number in Rhythm. — ^A conception of 
nmnber closely allied to that evolved by Pestalozzi is found 
in G. Stanley Hall's belief that " counting is the rhythmical 
pimctuation of the stream of consciousness." The hmnan 
mind is extremely sensitive to rhythmic repetitions and is 
agreeably affected by rhythmic experiences. There is an 
element of pleasure m keeping time, in regular nodding, in 
discerning a regular system in the tickings of the clock, and 
in rocking in regular coimt. Repetitions of certain nirni- 
bers are looked upon with favor while others are not at- 
tractive. Shopkeepers find that they can sell more articles 
when the price is set at 47 or 49 cents than at 45 cents, 
more at 19 cents than at 16 cents. The " 5 and 10-cent " 
stores or the " 3, 9, and 19-cent " stores have an asset in 
numbers selected, because these command attention. 

How to Teach Number through Rhythm. — ^If we accept 
the view that nmnbers have their origin in rhythm and 
that " counting is the rhythmical punctuation of the stream 
of consciousness," the rhythmical series must be the start- 
ing point of the lesson. The series, 1, 2, 3, 4, 5, . , . 2, 4. 
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6, 8, 10 . . .3, 6, 9, 12, 15; . . . must be seen, heard, done 
and felt. After attention has been arrested by the series 
and when there has been sufficient repetition of the series, 
the number names are given. These names are applied to 
a series of objects that can be seen and touched, to a series 
of movements, and finally to a series of sounds, until these 
names become habit. The third step applies these number 
names to new number experiences. This method of teach- 
ing number insures objective presentation, a thorough 
perceptual basis, exclusive oral drill and the sequence of 
number before figure. 

IV. NUMBER AS A RATIO RESXTLTING FROM MEASURE- 
MENT PROCESSES 

The Psychological Conception of Number. — ^An explana- 
tion of the origin and function of munber which, historically, 
is the most modern, is the psychological conception, best 
formulated by McClellan and Dewey in " The Psychology 
of Number." This theory makes, at least, three basic 
contributions to our knowledge of number: (1) Number is 
not a sense fact, but a rich idea; (2) number is ratio; (3) 
number arises and grows in measurement processes. Each 
of these ideas is rich in content and practical implications 
and must, therefore, be submitted to more detailed analysis. 

1. Number Not a Sense Fact, but an Idea Resulting 
from Thought Processes. — Pestalozzi, Grube and their fol- 
lowers, lost in the psychology of perception, regarded num- 
ber as a sense fact. Let a group of things be experienced 
and the mind apprehends number. But a critical analysis 
will show that merely the presence of a multiplicity of ob- 
jects before the senses will not account for the idea 
of number. The savage brings down many animals, but 
his knowledge of number does not correspond to his success 
in the hunt. Children who see groups of 5, 12, or 9 sticks 
do not know the numbers five, twelve or nine. Show chil- 
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dren the following arrangement of an equal number of 
equally sized lines and ask them which group contains more: 



i i I i 



invariably they select the former. Form, color, size, rough- 
ness — ^these are sense facts; but number is a complex of 
relationships which arise from a variety of thought activ- 
ities. Ask the child, who can count blindly to ten, to show 
you " five " on his fingers and he points to successive fin- 
gers as he calls, " one, two, three, four and five." At the 
word " five " he stops and points to his thiunb. " Five " 
means the fifth, not five one's; not two, two and one; not 
two and three; not two and three one's; not three and two 
one's; not one and four. 

That nimiber is not a sense fact can be deduced from other 
observations. Children who know the nmnber names up 
to ten a^d who are asked to count ten concrete things usu- 
ally run ahead of the objects in applying the nimiber names. 
If two or three of these objects are surreptitiously removed, 
they are not missed by the pupils. Nmnber is learned not 
by looking at or touching ten objects, but by analyzing the 
group of ten, comparing the group of ten with one of two or 
of five. Only ds the mind goes throTjLgh the thought activities 
of comparisony of contrasting, of measuring , of analyzing and 
of synthesizing J will the complex idea of number arise. Num- 
ber is an idea which the mind evolves and applies to objects, 
not an idea which is extracted from objects. Niunber is a 
complex interpretation of sense experience, not a mental 
image, a photographic reproduction of sense experience. 

2. AU Number is Ratio, — If number is an idea, our 
next task is to discover the kind of idea. The preced- 
ing analysis shows that number is an idea which sum- 
marizes the relations that exist in a group; hence every 
nmnber must be a ratio. Any nmnber expresses the ratio 
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which exists between a measuring unit and the whole quan- 
tity. Thus, ,ten cents refers to ten times one cent or twice 
five cents; three yards refers to three times one yard, or 
three times three feet, or nine times one foot; nine dollars, 
to the person who saves three dollars a month, is three times 
three dollars; to the person who saves a dollar a week, it is 
nine times one dollar. It follows, therefore, that the child 
does not know the niunber six when he can recite, " pne, 
two, three, four, five, six." The number six, the idea six, 
is known only as the following ratios and combinations are 
known, 6X1, 3X2, 2X3, 5+1, 4+2, 2+4, etc. In teach- 
ing nmnber as a sense fact through coimting, every number 
was produced by adding one to the preceding number, e.g., 
to teach eight, review 7 and add 1; to teach nine, review 
8 and add 1; to teach six, recall 5 and add 1. This system 
eliminates the ratio idea. In the ratio interpretation, 
nmnber does not result merely by adding one, by using one 
as the unit, but by employing every possible quantity, two, 
three, etc., as the measming unit. The fimction of num- 
ber, is, therefore, to siun up ratios. 

The Changing Unit of Measuke. — ^A unit of measure 
is any quantity or any standard used to compare quantities 
of the same kind. This definition precludes the exclusive 
use of one, unity, as the sole imit of measure. In the nu- 
merical experiences of life, the unit of measure is usually not 
one, but almost any other number. In measuring a length, 
the carpenter uses a " two-foot " rule; in purchasing eggs, 
the unit is usually twelve; in purchasing thirty cents' worth 
at six cents a quart, the unit is six cents; in computing popu- 
lations the unit is 1000 or 10,000 or 100,000, not 1 ; in making 
payments of $.75 or $1.25 or $1.75, the unit is usually $.25. 

The idea that the unit of measure must not be fixed 
constantly as one is helpful in all st^es of progress in arith- 
metic. In examples of the type, " At the rate of 6 for 9 cents 
what will 12 cost? " the old solution required the finding of 
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the cost of one, i of 9c., and then multiplsring that by 12. 
If one need not be the unit, then six is selected in this case; 
in the example, two units are purchased (12 » 6X2), hebce 
the cost is 9 cents X 2 or 18 cents. CcHnpare the two forms 
of oral solution in the following example: 

At 3 for 5^ , find the cost of 18 



or 



Unitary AndLysia 
I of 5^ 4 

JxW=30jl 
1 6 



^oi5iXt$^m 



18«6X3, hence cost of 18 is 
5^X6»dO^ 

In this mode of solution, this What is a complex solution by 
computation usually necessitates the unitary method is a simple oral 
written work. problem by ratio method. 

If } of a yard of lace cost S2.15, what will 6i yd. cost? 



BaHo Method 



Unitary Analysis 

g yd. cost = of $2.15 

8 8 

g yd. or 1 will cost = of $2.15 

6J yd. cost, 
1 7 

I of $2.16 Xy- $16.05 



or 



^ cost = of $2.16 

40 1 7 

Y cost J of $2.16X»-$16.05 



Here again a written solution is 
usually necessary. 



Ratio Method 



ei 



8 '^S 



Cost $2.16X7 » $16.05 



Note again that the complex 
solution becomes a simple multi- 
plication by 7. 

In the problem, "If } yd. cost $2.16, find the cost of 6} yd., approx- 
imate answer orally," the oral steps are: 

« yd.»Y yd. V yd.=7Xi yd. ¥ yd. win cost a Uttle less 
than $2.16X7 or a little less than $16.05. 



142 TEACHING OF ARITHMETIC 

Without the aid of ratio relationship, approximation, so 
frequently used by every person in business, becomes im- 
possible without paper and pencil computation.^ 

^A method of teaclung arithmetic by subjugating every phase 
to the ratio idea is the Speer System. Speer, Wm. W., "Arithmetic." 
Gimi & Co. The basic principle of this method is summed up by its 
author, "The fundamental thing is to induce judgments of relative mag- 
nitudes." This is done by presenting geometric forms, lines of varying 
lengths, objects of varying sizes, etc. The teacher then attempts to in- 
duce the child to see relative magnitudes and through these to evolve 
the combinations in the former fundamental operations, concepts of 
fractions, decimals, etc. Illustrations of t3rpical problems follow: 

"Find edges of different solids and tell whether they are longer 
or shorter than other edges. 

"Make sentences like this: this edge is longer than that one and 
shorter than this one. 

"Find circles. Find circles that are larger than others. Smaller 
than others. Find the largest. The smallest. 

"B is how many A's? (A is a cube, B a prism). What part of 
B is as large as A? A equals what part of B? 

"K one foot of molding costs 17^, how many 17^ will 1 yard cost? 

"If J bbl. laats 1 month, how long will 1 bbl. last? 

"I use 1 yd. ribbon for a hat, } yd. for collar; how many yards 
do I use? 

"Had 4 horses. Sold i of them. How many did I sell? 

"Mary had a qt. of berries and sold a pint. What part of the 
berries did she sell? 

"What is the ratio of the number of cases of, fruit which can be 
bought for $x at $15 each to the number of cases which can be bought 
for $x at $5 each? Write 3 problems similar to this and state what 
comparisons you would make in solving them.'' 

The Speer Method holds that teaching is successful when the 
subject matter arises out of the child's needs; that the child meets 
varying magnitudes and must learn to estimate their value. If 
arithmetic is to free the mind from the concrete and give it power 
to deal with abstract relations, this type of work, Speer holds, is 
inevitable; but to teach mechanical operations to the exclusion of 
ratios produces helplessness in advanced arithmetic. 

We may sum up the limitations of the Speer Method under the 
following points: 

1. Central thought is good, but when made the sole aim of arith- 
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Kinds of Units op Measure. — In presenting number 
as ratio we must distinguish three classes of units. The 
first is the undefined unit which measures by '' more or less," 
by " much or Uttle," by " many or few." The second is 
the defined unity the pace, the hand, the step, measures that 
vary within certain limits but which convey an idea of 
dimension. The third is the standardized unit, the improved, 
tmalterable unit like foot, yard, meter, gallon. In the earh- 
est grades the idea of ratio, of magnitudes, must be built 
up by using the undefined unit. As the child's mind grasps 
the relationship in varjdng quantities the defined and the 
standardized units must gradually be introduced to sup- 
plant the cruder notions. 

3. Number Must Result from Measuremerii as Well as 
from Counting. — If we accept the view that number is a 
richer psychic product than a mere sense fact and that it 
represents a ratio, then the number idea must grow out of 
measurement processes. The older conceptions always 
fiought to have number evolve in the mind of the child 
through counting concrete objects. But counting may re- 
solve itself into a mere application of names in a set sequence, 
while measuring involves relations, analysis, synthesis — 
in a word, discovering a ratio. The number idea must, 
therefore, be induced through a process of measuring quan- 
tities with indefinite, definite and standardized units. Be- 
fore applying this psychological conception of number to 
actual teaching, we must stop for a further analysis of count- 
ing and measuring, for the teacher must have a deeper in- 
sight into the processes and functions through which she 
teaches number. 

metic much that is necessary is forced. Addition is forced to arise 
-out of ratios. 

2. Business arithmetic and business situations are not emphasized. 

3. Ratio idea in fractions is introduced too early. 

4. Material is too limited. 

5. The application is too narrow. 
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Counting Measwring 

1. An attempt to ascertain 1. An attempt to ascertain '' how 

" how many *' imits are much " of a quantity there 

repeated. is. 

2. Refers to multitude. 2. Refers to magnitude. 

3. Mind passes from unit to 3. Mind estimates the entire 

unit, hence a synthetic quantity by noting its ratio 

process. to the unit, hence an analyt- 

ical process. 

4. It gives the child a rhythmic 4. It gives the child a sense of 

sense in time or space. equivalents, 6 pints»3 

quarts -24 gills. 

An illustration will make these attributes of counting 
and measuring clearer. Let us assimie that the child is 
required to discover how many " nickels " there are in 20 
cents, how many feet in the length of a 4-yard board or 
how many pints in 3 quarts. In each case the child begins 
with the entire quantity, 20 cents or 4 yurds or 3 quarts; the 
unit 5 cents or 1 foot or 1 pint is selected. The entire 
quantity is analyzed in terms of the unit, i.e., measured; 
the results obtained are 4, 12, and 6 respectively. In 
the actual measurement the process was analytic, the 
question " how much '* was answered, and the mind dis- 
covered equivalents, 20 cents == 4 " nickels," 4 yards = 12 
feet, and 3 quarts = 6 pints. But in noting how often the 
unit, 5-cent piece, or 1 foot, or 1 pint, was repeated, the 
process used was that of coimting; in each case it was 
synthetic, answered the question " how many " and was 
rhythmic in its repetitions. 

It is to be noted that every act of measurement involves 
counting, and every completed act of counting results in 
the measurement of a quantity. McClellan and Dewey 
sum up this relationship with " Nevertheless all counting is 
measuring and all measuring is coimting." Taken liter- 
ally, this statement is not true, for these two processes are 
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not the same; regarded as a summation of final results, it 
indicates the mutually supplementary relationship existing 
between counting and measuring. 

Application of Psychology of Number to Teaching. — 
This dialysis of the theory of niunber has little worth imless 
it can be applied to actual teaching. The pedagogical 
conclusions derived from the notions that niunber is not a 
sense fact, but a ratio resulting from measurements, lead us 
to teach number by following four steps, viz. : 

1. Present whole quantity to be measured and give the 

child a vague idea of the number to be taught. 

2. Select the unit or miits of measiu^. 

3. Perform the measinrement process by coimting the 

repetition of the unit. 

4. The result obtained, the ratio between the entire 

quantity and the unit, is the niunber. 

A. In teaching the number eight, we present eight sticks 
to the class and ask the pupils to reproduce with these what 
is made with chalk lines on the board. The first figure 
would be the following: 



\ 






Every child first makes the octagon and then takes it apart 
, to discover that eight one's make up eight. 



The figure 




is made and resolved into eight 



sticks to lead the class to the same conclusion, eight one's 
are eight. 
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B. The next group 



gives two squares 



or boxes. The children are led to find out how many sticks 
in one box, in two boxes, and finally, how many four's make 
eight. The necessary drill and application are now given 
on 4 and 4, two 4's, 8 has how many four's, 4 and how 
many will give eight, had 8 and lost 4, etc. This second 
step (jB), with its variety of drills and appUcations, may 
take a number of periods, but time is really gained, for 
the child is learning addition, subtraction, multiplication, 
and division combinations in the richest possible associations. 

C. The children now set up Indian tents, /\ /\ /\ /\ 

and are led to discover that there are two sticks in one tent 
and in four tents, there are fom* two's or eight. The drill on 
2X4, 4X2, 2+2+2+2, 6+2, 4+2+2, 2+6, 8-2, 8-4, 
8—6, etc., must now be given, not in the symbols used 
here for economy, but in language forms similar to those 
in step B, Here, again, the child is learning fimdamentals 
in rich associations and reciprocal relations. This step 
alone may afiford arithmetic material, abstract drill, prac- 
tical problemg, etc., for a week or two. 

Z). The eight sticks are now used to make a pentagon and 

the child is led to discover that 5 sticks in the figure 



and the 3 that remain, make 8. This yields 5+3, 3+5, 
8—5, 8—3, 5+? = 8, 3+? = 8, etc., another group of com- 
binations well worth mastering in related sequence rather 
than in isolated tables of addition and then subtraction, 

E. The facts in the preceding steps are now subjected 
to a multiple sense drill, as follows: 

(1) Visual Appeal: Children point to pupils, seats, desks, 
books, window-panes, electric bulbs, etc., to show how 
many two's in eight, how many four's in eight, 6 and 
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how many make 8, 5 and how many make 8, 8—3 will 
leave how many, etc. 

(2) Auditory Appeal: Tap with pencil or ruler, ring bell, 
clap hands and children recognize the combination. 
The teacher taps xx xx xx xx and the child called on 
says " eight, four two's." The teacher taps xxxx xxxx 
and the pupil says " eight, two four's." All the com- 
binations can be reviewed in this way. 

(3) Muscular Appeal: Children take steps, hop, sing a note, 
arrange feUow pupils, tap with pencil, clap hands, etc., 
to show their ki^owledge of any combination of eight. 

Teacher: " How many two's in eight? " 

Pupil: Taps with pencU xx xx xx xx; or arranges eight 

pupils who are standing in front of the class into four 

groups of two each. 
Teacher: " Five and how many more make eight? " 
Pupil: Taps xxx; or arranges the eight fellow pupils into 

two groups of five and three and points to the group of 

three. 

How Does This Mode of Teaching Number Embody the 
Psychological Principles Laid Dovmf — An analysis of the 
procedure outlined above shows that in each case the new 
step began with the entire quantity eight; then the unit of 
measiu^ 1 or 4 or 2 was selected; this was used to measure 
eight, and the final ratio was discovered. The four steps 
enumerated at the beginning of the lesson were followed 
faithfully. The concept " eight " is a ratio, resulting from 
a variety of measurement processes; the unit was not always 
one; the lesson did more than present eight objects to the 
senses; it involved analysis, S3mthesis, and relating of 
groups. The nimiber eight, taught by this psychological 
method, is a rich idea which sums up a host of combina- 
tions and associations. When we consider that most m*ban 
courses of study require for the first term no more than a 
knowledge of the four fimdamental operations with niunbers 
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from 1 to 10, there can be little reason for objecting to the 
length of time it would take to teach each of the numbers 
up to 12 by this method. 

Effectiveness of Teaching Number through Counting v, 
through Measurement. — ^The distinctive elements in the 
method as outlined may be emphasized by comparing the 
number concept " eight," taught by a process of coimting 
(i.e., eight is identified with 8 objects or with 7 objects 
and 1 object), with that resulting from a method which em- 
phasizes the measurement process. 

Number ResuU of Couvt- Number the ResvU of Measure- 

ing ment 

1. Adopts 1 as the constant unit. 1. Any quantity is used as a unit 

Eight is taught as 7+1; 5 and a new niunber is 

as 4+1. The new number evolved by measuring the 

is the result of adding one to quantity by the unit se- 

the {receding number. lected. 

2. A mechanical method because 2. Every change in unit gives a 

all numbers are taught in new combination and a new 

same way. ratio. 

3. A synthetic process. 3. An analytical process. 

4. Comparatively little mental 4. Much mental activity is re- 

activity is called forth in quired to discover that ei^t 

teaching eight as seven and is four two's, two four's, 

one more. Mere rei)etition five and three, etc., as well 

will suffice. as seven and one. 

5. To sustain interest new ob- 5. Interest is maintained by 

jects must be coimted. In- changing the combination 

terest is thus directed to that gives eight and leading 

the sense material, not to the child to discover the 

the numbers, and must identity between eight, foiu: 

therefore be charactmzed two's, and two four's. The 

as " fictitious interest." same objects are used; in- 

terest is real; for it is con- 
cerned with the ratios in 
the number. 
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6. The oombinations of a num- 6. Much drill is necessary on 

ber, 6+2, 7+1, 6+3, 4X2, combinations even in this 

2X4, etc., are learned by method, but it is drill fol- 

pure rote through incessant lowing the discovery of the 

repetitions. combinations by the child. 

The Complete Steps in Teaching Any Number through 
Twelve. — ^Thus far, the suggestive lessons on nimiber 
applied the measurement idea and underemphasized the 
counting process. It remains to systematize and grade the 
steps in a lesson on any nmnber through ten or twelve. 
Numbers beyond twelve must be taught by a counting 
process; the enrichment of the number ideas will result 
from later combination when the child learns the tables. 
How shall the child learn the nmnber " eight "? 

1. Let children count one, two, three, . . . seven, eight; one 

to ten; five to eight; five to ten and further. This 
mechanical counting gives number names and helps 
to place " eight " in the number series. 

2. Use " eight " with undefined imits, 8 disks, 8 children, 

8 papers, 8 hand claps, 8 hops, etc. 

3. Connect " eight " with nimiber pictures. 



o o 
o o 

o o 
o o 
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4. Connect " eight " with its symbol and number picture. 




o o 



8 



o o 

«0 



At this step the child knows the nxmiber name, recog- 
nizes the group or quantity " eight," can read the 
symbol, and has a vague feeling of the place of '^ eight " 
in the number series. The following steps refine and 
enrich the number idea " eight/' 
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5. Introduce the measurement idea and follow the steps as 

outlmed on the nimiber eight in this chapter. 

6. Drill on the combinations of " eight," using the following: 

(a) Variety of mechanical devices, circle, stairs, lad- 
ders, railroad ties, etc. 




2x4-? 
8-2-? 
8-3-? 






t-a^4-? 

2+8-? 
8-6-? 
8-7-? 





TWPi 



The teacher, pointing to the figures 5 and 3, calls for 
the answer; pointing to 3, says "and how much 
makes," and then points to 8, etc. 

(ft) The algorisms of fundamental operations: 
3 8 8 4 

+5 -2 +? X2 

4 ? : 

(c) The equation form of drill: 

2X4=? 4X2=? 6+2=? 

(d) The decomposition form: 

2X?=8 4+?=8 ?+3=8 4X?=8 
7. Employ the various combinations in practical problems. 

At 2 cents an apple, find the cost of 4 apples. 
A boy who has 3 cents saves 5 more. How much has he? 
Each iron weight weighs two pounds. How many iron 
weights does the grocer put on the scale to weigh 8 Ib^.? etc. 

These steps give mastery in oral as well as in written 
forms, in every variety of combination, in mechanical asso- 
ciations as well as in the applications of problems. The 
number eight is a rich idea sununarizing all the possible 
relations and ratios in eight, and incidentally teaches the 
fundamental operations. 
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The Use of Number Pictures in Teaching Number. — 
Their Teaching Value, — ^A moot question in teaching num- 
ber is the use of number pictures referred to in step 3 in the 
lesson-plan. The number pictures have admitted values, 
among which may be mentioned: (1) They offer illustrative 
aids; (2) they appeal to the visual minded; (3) in the 
child's mind they associate a nmnber with the group it 
represents; (4) they are simple and can be made on black- 
boards and cards by pupils as well as by teachers. Experi- 
ments by Lay tend to show, almost invariably, that with 
nearly all children a visual appeal is more effective than an 
auditory appeal even when sounds are heard in rhythm. It 
would seem, therefore, a legitimate conclusion to hold that 
early work should make spacial and muscular rather than 
temporal appeals. But there are serious Umitations in the 
use of number pictures which must ever be borne in mind: 
(1) Number pictures aid only in the initial stage of learning; 
after this, concrete presentations and visuaUzations retard 
progress; (2) The ear-minded child finds that this purely 
visual appeal often hinders comprehension as weU as reten- 
tion. But it must be admitted that few children belong to 
this pure type, for most individuals are of the mixed sen- 
sory type; (3) number pictures do not give rise to the 
nmnber concept. It was seen that number is the result 
of measiu-ement processes, not of an association between 
a nmnber name and a group. These limitations of nmn- 
ber pictures argue not for their complete elimination, but 
rather for their use as objective aids in introducing the 
number idea. 

What Form Shall Number Pictures TaA^e?— Experimental 
educators are seeking to discover scientifically that form 
of nimiber pictures which will make the most effective 
appeal to children. Thus far their investigations tend to 
establish the following conditions governing form of number 
pictures: 
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1. One TOW pictures are not to be favored; e.g., o » o o , 

OOO, coco, OOOOOy 

2. Any arbitrary or accidental arrangement is not ef- 

o o o 
fective; e.g., o o for 6. 

o 

3. In the best arrangement, elements are grouped in 
two rows, in quadratic form, with equal spaces; e.g., 
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FiQ. 7. — ^Ten Charts Suspended from Blackboard. 

For step 1, counting exercise, use Chart I. 

For step 2, 3, 4, counting exercise, use Charts I to X indusiye. 

For steps 5, 6, 7, make 10 charts (reverse of these) and letter them as follows: 
I, 100, 110, 120. 130, .. . 200; II, 210, 220, 230, . . ■. 300; III, 310, 320, 330 
. . 400; X. 910, 920, 930, . . . 1000. 

These 10 charts suspended from blackboard give the basis for most oi the 
counting drills in primary grades. Count across as well as up and down. 

4. The circle of about 5 cm. is superior to the dot, line, 
or other mark. 

5 The dark circle on a light background or light circle 
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on a dark background seems to give the best results. Card 
and blackboard presentation are^ therefore, effective. 

These conclusions are not final nor do the tests have the 
unqualified approval of the experimenters. But investi- 
gations made with care and carried out with all due regard 
to accuracy seem to point to these five conditions governing 
the form of number pictures. 

Gradation of Counting Work. — Forms of Counting. — 
Success in early counting work is often determined by care- 
ful gradation of the various forms of counting. A system of 
gradation that has proved helpful is here suggested: 

1. Counting 1-10 inclusive by I's. 

2. Counting by IC^s to 100; e.g., 10, 20, 30, . . . 100. 

3. Counting 21 to 30, 31 to 40, 41 to 50, 51 to 60 . . . 91 to 
100. 

4. Coimting 11 to 20. 

A helpful chart for these foiir steps in counting can be 
made by hanging 10 cardboard strips from the black- 
board, each strip lettered as shown on page 152. 

5. Counting by lOO's to 500 and then to 1000 ; e.g., 100, 

200, 300, 400, 500. 

6. Counting 100 to 200 by lO's; e.g., 100, 110, 120, 130, 150, 

140, etc. 

7. Counting to 300, 400, 500, 1000 by lO's; e.g., 200, 210, 220, 

etc. 

A second series of graded steps in counting gives exer- 
cises more closely related to work in addition than pure 
coimting. These forms of counting include, counting by 
two's, three's, four's, etc., beginning with zero or a multiple 
of the niunber; counting backwards; and coimting by any 
number starting at any base. The teacher is, therefore, 
referred to the topic Addition through Counting, in the fol- 
lowing chapter, where both the method of presentation and 
the gradation are discussed. 
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What Should Coimtmg Give the Child?— As the pupils 
progress through the various forms and graded steps in 
counting, their knowledge of number and number relations 
increases as a result of these exercises. Briefly summed 
up, counting gives the pupil: (1) The number series in proper 
order; (2) the number names; (3) the decimal rhythm of 
the Arabic notation; (4) the place of any nimiber in the 
number series; (5) the basic meaning of number; (6) the 
basis for the fundamental operations; coimting by two's is 
addition, counting backwards is subtraction, counting by 
two's paves the way for multipUcation and inversely for 
division; (7) the primary facts of the tables. 

Teaching Children to Write Figures. — The Figures 1-9. 
— ^When numbers are mastered through coimting and 
measuring experiences, figures must be taught. No formal 
lesson should be given in reading figures through ten. 
Children leam to read figures incidentally, in the course of 
all lessons. The writing of the figures 1-9 must be taught as 
an arbitrary process by a deductive, imitative method with 
repetitions that make a multiple sense appeal. To teach 
the figure 7 the following steps may help: 

1. Teacher writes a series of 7's on blackboard and 
explains the two characteristic lines in 7, viz., and /. 

2. The children now imitate by making large 7's in the 
air. Large free-arm movement to impress direction and 
slope must be encouraged. 

3. Visualize tfee 7. Children close eyes and attempt to 
" see " the 7, writing it in the air or with finger on the desk 
as the 7 is visualized. 

4. Children now pretend to write 7 on an imaginary 
paper. The teacher corrects and keeps urging smaller 
forms until the deirable size is approximated. 

5. Crayon and paper are now used and the 7 is at- 
tempted. Those who produce incorrect figures are sent to 
the board to trace the 7's there; the others are corrected 
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and encouraged to repeat the writing of the 7 until habit is 
formed. 

Figures of Two Orders. — ^Patience is the only requisite 
for teaching children to write any digit. The difficulty 
in figure writing is not experienced until 11, 12, 14, etc., 
must be written, if the symbol ^ represented eleven, <t> 
represented twelve, and ^ thirteen, there would be no diffi* 
culty, because eleven, twelve and thirteen are new ideas 
and are represented by new sjrmbols, ^, <f> and If. But 
when 11 is eleven, 12 is twelve and 13 is thirteen, we have 
old symbols representing new ideas. In attempting to es- 
tablish, for the child, an association between new number 
ideas and new arrangement of known symbols, we find the 
key to the difficulty experienced by pupils. To meet the 
pedagogical problem, teachers devised the plan of converting 
13, 14, or 19 sticks into 1 bimdle of 10 sticks, and 3, or 4, or 
9 sticks over. The same was done with beads. Children 
given 13 beads put ten into a small bag and said, " Thir- 
teen is 10 and 3 over." They were then taught to write 
13, 14, 15, 16 beads, thus. 

Bag Beads 

1 3 

1 4 

1 5 

1 6 

and later in closer proximity, thus, 13, 14, 15, 16. 

While this recourse to sticks, beads, etc., is the only 
mode open to a teacher in foreign schools, it is needlessly 
artificial for American children who know the dime and the 
cents. The first step consists in giving oral drills, changing 
cents into dimes and cents; 15, 16, 18, 12, 14 cents are 
changed into 1 dime and 5, 6, 8, 2 or 4 cents respectively. 
The children then write dimes in one column and cents in 
another. A small silver circle heads the dime column on 
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the blackboard and a copper colored circle the cent column, 
and 15 or 16 is written as 1 under ^' dimes " and 5 or 6 
under " cents." Another device is to make the 1 very 
krge, since it is worth so much, hence the children write 
l5y 16) etc. But this leads to a habit of writing numbers 
which must soon be dropped. For a short time niunbers 
between ten and nineteen are reduced to dimes and cents 
and are written as such. But as the days pass the signs of 
the ten's and the unit's place are eliminated and the numbers 
are not continued as dimes and cents. The child acquires 
the habit of writing 15, 17, 14, regardless of the objects re- 
ferred to. Numbers of three orders may be taught by using 
dollar, dime and cent, equivalents. Drill must be given 
in writing numbers that are dictated, in reading numbers 
from arithmetic books or charts, and in writing, in figures, 
numbers that are spelled out in the textbook or on a chart. 
The aim must be to develop accuracy and instantaneous 
recognition or determination of numbers. 

Roman Numbers. — The Early Work is Incidental. — 
The Roman notation must be taught in the elementary 
course for practical, as well as for cultural reasons, but no 
formal program need be arranged for this literal system. 
Roman numbers from I through XII may be introduced, 
incidentally, in teaching children to tell time, while giving 
drill lessons, or in the course of a game. In the early les- 
sons on telling time, the clock used naturally shows figures 
in the Arabic form. When the child has made progress in 
time telling, a clock dial having Roman figures is introduced. 

The children continue telling time with increasing accu- 
racy; some do not even notice the change in the figure 
form. Teachers usually employ a circle containing the 
figures from 1 through 12 in giving drills in rapid manipu- 
lations. It is weU to change the figures in the circle from 
Arabic to Roman form without explaining the change. 
Since children soon associate each figure with a fixed place 
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on the clock dial or in the circle, they give these new 
figures the same name as the old. So, too, in chalking 
boxes, indicating places, rows, etc., in the course of games, 
the Roman notation is used without explanation. The 
children learn these forms incidentally through natural 
use. 

Later Work in Roman Notation. — In the primary grades, 
Roman nmnbers beyond XII need not be taught. Early 
in the granmiar grades the Roman numbers that are known 
should be analyzed and through comparisons the following 
laws should be elicited from the children and definitely 
formulated: 

1. Repeating a symbol repeats the value; e.g., one 
capital " I " is 1, but two capital " I's *' represent 2 and 
three capital " I's " represent 3. 

2. A smaller number before a larger number indicates 
subtraction; e.g., I before V means 5—1, hence 4; I be- 
fore X means 10—1, hence 9. 

3. A small number following a larger number indicates 
addition; e.g., V followed by I or II or III means 5+1 or 2 
or 3, hence 6, 7, or 8; so, too, X and I or II represent 11 or 
12. 

The rules derived from an analysis of the Roman num- 
bers I to XII, when applied, will lead children to write suc- 
cessive numbers. All Roman numbers are read and writ- 
ten, at first, by analytical and synthetical processes; through 
varied drills given regularly, for short periods, this recogni- 
tion and motor expression gradually become habituated. 
Supervisors must grade this branch of notation and hold 
each succeeding class responsible for a definite series of 
new numbers. When Roman notation is introduced, in- 
cidentally, and assigned to a nimiber of grades, children 
learn these new number forms without experiencing the 
biu-den of a task at any point in the school coiu*se. 



CHAPTER VII 

THE FUNDAMENTAL OPERATIONS 

ADDITION AND SUBTRACTION 

In the discussion of methods of teaching any branch of 
arithmetic, the reader will not find every step in the process 
detailed nor every topic graded and subjected to pedagogical 
analysis. Aside from considerations of limited space, this 
book aims to give only the general procedure, to indicate 
the high Ughts in method, in the hope that the teacher will 
apply the viewpoint and the essentials of methodology here 
indicated to the specific problems of instruction in arith- 
metic. Without the teacher's reaction, methods of teach- 
ing become empty forms, the imitation of which can lead 
to no useful purposes. 

ADDITION 

Incidental Addition. — ^The child who has learned his 
numbers through nine or twelve by a measurement process 
as well as through counting has added without a formal in- 
troduction of this process. Such a child would know, as a 
result of the lessons on "six," the combinations of 3+3, 
5+1, 4+2, 2+2+2, 2+4, 5+1, 5+? = 6, ?+2+l = 6, 
2+2+? = 6, 3+? = 6, etc. This basis of number facts gives 
a stock of useful addition combinations. 

The Forty-five Combinations.— TFAo^ Are They?— 
The addition of any two digits will give a sum no greater 
than eighteen. Only forty-five combinations can be made 
by adding any two digits, coimting 8+9, and 9+8, as one 
combination. These combinations, when mastered, form 
the backbone of addition, for they are the basic habits with^ 
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out which accuracy and speed in addition cannot be attained. 
A simple device for obtaining the forty-five combinations 
is found in the following diagram: 
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1 Combination 
45 Gombiiiatioiis 

To obtain the first set of combinations, add 1 of the vertical 
column to each of the numbers in the horizontal line; this 
gives 1+1 = 2, 1+2=3, 1+3=4, 1+4=5, . . . 1+9=10; 
to obtain the second group of combinations add 2 of the 
vertical column to each number in the horizontal line, 
thus, 2+1=3, but since 1+2 is foimd in the preceding line, 
this is omitted; 2+2=4,2+3 = 5,. . .2+9 = 11. 

Graddtion of the Forty-five Combinations. — It is obviously 
important, to arrange these forty-five combinations so that 
mastery is developed first in the simplest associations, and 
then to continue by graded steps to the most difficult. 
This group of additions was tested under experimental 
conditions by Courtis and arranged, on the basis of the 
evidence obtained, tmder five heads. The results of the 
investigation are given below. Any two combinations in 
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the same group are of approximately equal difficulty for 
the pupil. 



Group I. 



Very Easy 0000000000 
0123456789 



1 2 



Group n. Easy 



Group III. Average 



Group rV. Hard 



and the reverse 0, 0, etc. 
1111111122345 
2345678932345 



and the reverse. 



222223333342 
345672456757 



and the reverse 



223344446789 
898967896789 



and the reverse. 



Group V. 



Very Hard 5 5556 66778 
6789789899 



and the reverse. 

Haw to Teach the Forty-five Combinationa 

1. Focalize on two or three new combinations; e.g., 6+7, 6+8. 

2. Counting exercises of the t3rpe: 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13. 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13. 

The numbers to be associated should be said with emphasis 

as they are met in the number series. 

3. Analyze the composite thirteen into 6 and 7 or 7 and 6 by using 

some illustrative material, dots, beads, etc. 

4. Drill on these combinations, using flash cards or perception cards. 
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6. Variety of Drills, 
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(a) Algorism form, + 7 

13 

(6) Equation form, 6+7 » ? 7+6 -? etc. 
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(c) Decomposition form, 6+?*13, 13«7+? 

(d) Drill by devices, using circles, clock games, etc. 

6. Practical application of these combinations in real problems. 

Objects to be Attained in Teaching the Forty-five Combiner 
fcons.— Each day brings its repetition of combinations 
taught. As progress is noted a new combination or two is 
taken from the graded list and is taught by the plan out- 
lined in the preceding paragraph. In all these drills two 
vital aims must be attained, ,3^rin§nent fixation and instant 
taneoua recogn ition. It has been found experimentally that 
adding that is too slow can lead to no permanent and worth- 
while results, because attention is permitted to wander, 
and lacks the intensity necessary for effective impression., 
Coimting, as an aid in addition, should be discoiu*aged after 
the initial step, so that the coimting habit may not later 
arise to hinder column addition. Instantaneous recogni- 
tion of an association reduced to habit must be the govern- 
ing aim in aU these early addition exercises. 

Addition through Counting Exercises. — Counting Exer- 
cises Graded. — ^Much eflEective drill, in addition, can be given 
through a variety of coimting exercises that involve a 
marked additive process. The steps in any of the forms of 
counting can be graded as follows: 

1. Counting by 2% 3's, 4's, etc., starting at 0. 

2. Counting by 2's, 3's, 4's, etc., starting at a multiple of 2, 3, 4, etc. 

3. Counting by 2's, 3's, 4's, etc., starting at a multiple of 2, 3, 4, 

etc., and going down. 

4. Counting by 2's, 3's, 4's, etc., starting at 1. 

5. Counting by 2's, 3's, 4's, etc., starting at any number. 

6. Counting by 2's, 3's, 4's, etc., starting at any number, going 

down. 

Steps No. 3 and No. 6 pave the way for drills in subtrac- 
tion. The usual sequence of counting forms is as follows: 
lO's, 2's, 5's, 3's, 4's, 6's, 8's, 9's and 7's; experience rather 
than experiment indicates this order. Scientific study may 
prove either that changes must be made in the sequ^oe or 
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that gradation in this respect is not as important a factor 
as most of us beUeve to-day. 

Method of Teaching Additive Counting. — ^To teach chil- 
dren to coimt by 2 or 3, starting at 0, the following sense 
appeal may be employed: 

(a) Count 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, etc. 

(6) Count 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, etc. 

Teacher writes these two lines on the board. The children 
read the second line, emphasizing the even numbers, thus 1 
(soft), 2 (loud), 3 (soft), 4 (loud), 5 (soft), 6 (loud). 
Repeat a number of times until 2, 4, 6, 8, etc., have made their 
impress visually and orally. 

(c) Coimt 2, 4, 6, 8, 10, 12, erasing odd numbers. At first, taps, or 

arm or finger movements may accompany the count; later 
these are omitted. Experiments made in these counting 
forms show that the introduction of rhythmic quaUty and 
auxiliary movement of finger, arm, or foot will aid in the 
acquisition of the new series. 

(d) SimUarly (1) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, etc. 

(2) 1, 2, 3, 4, 6, 6, 7, 8, 9, 10, 

loud soft loud soft loud soft loud soft loud soft 

11, 12, 13, 

loud soft loud 




1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12ete 



(3> 



9 



11 IS 



eto. 



THE FUNDAMENTAL OPERATIONS 



163 



The mode of teaching counting by 2*s applies to all other 
forms, i.e., by 3's, 4's, etc. As the number becomes greater, 
the linear sequence used above may not be convenient. 
Charts showing an arrangement in ten columns of ten num- 
bers each are helpful; the following is a sample chart for 
counting by 4's: 



1 


U 


n 


81 


41 


51 


61 


71 


81 


91 


2 


12 


22 


82 


42 


52 


C2 


72 


82 


92 


8 


18 


28 


88 


48 


13 


63 


78 


83 


98 


4 


U 


24 


84 


44 


64 


64 


74 


84 


94 


5 


15 


26 


85 


45 


55 


C5 


75 


85 


95 


6 


16 


26 


86 


46 


56 


63 


76 


86 


96 


7 


17 


27 


87 


47 


57 


67 


77 


87 


97 


8 


18 


28 


88 


48 


58 


68 


78 


88 


98 


9 


19 


29 


89 


49 


69 


69 


79 


89 


99 


10 


20 


80 


40 


GO 


60 


70 


80 


90 


100 



Fig. 9. 



Many interesting inferences may be drawn from such a tab- 
ulation, depending upon the abiUty and the advancement 
of the children. The coimting drills not only give prac- 
tice in rapid addition, but also pave the way for mastery of 
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the multiplication tables, for the sucoessiye sums are end- 
ings of these tables and induce ratio ideas. 

Carrying the Forty-five Combinations to Higher Orders. 
— The forty-five combinations cannot determine eflBiciency in 
real addition miless each one of the combinations is carried 
beyond the confines of twenty. Children recognize in- 
stantly 6+7, but hesitate for no httle time when 26 and 7 
or 46 and 7 are to be added. It is necessary, therefore, to 
give drills like the following if the forty-five combinations 
are to be made the means of developing rapid and accu- 
rate addition of long columns. 

7 17 37 67 57 27 87 97 
+66666666 



6 36 16 66 27 86 56 96 

+7 7777777 




Add numbers in loner circle to 

the numbers in outer circle as 

rapidly as the teacher points to 
them; e.g., 

7+5, 7+55, 7+85, etc., 9+5, 9+15, 
9+25, 9+45, etc. 



The numbers in the outer circle may be erased and 6, 16, 
26, 36, or 9, 19, 29, 39, etc., substituted. 

.Adults often find themselves hesitating in coliunn addi- 
tion when they reach a number like 69 and must add 8; 
they usually say to themselves or think, "59 and 8 sixty, . . . 
sixty, . . . 67.'' Few, if any, hesitate on " sixty " but may 
spend time on the new irnit's figure. Nevertheless an anal- 
ysis reveals the fact that these people can give the sum of 
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9 and 8 instantly. Evid^itly their early training in addi- 
tion failed in a vital respect in that it did not seek to cany 
the associations of the forty-five combinations to higher 
orders so that a 9 and an 8 will, by force of habit, suggest a 
7 in the answer. Two forms of drill must therefore be 
given: 

(a) 2+7, 42+7, 52+7, 57+2, 87+2, 92+7. 

(6) 7+9, 27+9, 37+9, 59+7, 107+9, 109+7, etc. 

MisceUaneotts Drills in Oral Addition. — ^As soon as a 
sufficient number of habits in additive combinations have 
been developed, any form of addition should be used in 
drill exercises. The suggestions of the preceding chapter, 
viz., the circle, the dock, the triangle, the ladder, the rail- 
road ties, column addition, etc., have their application here. 
Each of these mechanical devices should be used, so that . 
children will not tire of any one of them. By these devices 
practice can be given in such additions, i.e., 9+7+8+5+ * 
6+4+9, etc., or in simple combinations, e.g., 5+9, 6+8, 
7+6, etc. To these we may add oral addition of statistics 
in the appendix of the geography or the history textbooks; 
of colxmms of figures in arithmetic textbooks, in news- 
papers, or from any convenient source. Practice may be 
given, though not so frequently, in horizontal addition nec- 
essary in finding the totals as in the following tabulation: 

Record of Parcels Shipped by Brown & Co. Week Ending , 1916* 



Sent by 


Monday 


Tuesday 


Wednes- 
day 


Thurs- 
day 


Friday 


Satur- 
day 


Total 
for the 
Week 


Parcel Post. . 

Express 

Freight 

Messenger. . . 


72 
38 

17 
9 


148 
96 
32 

7 


106 
92 
41 
14 


203 
85 
54 
12 


117 
116 

74 

8 


48 
71 
39 
27 


? 
? 

« 

? 
? 


Daily Totals . 


? 


? 


? 


? 


? 


? 


? 
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Aids in Rapid Addition. — ^Many devices have been 
developed for increasing speed in addition. The most 
helpful aid in developing rapidity is the acquisition of habits 
that promote accuracy. For this reason the device known 

as " catching ten's " is more effective in 
textbooks than in actual practice. Speed 
may be attained, but this practice makes 
for inaccuracy. Too often the child 
spends more time looking for the ten's 
than is required to add without this 
"rapid" device. The accompanying ex- 
ample ia addition illustrates the process of 
** catching tens " required in many text- 
^ books. A cursory glance shows that unless 

the child exercises imusual care some numbers will be lost 
in the selecting and combining processes, or that much time 
is spent looking for the numbers that combine to form 10. 
That addition is most rapid which is most accurate and 
requires a minimum of mental effort. 

Rapid addition of numbers of two orders may be taught 
to good advantage. In the addition of 35 and 48, two proc- 
esses can be used: A, 30+40, 5+8, 70+ 13 ==83; B, 35+ 
40=75, 75+8=83. In form A there is danger that the 
child will lose the 70 (resulting from 30+40), by the time 
he has 13 (resulting from 5+8). The second form is com- 
mended because it is a continuous process and the child 
can be taught to think " 35, 75, 83." Addition of three 
numbers of two orders each can be performed in the same 

54 
way; e.g., 28, 54+20=74, 74+8 = 82, 82+10=92, 92+ 
19 



9=101; the child thinks: " 54, 74,^82, 92, 101." 

This form of rapid addition must be graded before it is 
taught. Step 1 gives drill in adding 20 and 20, 40 and 50, 
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30 and 60, etc. Step 2 practices 24+20, 36+30, 48+50, 
53+40, etc. Step 3 includes numbers like 24+35, in which 
the two numbers in unit's place give a sum less than ten. 
Step 4 introduces the forms mentioned above, viz., 48+56, 
39+47, etc. To appeal to the visual minded child the 
sequence of the steps may be shown on the board in some 
graphic way with the aid of colored chalk, thus: 



29,59,67,87,96 57, 87, 95 ' 




8 



This form of oral addition is rapid and exceedingly useful 
in business activities. 

Written Work in Addition. — Delay Written Addition. — 
Nothing is gained by an early insistence on written addition. 
Children should develop mastery in the forty-five combina- 
tions, in irregular counting, in carrying the forty-five com- 
binations to higher orders, in adding 26 and 8, 9 and 34 be- 
fore long single-column addition is attempted. In the final 
analysis, written addition involves no new mathematical 
operation and depends for accuracy and speed on efficiency 
in oral addition. 

Column AddUion.T^ingle coliunn addition is only oral 
addition with the answer not spoken but written. Care 
must be taken to see that children do not acquire 
the habit of excessive speech in addition. In 9 
finding the sum of the single column, children 7 

should be taught to think, " 9, 16, 21, 29, 35, 38 5 
. . . '' not " 9 and 7, 16; 16 and 5, 21; 21 and 8, 8 

29; 29 and 6, 35; 35 and 3, 38." Teachers in 6 
upper grades who ask children " to say aloud 3 
what you think when you add " find that a lai^e 
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proportion of the class uses the second form and thus in- 
dulges in more language than addition. 

^ In iw(hcolumn addition^ the new problem lies in 

^ " carrying " to the next higher order. Inieaching 
_ children to add the accompanying niunbers of two 
Q- orders, review the name of each place, units and tens 
o^ or cents and dimes; when the sum of the units, 27, 
_ is obtained let children analyze it into 7 cents and 2 
2 dimes; the sunplest process is to put cento in cento 
~ column and dimes in dimes column as is shown. Ob- 
jection is made, by many, to the use of the auxiliary 
figure, 2, placed in the tens column. But it must be urged 
that the object in addition is to make carrying a habit 
in order to iosure accuracy and speed. To keep the 2 
in mind requires more effort, more time, and involves 
greater chances of error than to put it down in its appro- 
priate column. Professional bookkeepers always put these 
*' caxrying figures *' down at the foot of the ledger to 
keep as a check when they add the columns in the reverse 
direction. 

In teaching addition of numbers of three orders, the 
same process may be followed, viz., a minimum of rational- 
ization with algorism that lends itself most easily to habitua- 
tion. Some texts give themselves to detailed rationaliza- 
tion which cannot appeal to the immature child and often 
hinders rather than helps in acquiring habits in addition. 
In adding 234 and 325, the following anal3rsis is suggested 
by these books: 

234=200+30+4 
+325=300+20+5 

500+60+9- 500 

+ 50 
+ 9 

SB0 
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or 



H. T. U. 

2+3+4 
3+2+6 

6+6+9 -6H 
5T 
9U 



'600 

> 60 

> 9 

659 



Experience shows that children do not demand any justi- 
fication for most of the mechanical processes in arithmetic. 
To teach them the modiLa operandi first and evolve the 
rationalization when they are older and interested in the 
thought aspect of previous experiences will give most satis- 
factory results. 

Gradation of Written Addition, — ^To guard against undue 
teaching difficulties in written addition, successive processes 
and steps should be arranged in a graded series, as indicated 
below: 



A, No Carrying 




B. With Carrying 


1. Single columns — ^like oral 


1. (a) 8+7; 


work. 




(6)18+7; 

(c) 28+7; like oral. 


2. Two orders— 


14 


2. Carrying in 1 column, e.g., 




33 


18+7+7+6. 




42 


3. Carryingin 2 columns, e.g.. 




89 
362 
213 


18+27+36+57. 


8. Three orders— 


4. Carrying in 3 columns. 
6. Any group of figures. 




112 






121 





798 

With sufficient drill — ^a daily three-minute practice kept up 
through the grades — any normal child can attain the degree 
of speed and accuracy set by a reasonable standard. 
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SUBTRACTION 

Relation of Subtraction to Addition. — ^Knowledge acquired 
in one set of tables contributes to mastery in related proc- 
esses. The child who knows his addition combinations 
finds subtraction tables much easier to acquire. So, too, 
knowledge of the multiplication tables paves the way for 
mastery of associations in division. Subtraction should, 
therefore, be taught almost synchronously with the addition 
process. The forty-five additive combinations afford an 
effective basis for teacliing subtraction. The thorough 
mastery of 9-|-6 involves drills not only in 9-|-6, 6-|-9, but 
also 9-|-? = 15, ?+9 = 15, ?-|-6 = 15, and later in 15-9 = ?, 
15—6 = ?. The child, therefore, acquires the basis of sub- 
traction, incidentally, while he learns numbers and the basic 
combinations in addition. In using the forty-five combina- 
tions for subtraction, we may, therefore, follow the same steps, 
devices, gradation, and mode of presentation. Care should 
be taken to use each combination in as many forms as' pos- 
sible. To illustrate: Drill on 16—7 must be given as 
7+9 = ?, 9-1-7 = ?, 7-h?=16, ?-h7=16, 9+? = 16, ?+9=16, 

16 16 
16-7 = ?, 16-9 = ?, 16-?=7, 16-?=9, -7, -9, 16 is how 

? ? 
? ? 

much greater than 9?, than 7?, +7, -|-9, 9 is how much less 



16 16 
than 16?, 7 is how much less than 16? The teacher must 
guard against stereotyped forms in these mechanical 
drills. 

The Three Basic Ideas in Subtraction. — ^An analysis of 
the variety of forms possible for 16—7, as outlined above, 
will readily show that children must learn three basic con- 
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stituent ideas in the subtraction concept: The first is the 
" take away idea," 9 less 3 is what? 3 from 9, or 9, take 
away 3, leaves what?; the second is the " adding idea," 
what number added to 3 gives 9; the third is the " dif- 
ference idea," 9 is how many more than 3? These three 
ideas of the subtraction concept must give form and pur- 
pose to the variety of drills suggested for the subtraction 
tables. 

Carry the Forty-five Combination to Higher Decades 
in Subtraction. — A conunon weakness in addition performed 
by many adults, as well as children, is repeated in subtrac- 
tion. Many who can give an instantaneous response to 
17—8, hesitate when the subtraction is 57—8; these people 
usually think or actually say, " 57 minus 8, — forty . . . 
forty . . . forty-nine," but when they see 17 — 8, they show 
no such hesitation. The reason is obvious — no teacher 
made the transition from the forty-five combination, to 
higher decades. Drill which will attain this end is abso- 
lutely essential; for this purpose, the following devices are 
suggested: 




Subtraction in the same 
decade. 9-2,19-12, 
69-62, 89-82, 
99 ^92. 




Subtraction of a digit 
from any decade. 9 
from 14, 24, ^4, 54, 
94. 5 from 14, 94, 84, 
74. 
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Subtraction of any number of 
two orders from any other 
number of two orders. 
38-19, 68-56, etc. Proc- 
ess: 38-19, 38-10, 28-9, 
19. Reverse of similar addi- 
tion device. See page 167 
for procedure and gradation. 

The numbers on the larger dial must be changed in each 
case until every variety of combination is introduced. 

Miscellaneous Drills in Subtraction for All Grades. — 
The variety of drills that is suggested for addition (pages 
163-5) can usually be applied to subtraction. To these, the 
following are added as supplementary: 

(1) 123456789 

-8 



Teacher points to 9 and —8 or to 8 and —8, child gives 1 or 0. 
Teacher points to 7 and —8; when child sa3rs, " can't take 
8 from 7 " the teacher gives permission to make any number 
ten higher, i.e., 6 becomes 16, 7 becomes 17, 4 becomes 14. 
Teacher points to 3 and -8, to 5 and —8, to 4 and —8, to 6 
and —8 and the child thinks " 13, 15, 14, 16 " in each case 
and gives the answers, '' 5, 7, 6, 8 " respectively. The sub- 
trahend 8 is changed to any other number and the drill is 
repeated until the child gives the answers from force of habit. 
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(2) 



52 
-27 



52 ? 
- ? -27 



27 
+ ? 



? 

+27, 



52 is how much greater 



(3) 



27 25 52 52 

than 277 27 is how much less than 52? Required process: 
A. 52-27; 52-20, then take 7 from the result; e.g., child 
thinks 52, 32, 25. B. Addition Idea — ^what number added 
to 7 gives two, etc., as will be explained under Austrian Sub- 
traction. 
Present a b c 

52-27 52- 27» 25 

92-60 92- 60« 32 

74-26 74- 26-48 



218-113 = 105 



Call first column a, second 6, 218 - 1 13, 218 - 100 - 1 18 



the answers c; then add all 
of a, all of 6, all of c; take 
all of 6 from all of a to find 
if total c results. 

(4) Had 326; lost 15, 33, 54; left? 

There' are three possible forms of solution: 

A B 

326 — ^total lost. 326 minus success- 
Add total lost; ive losses 



118- 
108- 



10 
3 



108 
105 



15+33+54 = 102 
326-102=224 



326 

- 15 

311 

- 33 

278 

- 54 

224 



Perform as continuous 

addition 

363 

fl5 

33 

54 

224 

Thmk 4, 7, 12; 2 and 
? -6, hence 4. Carry 
1, think 6, 9, 10; 
and 7 =2, hence 2. 
Carry 1, think 1 and 
?=3, hence 2 in 
answer. 
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It is obvious that Form I requires two niathematical and two 
ph3rsical processes. Form II, one ma^thematical and three 
physical processes; Form III, one ph3rsical and one mathe- 
matical process. To pupils in the higher grades, e.g., fifth or 
sixth years, mechanical processes like subtraction are made 
interesting through such arrangements. 

Written Subtraction. — No Carrying or Borrowing. — ^When 
mastery of subtraction combinations is attained, written 
work may be introduced. The first tjrpe involves no bor- 
rowing because every order in the subtrahend is smaller 
than the corresponding order in the minuend, e.g., 89, 57, 

-24-35 

etc. This type teaches children the algorism required in all 
subtraction work, The mode of solution and explanation 
will be given in the more difficult forms of subtraction. 

The Borrowing or Carrying Idea Introdriced. — ^There is 
obviously no difficulty in the first type of written work. 
Difficulty in written subtraction is introduced when a place 
in the subtrahend is larger than the corresponding place in 
the minuend, e.g., 72. This type of work is preceded by 

-25 



examples in which the unit place of the minuend is zero and 
the unit place of the subtrahend is larger, e.g., 70, 60, 

-24 -36 



etc. The mode of presentation and rationalization is the 
same as in the case of examples like 72—58 and is given in 
the study of this type. 

There is a large variety of solutions for the subtraction 
of niunbers typified by 72—58, 93—68, etc. Let the 
reader perform such subtraction and endeavor to make 
conscious and rational each step in the solution. With 
this process clearly fixed in mind, the succeeding discussion 
may gain in significance. We shall sum up briefly, in tabular 
form, comimon modes of teaching subtraction. 
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1. " BoBROw AND Pat Back." 

72 Child says: 8 from 2 I can't take, I' borrow a 

—58 ten from the 7 tens and now I have 12; 8 from 

IT 12 is 4. Now I pay back 1 ten to 5 tens, since I 

borrowed from the tens before; 6 from 7 leaves 

1. Ans. 14. 

Child thinks: 8 from 12, 4; 6 from 7, 1. 
Criticism: 1. Needless terminology. 

2. Does not rationalize. Child does not 
imderstand why we pay back to the lower ten 
having borrowed from the upper ten. 

3. Takes longer to become habit. 

4. '* Borrow and pay back," is not a mathe- 
matical conception. 

2. Method of Equal Additions. 

72 Child says: 8 from 2 I can't take. I add 
—58 10 units to the 2 units and 1 ten to the 5 tens and 

do not change the value, hence xmits become 12 

and tens 6. 8 from 12, 4; 6 from 7, 1. Ans. 14. 

Child thinks: 8 from 12, 4; 6 from 7, 1. 

70— wi Criticism: The form is more mathematical 

fio^AQ and the cumbersome terminology is gone, but 

, ' all ihe other limitations remain. This method 

10 is the mathematical explanation for the former 

72 one. While it is axiomatic to the adult mind 

JL that *' if to equals we add equals, the result will 

be equal," the child does not comprehend this. 

In examples like 3203 — 1654 the auxiliary 
figures and the equal additions lead to confusion. 

3. Complement of Tens. 

73 Child says: 8 from 3 I can't take; 8 from 10 

—58 is 2; now I add the 3 and I obtain 5. Re- 

71 mainder same as previous methods. 

15 



14 
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243 Childthinka: 10-8+3=6;5+l-6;7-6=l. 

^258 Criticism: The method is old and causes 

no little trouble before subtraction is reduced to 

S5 a habit. In the second example the child would 

say: 10-8+3=5; 5+1=6; 10-6+4=8; 1+ 
1=2, 2-2=0. Ans. 85. The possibiliti^ for 
confusion are clear. 

4. Method of Decomposition or Reduction to Equiva- 
lents OR Borrow Method. 
10 Child says at first: 8 from 10 I can't take; I 

Jf2 change 1 ten into units; this leaves 6 tens and 

—58 gives 12 units; 8 from 12; 4; 5 from 6, 1. Ans. 14. 

— (Auxiliary figures here used to make simpler 

the explanation. They should not be permitted 

with the average child. 
—58 



14 



-158 



Child acquires habit of thinking: 8 from 12, 
4; 5 from 6, 1. Ans. 14. 
10 Criticism: (o) Simple. Can be shown con- 

i^o° cretely by use of dimes and cents. 

(6) Experience shows it is readily mechan- 

ized. 

85 (c) It is an explanation that children can com- 

prehend. The term " borrow *' is a misnomer, 
— 243 but the method is often referred to by that name. 

— 158 (d) Arguments against it are: (1) it requires 

the mastery of separate subtraction combina- 
tionSy and (2) when two ciphers occur in the 
minuend, 3004—1768, the child is confused by 
the successive reduction to equivalents, e.g., 

Form recommended 



85 



9 

2 . }0 19 10 

-17 6 8 

12 3 6 



3004 

1768 

1236 
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It may be argued that subtraction forms of 
the tables are necessary in all methods and the 
case cited is difficult by any process. 

5. Subtraction by Addition: The Austrian Method. 
Subtraction may be looked upon as a process of diminution 
and a process of comparison. A fxiller meaning of the 
subtraction process may be obtained by analyzing the fol- 
lowing examples: 

A B 

John had 25^ and lost 20^. What John had 25^, William 20^. 
had he left? John has how much more than 

William? 

(1) The subtrahend was origi- (1) The subtrahend a separate 

nally part of the minuend. quantity, henoe it was 

never part of the minu- 
end. 

(2) The result, 5f(, is a remainder. (2) The result here is a measure 

of difference. 

(3) This example requires 25fi (3) This example requires 45^ 

for objective presentation. for objective presenta- 

tion. 

(4) The process: 25f^-20f5-6f^, (4) The process: 20f5+?^-25f^, 

hence one of diminution. henoe one of comparison 

and difference. 

It is obvious, therefore, that the additive idea or the process 
of comparison to find difference must be made an important 
part of the general subtraction process. 

The Austrian method holds that subtraction can be re- 
duced to addition and therefore taught not as a new process, 
but fiS an application of the older one. '' John has 5ff. and 
William 7^, how much does John need to have as much as 
William? " reduces itself, naturally, to John's money plus 
how much will equal William's, or 5-h?=7. If the child 
knows the forty-five combinations of addition, he knows the 
missing number, 2. Hence children are taught to subtract 
52 from 87 as follows: 
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87 Child says at first: 2 and how many will give 7? 

52 Ans. 6; 5 and how many will give 8? Ans. 3. 
~ Child thinks: 2 and 6, 7; 5 and 3, 8. Ans. 35. 

After the child has mastered the type which requires no 
reduction or carrying, examples Uke 90—60, 94—30 are 
presented and the same process of addition is applied with 
no trouble. This form of example is followed by 116—45, 
in which there is no difficulty in the units place. The child 
solves this as follows: 

116 Childsaysat first: 5 BJid 1=^6, Ans, 1. 

45 4 and ? = 11, Ans. 7. Hence answer is 71. 

71 Child thinks in later stage: 5 and 1, 6; 4 and 7^ 
11; Ans. 71. 

In types, 72—58; 456—267, the vital element is introduced 
in the subtraction process. The mode of explanation and 
the final form of habitual solution are here offered. 

72 Child says ai first: What +8 gives a 2; Ans., a 
58 4, 4+8 = 12; put down 4 in imits place and carry 
-L the 1 to next column (as in addition). 5+1 = 6; 
14 6+?=7, Ans. 1. 

Child thinks when habit is developed: 8 and 4 
= 12; 5 and 1=6, 6+1 = 7. (Auxiliary figures in- 
serted to aid explanation. Not necessarily part of 
the solution.) 

Child says at first: 7 and ? will give a 6. Ans., 
456 a 9; 9+7 is 16, put down the 9 and carry the 1. 
267 6+1 = 7. What added to 7 will give a 5? Ans., 
JLL an 8; 8+7 = 15, put down the 8 and carry the 1. 
189 2+1=3; what added to 3 gives 4? Ans. 1. 

Child learns to think: 7 and 9, 16; 7 and 8, 15; 
3 and 1, 4. Ans. 189. (See note above tn re 
auxiUary figures.) 
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Qradation for Austrian Method of Subtraction. 

Tjrpe 1. 4 Introduced throu^ comparison form of ex- 

+? ample. 

9 

T^3^ 2. 58 Merely an extension of the first tjrpe tp num* 

—34 bers of two orders. 

Type 3. 



Type 4. 



Types. 



. 








96 


105 


115 


97 


-30 


-42 


-60 


-? 
50 


90 


90 






-? 


45 


• 




45 








321 








175 









146 



The gradation sugg;ested is merely to introduce the suc- 
cessive difficulties in the Austrian method, not to cover 
every type in subtraction. Complete gradation in sub- 
traction will be found in any good textbook in arithmetic 
covering the work of the earlier grades. 

Auxiliary Figures in Subtraction. — Strenuous objection 
is made to the introduction of any auxiliary figures in the 
course of written subtraction. Teachers therefore force 
the children to omit the carrying figures seen in the accom- 

321 

panying work: 175 

1 ] 

146 

It was shown in a preceding discussion that a final decision 
concerning the use of auxiliary figures cannot be formulated 
so readily. Some individuals cannot visualize easily and 
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therefore cannot form the habit of carrying the figure in 
mind; they find themselves forced into adopting some cue 
to recaU the carrying figure. The object in all this work is 
to develop acciu'acy and speed. Some individuals can 
attain a greater degree of acciu*acy and speed with auxiliary 
figures while others cannot. It is advisable to encourage 
children to work with as few crutches as possible, but the 
recalling device should not be forbidden for all types of 
duldren. 

Estimate of the Atistrian Method of Svbtraction. — ^The 
sponsors of subtraction by addition argue that many ad- 
vantages are derived from its use. First, no new combina- 
tions or processes need be learned. The tables, the mode of 
thought, the form of the association, the process of " car- 
rying " in addition, are all utilized directly in this system of 
subtraction. Second, it is the method that experience 
teaches the small shopkeeper to adopt in making change. 
When ihe purchaser of a 69-cent article gives the merchant a 
dollar, the latter gives the former the amount necessary to 
add to 69 cents to equal a dollar, by counting '' 69 and 1 
makes 70, and 5 makes 75 and 25 makes 1 dollar.'' Third, 
the method of getting ledger balance always seeks the num- 
ber which, added to the smaller, will give the latter. Fourth, 
it is a mode of subtraction which proves the work while the 
subtraction is being performed. In any other method of 
subtraction, the mode of proof consists of adding the answer 
and the subtrahend to obtain the minuend. In the Austrian 
subtraction this addition goes on all the time so that when 
the subtraction is complete every item has been automatically 
checked. 

But, teachers urge, the Austrian method of subtraction 
cannot be explained to children and requires more time for 
habituation; the pupils see no reason for the procedure, but 
learn it through mechanical repetition. In the method of 
reduction to equivalents, concrete demonstration is simple. 
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For this reason, it is argued, children do not acquire the sub- 
traction habit so readily by this additive method. Another 
cause of the dissatisfaction expressed by teachers is that the 
" take away idea '' cannot be eliminated from arithmetic; 
that the chHd may say, " What number added to 7 gives 2? " 
but the mind really subtracts. The adult who has alwa3rs 
subtracted by a diminishing process finds the answer to 
the question 7+?«9 by taking 7 from 9; but the child who 
has not yet been made the slave of a single mode of operation 
may obtain the " 2 '' additively because the three numbers 
7, 2, 9 are inseparably linked in the mind. Although the 
Austrian method is taught, the subtraction idea should not 
be eliminated altogether. The drills suggested in the ear- 
lier sections of this chapter include the form 9—7=? as 
wellas7+?:=9. 

The controversy now raging over the method of subtract- 
ing by addition must be settled by scientiBc experiment 
and not by an exchange of arguments based on per- 
sonal opinion. Classes must be taught under the same con- 
ditions by rival methods and then subjected to the same 
tests until sufficient evidence is gathered to warrant a con- 
clusive verdict. Thus far, the Courtis tests applied in 
schools where the Austrian method is used show that this 
additive method is no more effective than some of the older, 
or even the discarded methods; that it does not give habits 
of greater speed and increased accuracy. 

General Suggestions for Teaching Addition and Sub- 
traction. — Throughout the work in addition and subtraction 
proof and checks should be required of the pupils. The 
relative worth of methods of proving and checking mechan- 
ical operations will be treated at the end of the discussion of 
the four fundamental processes. 

The aim throughout this early work should be to mechan- 
ize the process as soon as possible. Explanations may be 
attempted with the abler pupils^ but only comparatively 
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few are capable of comprehending the rationale of these 
operations. Seven- or eight-year-old pupils repeat explana- 
tions, but these statements are words, not ideas, to them. 

In the attempt to habituate a process, teachers must 
not lose sight of the practical appUcation. Children must 
not only be able to subtract 289 from 508 with accuracy 
and speed, but must also recognize the " subtraction idea " 
in a practical situation. There is always danger that the 
business appUcations will be sacrificed to the mechanical 
forms in drills in fundamental operations. 

A final caution is not to emphasize difficult forms so that 
simpler relations are not recognized when they occur. 
Children who can divide 54.346 by 2.007 are often confused 
when asked to divide .1 by .01 or 2 by .2. So, too, children 
who can subtract 2465 from 5009 err when they are told to 
take 3564 from 8689, because they continue to "borrow 
and carry " from force of habit. The greater one's experi- 
ence with busmess needs in arithmetic, the more is one im- 
pressed with the prevalence of the simple rather than the 
difficult forms in actual industry or commerce. 



CHAPTER VIII 

THE FUNDAMENTAL OPERATIONS (Continuidd) 

MULTIPLICATION AND DIVISION 

Incidental Introduction of Multiplication. — ^M any courses 
of study in arithmetic set a definite grade, the second half 
of the second year or the first half of the third year, for the 
introduction of muItipUcation. We saw that the child 
learns 3 three's, 2 four's, 2 two's, etc., when number is 
taught through a measurement process. Although no 
formal tabiee are developed, the ** multiplication idea " 
is, nevertheless, introduced and appUed. A second informal 
preparation for multiplication is found in the drills in coxmt- 
ing by 2's, 3's, 4's, etc., beginning at or at a multiple of 
the number. The child who counts 3, 6, 9, 12, 15, 18, 21, 
24, 27, 30, 33, 36 is learning the endings of the multiplica- 
tion tables. It must be recognized, therefore, that when 
multiplication is formally introduced, valuable preparation 
has already been given. 

The Multiplication Tables. — ^The final efficiency in 
multiplication is determined by the habits developed in 
the tables. We must stop, therefore, to consider important 
suggestions governing the teaching of the multiplication 
tables. 

1. Orade the MuUiplication Tables. — ^Not all multi plica- 
tion tables are equally difficult for children. Theoretically 
2X7 should be as difficult for a child as 8X7, but practical 
experience refutes this speculative hypothesis. Teachers 
give evidence that the tables of two's, four's, five's and 
tens are '' easy," that the three's and nine's come next in 
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difficulty, and that the six's, seven's and eight's are in the 
third group of this gradation. The tables of eleven*8 and 
twelve's need not be considered seriously because all their 
items except llXlli 11X12, and 12X12 are found in the 
earlier tables. In teaching the tables the most effective 
sequence seems to be the following: 

Group I, 2, 4, 5, 10 times tables. 
Group II, 3 and 9 times tables. 



Group III, 


6X 2 
6X 3 
6X 4 
6X 5 


7X 2 
7X 3 
7X 4 
7X 5 


8X 2 
8X 3 
8X 4 
8X 5 


Comment 
These combmations were 
studied in the tables of 
Groups I and II. 




6X 6 
6X 7 
6X 8 


7X « 

7X 7 
7X 8 


8X 6 
8X 7 

8X 8 


Items in black figures axe 
not difficult. The others 
are difficult combinations. 




6X 9 


7X 9 


8X 9 


These items were studied in 
the 9 tables. 




6X10 


7X10 


8X10 


These items were studied in 
the 10 tables. 




6X11 


7X11 


8X11 


11 X means repeat the fig- 
ure, e.g., 66, 77, 88, etc., 
hence not difficult. 




6X12 


7X12 


8X12 


Difficult. 



Group IV, 11 and 12 times tables. All combinations except 
11X11, 11X12, and 12X12 were studied in Groups I, II and III. 

2. Tdblea Evolved by the Pupils. — ^Every combination 
and every product should be discovered by the children. 



THE FUNDAMENTAL OPERATIONS (continued) 185 

To present a carefully prepared chart with a table worked 
out from the beginning, " XI," through the end, " X12,'' 
is both confusing and discouraging to the child. To de- 
velop the " 6X table " the teacher begins by explaining to 
the class the need for the new table and then writes the 
first combination, 6X1 = — . The class offers obvious 
answer "6." This is followed by 6X2, 6X3. 6X4, and 
6X5, all of which come from previous tables. To find 
the product 6X6, the children may have recourse to add- 
ing a column of 6 sixes; to find 6X7, a grouping of dots 
may be used. 



To find 6X8, a rectangle 6X8 is drawn with all its square 
inches marked. To find 6X9, a line two yards long is 
drawn on the board with the inches marked in various colors 
at important subdivisions, e.g., 4, 8, 10, 12, 15, 16, 20, 24, 
... 72. A string 6 inches long is laid off 9 times and the 
distance 54 inches is covered. By one concrete device or 
another, children find the product of each succeeding com- 
bination and watch the table grow. 

3. Utilize (he Commulations, — ^The law of commutation 
in arithmetic is summed up in the equation aXb^^bXa 
when both^a and b are abstract. It is important that the 
child be taught 6X7 and 7X6, 6X8 and 8X6 in the same 
period. It might be supposed that knowing 6X8 would 
guarantee a knowledge of 8X6, but experience teaches the 
contrary. The association, a, b, c, d, e, is mastered in reg- 
ular alphabetical form, but the sequence, e, d, c or g, /, e, 
comes with greater difficulty. So, too, knowing 6X7 does 
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not assure us of equal mastery of 7X6. To teach every 
combination with its commutation ahnost reduces the items 
in the multiplication table by half. These commutations 
can be discovered by the children by the devices suggested 
in the preceding paragraph. 

4. Show Useful Mnemonics. — ^Every means of added 
association should be given to children learning multiplica- 

9 tion. In the five times table it should be shown that 

18 the products end in either or 5, when the mul- 

27 tiplier is even, 5 when it is odd. In the nine times 

36 table the digits of the product always add up to 9. 

45 Thus in the accompanying colimm, 1 and 8=9, 

54 2 and 7=9, 3 and 6 = 9, 4 and 5=9, 5 and 4=9, 

63 etc.; the unit digits decrease by 1 from 9, to 8, 

72 to 7, to 0; the digits in the second column 

81 increase by 1 from 0, to 1, to 2, to 3, etc., to 9. 

90 In the eleven times table the product merely 

repeats the multiplier; thus, 11X5 = 5, 5, i.e., 55; 11X7 

= 7, 7, i.e., 77. These mnemonics may serve to fix difficult 

combinations for some children. 

5. Give Variety of Forms to Each CombinaJtion, — Multi- 
plication tables may be made an effective preparation for 
division by translating 7X9 into its possible forms, e.g., 
9X7 = ?. 9X? = 63, ?X9=63, ?X7 = 63, 7X?=63, 63=7 
X ?, 63 = ? X9 ; the division forms, j63 -^ 7 = ?, 63 -s- 9 = ?, etc., 
may follow soon after the multiplication forms. This 
variety not only paves the way for division, but also main- 
tains interest and stirs thought in the mechanical combina- 
tions. 

6. Show Children How to Find a Combination. — ^Pupils 
should be shown how to orientate themselves in the tables 
should they happen to have forgotten an item in one of 
them. Let us assume that *' 7X8 " is the combination 
that has been forgotten. The product can readily be found 
by one of three devices suggested in arithmetic books: 
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(a) Count by 7 or 8, beginning at any known multiple of 7 or 8, 
thus, 7, 14, 21, 28, 35, 42, 49, 66 or 35, 42, 49, 56, or 40, 48, 56, etc. 

(6) Add 7 or 8 to the product of the combination inmiediately 
preceding 7X8, if that is known, e.g., 49+7 or 48+8. . 

(c) Subtract 7 or 8 from the product of the combination im- 
mediately following 7X8, if that is known, e.g., 63—7—56 or 
64-8=56. 

The second and the third suggestions usually require too 
much computation to prove valuable; the first device is of 
decided worth in finding a product in one of the tables. 

7. Carry the MuUiplication Tables to Higher Orders.^^ 
As soon as the progress of the child will permit, the combina- 
tions in the tables should be carried to higher orders, the 
products being foimd by analogy, e.g., 7X12=84, 70X12 = 
840,7X120=840; 8X9=72,8X90=720,80X9 = 720. The 
child may be told arbitrarily to add the cipher and multiply 
as if the numbers had no cipher. Such drills, given occa- 
sionally, tend to widen the scope of the tables. 

8. Irvtroduce the Ratio Idea of Number through the 
Tables. — ^As mastery of the tables increases, an interesting 
application will be found by utilizing the combinations for 
ratio solutions of problems. Children who know the two 
and the three times tables can be taught to solve the fol- 
lowing problems: 



2 apples cost 6^, 4 apples cost ? 

4 oranges cost 12fi, 2 oranges cost ? 

3 pears cost 5fi, 9 pears cost ? 



In the introductory stage, this type of ratio problem is 
solved by using a simple diagrammatic presentation, but as 
the mode of thought and the process of solution become 
better known, all objective aid is eliminated. As each new 
table is learned, a new variety of ratios can be incorporated 
into these problems. 

DriU in the MuUiplication Tables. — ^There is no royal 
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road to mastery of multiplication tables. Regular and per- 
sistent drills are the price that must be paid. All these 
suggestions for developing the multipUcation tables are 
designed to show the reason and the system in the com- 
binations; they must be followed by daily drills that use all 
the devices enumerated in addition combinations, viz., the 
circle, the clock, the ladder, the staircase, the relay race, 
the railroad ties, etc. In addition to these, an arrangement 
of numbers Uke the following proves helpful: 



2 



8 

5 
6 

7 

8 

9 

10 

11 
12 



8 4 



5 



6 



8 



9 10 11 12 



^ 


6 


8 


10 


12 


14 


16 


18 


20 


22 


24 


6 


9 


12 


15 


18 


21 


24 


27 


80 


88 


86 


8 


12 


16 


20 


24 


28 


88 


86 


40 


44 


48 


x« 


15 


20 


25 


80 


86 


40 


46 


60 


56 


60 


12 


18 


24 


80 


86 


42 


48 


64 


60 


66 


72 


14 


21 


28 


86 


42 


49 


66 


68 


70 


77 


84 


16 


24 


82 


40 


48 


56 


64 


72 


80 


88 


96 


18 


27 


86 


46 


64 


68 


72 


81 


90 


99 


108 


1 ^ 


30 


40 


60 


60 


70 


80 


90 


100 


110 


120 


22 


88 


44 


65 


66 


77 


88 


99 


110 


121 


182 


£4 


86 


48 


60 


72 


84 


96 


108 


110 


182 


lU 



Fig. 10. 



Here we have the count by 2's, 3's, 4's, etc. ; the ending of 
all the tables; the product of any two numbers through 
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12X12. This shows the peculiar products in the 5, 10, 9 
and 11 times tables. Such arrangement can be used to 
drill on factors and multiples; it serves to aid children in 
answering such questions as, '' What two numbers when 
multiplied give 24 or 36? " Another tabulation can be 
made by writing the numbers 1 through 12 iii the vertical 
and in the horizontal lines and leaving the rest blank; the 
children are then asked to write in the proper space, 24, 
48, 36, 18, showing what two numbers will produce them. 
An interesting series of competitions and games can be de- 
vised through this tabulation. 

How to Teach a Ccmbinalion of the MuUiplication Tables. — 
To teach any combination, e.g., 6X7, the following steps 
may be helpful: 

1. Count by 6's and by 7's, emphasize 42 in the series. 

2. Analyze the combination 6X7 by diagram, yardstick der 

vice, dots, area device, etc., as explained. 

3. Elicit the commutation 6X7«7X6»42. 



4. Perception card or flash card drill 



5. Variety of drills: 



7 
X6 




6 
X7 



(a) Algorism X6 

42 

(6) Equation 6X7 -? 7X6-? 

(c) EUiptical form 6X? =42. ?X7 =42. ^ 

6. Practical problems involving 6X7 and 7X6. 

Written Multiplication. — ^As in the other fundamental 
operations, the teaching problems in written multiplication 
arise from lack of knowledge of basic combinations and poor 
gradation. Accuracy, speed, and proper algorism in writ- 
ten forms of multiplication are automatic results of regular 
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drills. Assuming mastery of multiplication tables, the es- 
sentials of the further work in multiplication may be summed 
up in the following conditions. 

MvUiplying Any Number by a Number of Digits, — 1. The 
Gradation.— Six distinct steps of increasing difficulty must 
be recognized in this t3rpe of multipUcation; these are tabu- 
lated with reasons for the gradation. 

(a) 214 312 221 (a) No carrying. Each multiplica- 

X2 X3 X4 tion is complete. 

(6) The last number, the 6, the 5) 
the 9, is so large that when 
multiplied it gives two places. 

(c) The carrying is introduced in one 
number but the carrying figure 
isl. 

id) Steps (6) and (c) are combined. 



(6) 


614 


523 


912 




X2 


X3 


X4 


(c) 


46 


225 


114 




X2 


X3 


X4 


(d) 


53 


212 






X5 


X7 




(e) 


346 


268 






X3 


X2 




(/) 


346 


536 






X4 


X6 





(e) Carrying in more than one place» 
2X8 = 16, carry 1; 2X6-12, 

12+1 ="13, carry 1 again. 
(J) Carrying one or more times but 

the carrying figure may be 

more than 1, e.g., 6X6-36, 

carry 3, etc. 

2. The Rationalization Preceding the Drill. — 
This type of multiplication may be explained either by 
analysis or by comparison to addition. 

(a) By analysis: 214=200+10+ 4 

X2 X2 X2 X2 



400+ 20+ 8=428 

Then the child is shown the direct or the usual mode of 
multipl3dng. 
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A second *f orm of analysis is often used. 

H T U 
216= 2+ 1+ 6 



X2 X2 X2 X2 

4+ 2+ 12 = 



400 
20 
12 

432 

The direct process is shown to be a duplication 
of the longer process of analysis. As a rule, these 
forms of rationalization are found to be too long 
and incapable of making their appeal to the yoimg 
child. 
(b) Through addition: 

214 1 ^ 214 

X2 1 +214 



The dass is led to add 4 and 4 and conclude 2 four's are 
8; 1 and 1 are 2, therefore, 2 one's are 2; 2 and 2 are 4 but 
2 two's are four. The teacher performs both forms on the 
board and leads the children to see that the first is the shorter 
and, therefore, the better. Similarly, 



216 
X3 

8 



216 
216 
216 

8 



Children are led to say, " 6, 12, 18, but 3 six's are 18, put 
down 8 and carry the 1." (The teacher does so in each case.) 
" 1, 1, 1, are 3 and 1 to carry is 4, but 3 one's are 3 and 1 to 
carry are 4." (Teacher performs the operation in both 
cases.) " 2+2+2 are 6 but 3 two's are 6." (Teacher com- 
pletes process in both cases.) This form of rationalization 
requires little time, presents the reason for the process and 
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the f onn in a way that young children understand, and leads 
to the conclusion that multiplication is only the short form 
of addition. 

To MvUiply Any Number by Two Orders. — 1. The 
Gradation. — Four important steps must be recognized in 
this type of multipUcation. 

(a) To multiply by 10. (a) This is necesssary to ex^dain 

step (6). 
(6) To multiply by 14, 16, 18, 19. (6) It combines step (a) with 

previous knowledge. 

(c) To multiply by 20, 30, 50, (c) It is the neoessaiy transition 

60, 40. to (d). 

(d) To multiply by 23, 42, 54, (d) It combines the previous 

etc. steps in one example. 

2. The Rationalization. — (a) To multiply by 10: 
Let the children examine the products in the 10 times table 
and compare them with the multiphcand. Then ask them 
to solve 23X10, 42X10, 67X10, multiplying by ten as if it 
were a number of one order. The products thus obtained 
are again compared with the multipUcands and the obvious 
conclusion is now drawn. The children have thus learned 
that the short form of multipl3ring by 10 is to add a zero to 
the multiplicand. 

(6) To multiply by 16, 14, 13, etc. : 

42 42 42 

X16 = X6 + XIO 

252 252 420 
420 420 



672 672 

EUcit that 42X16= (42X10)+(42X6). Arrange the 
work as shown above, the second column containing no new 
element. The teacher then shows how much simpler it 
would be to multiply 42X6 in the original example and thus 
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obtain 42. But 42 must also be multiplied by 10. This 
X6 



252 
is done and the new partial product is put under the first 

42 
partial product, ^X 16 ; the two partial products are now added 

252 
420 
as in the long process and the answer is obtained. For 
some time the zero is placed in the units place and the ex* 
pression " skip a place," is carefully avoided. When the 
class is ready for steps (c) and (d), which are taught in this 
same way, the children leave the units place in the second 
partial product vacant. 

To MvUiply by Numbers of Three Flexes. — ^To teach 
multiplication by numbers of three orders the same form of 
gradation and rationalization is used. 

243 243 243 243 

X123 X3 + X20 + XlOO 

729< 729 4860 24300 

4860< ^4860 

24300< 24300 



Long Process shown first. 



29889 29889 

Short Process shown to be 
merely a repetition of the 
longer one. 

In the initial stages, the ciphers may be introduced, but 
when the sequence of steps has been grasped by the child, 
the multiplication should proceed by using units, 3, then tens, 
a 2, then hundreds, a 1, as the multipUer, placing the second 
and the third partial products in the correct relative positions. 
Further Oradation, — The further organization of the 
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successive t3rpes in multiplication can be obtained from any- 
good elementary text. Care must be taken with the conmion 
varieties of multiplication that contain ciphers, e.g., 

204 270 386 380 3800 234 2004 2356 207 
236 542 540 540 540 206 1236 2004 604, etc. 

The exact and most scientific grading is not as important as 
introducing only one difficulty in each new tjrpe of multi- 
pUcation. The method of teaching these various forms of 
increasing difficulty follows the general course already 
outlined. As in the case of the other fundamental operations, 
attention must be paid to the practical appUcation of mul- 
tipUcation in bills, problems of areas and volumes, finding 
costs of quantities, and in the host of business situations. 
In addition to developing skill in multiplication, children 
must be keen in the recognition of a condition that necessi- 
tates multipUcation, 

DIVISION 

Division the Test of Mastery of Fundamentals. — Division, 
though considered the most difficult of the fundamental 
operations, causes less strain to the child than other examples 
of equal length, because of the variety of the work involved. 
It combines multipUcation and subtraction with division. 
The Courtis tests tend to prove that once children learn the 
process of division they do better work in it than in multipli- 
cation. Weakness in mastery of the multiplication and sub- 
traction tables will show very readily in pupils' work in 
division. 

The Tables in Division. — Careful and varied drill in the 
multiplication tables guarantees ready mastery of combina- 
tion in division. The child who has been taught 5X9=?, 
?X9=45, 5X?=45, 45 = 5X? and 45=?X9, can readily 
make the transition to 45-^9 = ?, 45-^5=?, 45^?=9, 
45-^? = 5, 5)45, 9)45. The teaching steps, the gradation. 
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the mechanical devices, the variety of drills the practical 
applications — all these, emphasized in the multipUcation 
tables, must be repeated in the new form, division. 

Introducing Written Division. — 1. Careful Gradation. — 
The form or the algorism in written division must be intro- 
duced through problems which apply the facts of the table. 
The solution of the problem, " At 6jS a book, how many can 
I buy for 54ft? " is shown as 6)54. This, strictly speaking, is 

a problem for oral, not written, solution^ but it may be used 
for transitional piuposes. The main teaching difficulty in 
division resolves itself into a matter of gradation. In teach- 
ing the division of a number by a number consisting of a 
digit, the following gradation should be observed : 

Step Reason 

(a) 2)64 (o) No " carrying " or reduction, no 

remainder. 
(6) 2)66 Q>) No "carrying" or reduction, but 

the difficulty of the remainder must 

be met. 

(c) 2)74 (c) The " carrying " or reducing problem 

is here introduced, but there is no 
remainder to add to the difficulty. 

(d) 2)75 W Both difficulties of steps (6) and (c) 

are here introduced, 
(c) 2)726, 2)736i (c) The difficulties of the above steps 

with numbers of three orders. Here 
there may be two processes of 
" carrying " and a remainder. 
(/) 2)126 (/) The problem arising from the fact 

that the hundreds figure in the 

dividend is too small to contain the 

2)137 divisor. Previous difficulties then 

introduced. 
ig) Same steps, divisors {g) The gradation is here obvious. 
3, 4, etc., 12. 



2)736 



2)136 
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2. The Rationaligation. — ^The mode of explanation of 
the process is here shown in summary form. 



(a) 2)64 




3 2 


Elicit the short 




dimes cents 


process and show 


2 


6 4 


that it repeats 


or 


the long form. 




3 2 






tens units 




2 


6 4 




Long process shown first. 


(b) 2)65 




3 2 and 1 cent over 



(c) 2)74 



dimes cents 

6 5 

The children are told to express the 
remainder in the form used above or in 
the form " remainder over divisor "; no 
reason is given. The two forms of writ- 
ing the remainder should be taught in 
the course of the primary grades but not 
simultaneously. 

3 7 



dimes cents 

7 4 

2 into 7»3 and 1 over. But the 1 
is a dime. Change it to cents and add it 
to 4 cents. 
2 into 14 is 7. 

No rationalization should be given beyond that offered 
for the division by two. The process should be reduced to 
habit as readily as possible through repeated solutions of a 
large number of graded examples. No auxiliary figures 
should be allowed with divisors that are small or simple, 
e.g., 2, 3, 4, 5, but with larger numbers, e.g., 6, 7, 8, 9, 11 
and 12, children often do more rapid and more accurate 
work with crutches than without them. To deny certain 



/ 
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children the use of auxiliary figures ia division by 7^ 8, 9, 
12, is to force th^oa into a mode of work which is slower and 
less accurate for th^n. Teachers must watch children and 
encourage mechanical operations without auxiliary figures 
shown in the accompanying solution, 0652. But when 

r-TT 
9 j 5868 

children are found whose rate of speed and whose accuracy 
would both be reduced by denying them the use of the 
crutches in the quotient and the small 4 and 1 in the divi- 
dend, they should not be made victims of fixed pedagogical 
procedures. Auxiliary figures in multiplication are not of 
any measurable worth; in division and in subtraction they 
contribute materially to the convenience and the confidence 
of some types of workers. 

Division by a Nuihber of Two Orders. — 1. Oradation. — 
Instead of using the sequence 11, 12, 13, 14, 15 • . . 
19, 21, 22, 23, 24 . . . 28, etc., as the numerical order 
of divisors, it has been found more advantageous to use 
11, 12, 21, 22, 31, 32, 41, 42, 19, 29, 39, first and 24, 36, 47, 
etc., later. This rearrangement is due to the fact that the 
divisors in heavy type are so close to 10, 20, 30, 40 that 
they present less diflSiculty to the children when they seek 
an approximate quotient. 

A second factor in gradation at this point is the selection 
of the dividend. The suggested sequence is, therefore, 



21)231 21)294 21)105 21)1071 

instead of using 21)1846 as the first type of example. 
The reasons for this general gradation will become apparent 
to the teacher aft^ each example is solved. 

2. RfUionalization. — ^No attempt should be made to give 
explanations or justifications for the procedure in this more 
advanced division. The children should learn it deductively 
and by continuing the process followed in the simpler di- 



198 TEACHING OF ARITHMETIC 

vision. The old distinction between short aad long division, 
nonexistent in mathematics, with changes in algorism, 
should not be continued. To teach children to divide by 
21, 22, 31, 32 or 29, we continue the process b^un earlier. 
To illustrate: the child divides 278 by 8 thus ; 34f , 4698 

8)278 
by 9, thus, 522 . But when the divisors are raised to 12 

9)4698 
it may be necessary, in the interests of accuracy and speed, 
to permit the following long form instead of the shorter one 

Long form Short form 

489 

12)5868 
48 

96 12)5868 

108 
108 

The children are shown that in the long form the carrying, 
multiplying or subtracting is performed on paper rather than 
" all kept in mind." The divisor may now be increased to 
21 and the child is shown that the process does not vary, e.g., 

11 279A 

21)231 or 21)5868 

21 42 

21 166 

147 

198 
189 

9 
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AU of division should be presented as a uniform process, 
carefully graded and drilled on daily. Most teaching diffi- 
culties in division arise from the introduction of artificial 
forms and distinctions or from the presentation of more than 
one difficulty in each new step. 

Approximating Quotients. — ^A far-reaching factor in 
determining efficiency in division is the abiUty to approxi- 
mate the correct quotient digit in a reasonable time. Drills 
must be devised, therefore, which will tend to give the child 
that experience with numbers that develops abiUty to find 
a partial quotient with a minimum of trials. One device is 
to require children to find partial and approximate quotients 
in examples Uke the following: 

21)130 21)160 21)180 21)190 21)210 

19)130 19)160 19)180 19)190 19)210 

49)150 49)250 49)200 49)350 

49)140 49)259 49)143 49)160 49)361 

54)163 54)284 54)381 54)425 



At first the chUdren feel helpless; but as the approximate 
numbers are suggested, 20 instead of 19 or 21, 50 instead of 
49 or 54, etc., they acquire the insight into niunber and 
the " knack " which comes from experience in arithmetical 
operations. Children are likewise taught not to use the 
first figure of the divisor to obtain a quotient; thus, 29)4156 
or 295)82467, 2 into 4 is 2, but this is sure to be wrong, 
better, 30 into 41; likewise 2 into 8 is 4, better, 300 into 800 
gives 2. 

A simpler drill in approximating quotients is found 
in the following tabular arrangement used by some 
teachers: 
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]>iTis(Hr4 



4 


6 


6 


7 


' 8 


9 


10 


11 


12 


13 


14 


16 


16 


17 


18 


19 


20 


21 


22 


23 


124 


25 


26 


27 


28 


29 


30 


31 


32 


33 


34 


35 


36 


37 


38 


39 



' 7 
14 
21 
28 
35 
42 
49 
56 
63 



Divisor? 
8 9 10 11 12 < 13 



15 


16 


17 


18 


19 


20 


22 


23 


24 


25 


26 


27 


29 


30 


31 


32 


33 


34 


36 


37 


38 


39 


40 


41 


43 


44 


45 


46 


47 


48 


60 


51 


52 


53 


54 


55 


57 


58 


59 


60 


61 


62 


64 


65 


66 


67 


68 


69 



Teacher points to 33, child 
32, Ba3rs 8 and 1 over. 

Teacher points to 27, child 
24, says 6 and 3 over. 



Teacher points to 34. Child 
sees 28, sa3rs 4 and 6 over. 

Teacher points to 60. Child 
sees 56, says 8 and 4 over. 



The Austrian Method of Division. — ^The method of sub- 
traction by addition leads to a method of division in which 
the additive and the multiplicative processes are emphasized. 
The Austrian method in division does not enjoy the popu- 
larity of the Austrian method of subtraction, but this is due 
more to a prevailing opinion that it is more difficult to learn 
than to actual evidence based on careful experimentation. 
Many favor this process of division because it is shorter and 
combines processes. But in the absence of scientific study 
as to the relative worth of this mode of division we must 
suspend judgment as to its desirability. The Austrian 
mode of division is exemplified below: 
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421 



421 



326)137246 
1304 

684 
652 


. 326)137246 
684 
326 


326 
326 


c 



Old or usual form of Austrian Method of Division. Process: 
division with remain- 4X6 »24; what added to 4 gives a 
der emphasized 2? an 8; put down 8 and carry the 3, 
throu^out the proc- 24+8 »32. 

ess. 4X2=8; 8+3 «11; what added to 1 

gives a 7? a 6; put down 6 and carry 
the 1,11+6=17. 
4X3 = 12; 12+1=13; what added to 13 
gives 13? Ans. 0, hence no other num« 
ber need be put down. 
Now bring down the 4 of the dividend; 

326 into 684, 2. 
2X6 =12; what number added to 2 gives 
a 4. Ans. 2; put down the 2; carry 1, 
12+2 = 14. 
2X2=4; 4+1=5; what added to 6 
gives an 8? Ans. 3. Put down 3; 
nothing to carry 2X2=4, 4+1 = 5. 
2X3^6; what added to 6 gives a 67 

Ans. 0. 
Now bring down 6; 326 into 326, 1 and 
process is completed. 

The process by the Austrian system requires less writing and 
combines both multiplication and subtraction. Whether 
this leads to economy of time and increase in accuracy re- 
mains to be demonstrated by actual achievement. Writing 
fewer fig^res and combining two processes may not only 
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require more mental effort and more time on the part of the 
child; but may also cause a greater niunber of errors in com- 
putation. 

Quotition and Partition. — ^Division may take one of 
two forms. Let us assume that a given whole must be 
divided into a number of groups; it may become necessary 
to find the number of groups or it may become necessary to 
find the number of imits in each group. If 16 cents is to be 
divided among a number of children, each receiving 2 cents, 
then it is necessary to find the number of children who will 
be given 2 cents each, but if 16 cents is to be distributed 
among 8 children, then it is necessary to find the number 
of cents that will be given to each child. These two forms 
of division are known as quotition and partition respectively. 
In quotition the number of equal groups is sought; the num- 
bers in the dividend and in the divisor refer to the same 
commodity; the nxunbers in the dividend and in the quotient 
refer to different commodities. In partition, the number of 
imits in each equal group is sought; the number in the divi- 
dend and in the quotient refer to the same commodity; 
the number in the divisor is abstract. Partition is a form of 
division more closely related to finding fractional parts of a 
number, e.g., "^ of $15"; quotition is a form of division more 
closely related to problems which find what fractional part 
one quantity is of another, e.g., '* $3 is what part of $15? " 
While these two forms of division must be understood by 
the teacher and should be given to the class in the variety 
of examples offered for solution, these terms should never be 
taught to the children. 

The More Complicated Forms of Division. — ^The very 
difficult divisors have not been considered here. Careful 
gradation will tend to make them less troublesome and con- 
stant practice will simplify them. Both the gradation and 
the drills for the advanced forms of division can be found in 
any good text. The introduction of ciphers in the divisor 
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or the dividend, e.g., 204)76058, does not complicate the 
process as it does in multipUcation. If the t3rpe of divisor 
which ends in one or more ciphers is postponed mitil deci- 
mal processes are miderstood, the ciphers will tend to 
simplify the division. Instead of dividing $2478.54 by 
800, the decimal operation niay be introduced and the 
divisor may be reduced to 8, e.g., 8.0Q»)$24.78x54, thus 
saving time and effort and writing. 

SIGNS AND TERMS IN FUNDAMENTAL OPERATIONS 

There is an important number of signs and terms, the 
significance of which children must learn. Chief among the 
former are +, —, X, -r-, =; among the latter we must 
consider sum, minuendf subtrahend, difference, mvUiplicand^ 
mvUiplier, product, dividend, divisor, quotient, unit and 
remainder. The meaning and the function of each should 
be learned incidentally in the course of solving various 
examples. Children should not be required to memorize set 
definitions of any of these. AbiUty to illustrate and recog- 
nize each of these terms and to perform the process indicated 
by each of these signs should be regarded as sufficient mastery 
of the symbols in the fundamental operations. 



CHAPTER IX 

THE FUNDAMENTAL OPERATIONS— (Ooncludbd)] 

CHECKS, PROOFS AND SHORT CUTS 

Importance of Checking Results. — Children must be 
impressed with the absolute standard, viz., one hundred per 
cent accuracy, demanded by the business world. To en- 
courage the child, the school gives credit for method, for 
correct planning, for effort, even though these are not con- 
summated in an accurate result in a problem. For this rea- 
son chUdren underestimate the importance of the answer m 
arithmetic. To increase accuracy, it is necessary to know a 
system of checks and proofs for the various fimdamental 
operations. Checks and forms of proof inculcate a critical 
attitude toward one's own work. They teach children the 
art of self-correction; they diminish the number of absurd 
answers and exalt accuracy in arithmetical computations. 
For these reasons checks and systems of proof must be made 
an integral part of arithmetical work. 1 

Methods of Checking and Proving. — ^We may sum up 
the methods of testing results in the following outline form: 

1. Approximations. — ^When, for some reason, it is im' 
possible or impractical to prove the answer absolutely, we 
may merely test its reasonableness and judge it as an approxi- 
mation to the correct answer. Thus, in the example, " Find 
the mterest on $3504.27 for 3 yr. 5 mo. at 3%," it would 
require far too much time and involve useless computations 
to prove the answer by " working it backwards." In such 
situations we assume that the time is 3 yr. and 4 mo. or 
3i yr. and that the money is $3500, not $3504.27. The 

204 
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approximate interest is therefore 10 per cent of $3500, or 
$350. It is obvious that $350 or any sum less than $350 
must be incorrect. The answer that is a little above $350 is 
deemed reasonable and the child assumes its correctness. 
This method of approximation demands sustained thought 
and tends to eliminate ludicrous answers. 

2. Exad Proofs. — ^There is a variety of methods of test- 
ing for the absolute accuracy of the result. These are 
listed below with appropriate illustrations. 

(a) Reword the problem, making the element to be 
found a given or a known element. 

Solve the new example to ascertain if the figure f oimd 
is identical with the figure sought. 

Illustration: A plot of land mortgaged for 60% of its value 
is mortgaged for $3600. What is the land worth? Ans. 
$6000. 

Check. Land worth $6000 is mortgaged for $3600. What 
per cent of the value of the land is covered by the mort- 
gage? Ans. *W=*=60%. 

(b) Ascertain whether the answer meets the conditions 
of the problem. 

Illustration: A retail dealer who usually receives a discoimt 
of 15% finds that goods listed for $350 were charged at 
$280. Is the wholesaler giving the retail merchant a bet- 
ter discoimt? If so, by how much does the latter gain or 
lose? Usual discount =: 15% of $350=:: $52.50. New dis- 
count, $70, minus usual discoimt, $52.50 =$17.50, in- 
creased discount. 

Test. Usual discount $52.50+new increase $17.50 =$70 
new discount. ^Vt=i=20%=new rate, hence 5% in- 
crease. 5% of $350 = $17.50 = increased discount. 

(c) Solve by another method. 

Goods marked $36.60 per gross are sold to Mr. A at a 
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discount of 25% and 10%. What is the final cost per gross 

to Mr. A? 

lUustration: First Method: 100%-26%=75%; 10% of 

76% = 7.6%, hence final cost is 67i% of $36.60 =$24.71. 
SecondMethod: | of $36.60 =$27.46; t^ of $27.45 =$24,705. 

(d) Review work with great care. Very often another 
method involves not a Uttle extra work and any process of 
working the problem back to original conditions is even more 
difficult. In such cases a careful examination of every step 
in both the solution and the manipulation may be taken as 
an index of probable correctness if not as an absolute guar- 
anty of the vahdity of the answer. 

(e) Check the mechanical processes involved. 
Checks for addition : 

(1) Add colunms in reverse order. If colunms were 
added up, add them down or vice versa. If answers agree, 
the assumption is that the final result is correct. 

(2) Successive subtraction. From the sum take, in 
successive subtraction, each of the addends. This method 
is usually too long to be considered seriously, although it is 
given in many textbooks. 

(3) Casting out nines. 



542 add 5 and 4 and 2; 11; oast oat 9 of 11, result 2' 

376 add 3 and 7 and 6; 16; cast out 9 of Id. result 7 

489 add 4 and 8 and 9; 21; cast out 9'b of 21, result 3 

757 add 7 and 5 and 7; 19; cast out 9*8 of 19, result i 



Add these; 13; 
^cast out 9 of 13, 
Result is 4. 



2164 add 2 and 1 and 6 and 4; 13; oast out 9 of 13, result 4. 

When the final numbers agree, as 4 and 4, the result is 
assumed to be correct. The criticism of this method is 
given in the discussion of the following one. 

(4) Reducing to single digit. 



542 add 5, 4, 2; result 11; add 1 and 1, result is 2 

376 add 3» 7, 6; result 16; add 1 and 6, result is 7 

489add4, 8, 9; result 21; add 2 and 1, result is 3 
757 add 7, 5, 7; result 19; add 1 and 9; 10; 

Now add 1 and 0: result is 1 



2164 Add dibits of the answer; 2+1+6+4-13; 1+3-4 



Add2. 7, 3. 1; 

, result 13; add 
1 and 3, re- 
sult 4 
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Both these methods; Le., (3) and (4), are too long to be 
worthy of practical application. They are mere recipro- 
cals of each other. Assume that the answer was 2146, not 
2164, and apply either mode of test; 2146 would give 
2+1+4+6=13; cast out 9 or reduce to a digit and 4 is 
obtained. 2146 answers the test but is incorrect. These 
two modes of checking are, therefore, not reliable. 

(5) Add groups of addends and then find the total result 
of these partial answers. 

a 364 Add a+6+c 354 

b 273 273 

c 856 856 
d 

€ 

f 



977 
522 




1483 


Add 1483 






and 1888 


389 








33 


Add d+ei-f 


977 


3371 Check 


3371 




522 
389 

1888 





This is obviously a check, but the time element counts 
against it. 

(6) Re-add but do not carry figures to next order. 

354 354 

273 273 

856 856 

1 1 



1483 check this thus, 13 total of units column 

17 total of tens column 
13 total of himdreds column 

1483 check 
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This is like the method suggested in (1). 
(7) Add all but one addend. To the sum add the 
addend not included. The total sum is the check number. 



a 354 
b 273 

c 856 
d977 
e 522 
/ 389 

3371 





a 354 




6 273 




c 856 




d977 




e 522 


a+b+e+d+c 


» 2982 


f- 


» 389 




3371 check 



In the final analysis, the first and the last suggestions are 
the only feasible ones and few practical workers have re- 
course to plans 2, 3, 4 and 5, so much praised in school- 
books. 
Checks for Subtraction: 

(1) Add result and subtrahend to obtain minuend. 

(2) Subtract the result from the minuend to obtain the 
subtrahend. 

Checks for Mtdtiplication: 

(1) Interchange multiplier and multiplicand to obtain 
the same product. Similar to No. 1 under addition. 

(2) Divide product by either multipHcand or multiplier to 
obtain the other factor. Method usually inappropriate. 

(3) Casting out nines or reducing to a digit. 

254 add 2, 6, 4; 11; cast out 9; 2l4X2«8, cast out 9; 
58 add 5, 8, 13; cast out 9; 4] 8 



2032 
1270 



14732 add 1, 4, 7, 3, 2, 17; cast out 9; 8 
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254 add 2, 6, 4; 11; add x «iiu x, ^^><2=8 



68 add 5, 8 13; add 



1 and 1; 2] 
1 and 3; 4J 



2032 
1273 



15762 add 1, 5, 7, 6, 2; 21; add 2 and 1; 3, hence answer 

is incorrect, 
add 1, 4, 7, 3, 2; 17; add 1 and 7; 8, hence 14732 is 

correct. 
For criticisms see No. 4 under addition. 
Checks for Dwiaion: 

(1) Multiply divisor and quotient to obtain dividend. 

(2) Divide dividend by quotient to obtain divisor. 

(3) Casting out nines and reducing to a digit when there is 
no remainder in the answer. 



SHORT CUTS 

Short cuts have not as yet attained their place of impor- 
tance in arithmetic because teachers are not convinced of 
their worth. Too often they are regarded as numerical 
tricks devoid of sound mathematical basis. In reality the 
values of short cuts are many and far-reaching. 

Value of Short Citts.— 1. Economy of Time.— The 
obvious value of a short cut is its abiUty to reduce the time 
and the labor required in mechanical processes. But the 
important fact to remember in problem work is that time 
and effort so economized make it possible to solve more 
problems and to give greater practice in the thought phases 
of arithmetic. 

2. Added Interest in Mechanical Processes. — ^In the 
solution of problems interest is usually experienced in plan- 
ning the solution and in obtaining the result, but never in the 
mechanical computations. Short cuts tend to make these 
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very mechanical operations interesting by introducing into 
them a variety of ratios and thus injecting into them a 
rational element. In multipljdng 5423 by 279, there is no 
interest in multipljdng by 9, by 7, and by 2, and then adding 
the partial products. Instead of following the long process, 
teach children to multiply 5423 by 9 and then to multiply 
the partial product by 3, because 27 is 3 times 9, thus: 

5423 
279 



48807 
146421 obtained by multiplying 48807 by 3. (27=9X3) 

1513017 

To discover that 3 times the partial product is the same as 
27 times the multiplicand gives an application of the ratio 
idea of number that lends interest to this mechanical opera- 
tion. This method appUes to multipliers like 648, 546, 549, 
729, 819, 459, 728, 497, etc. 

3. A Deeper Insight into Number.— The preceding illus- 
tration shows conclusively that comprehension and appli- 
cation of short cuts give the pupil a deeper insight into num- 
ber relations and ratios. The child who learns the short 
method of multiplying by 12^ (add 2 ciphers and divide by 
8), and by 125 (add 3 ciphers and divide by 8), has learned 
all that is implied in the proportion 

i :l = 12i : 100=125 : 1000. 

Every short cut gives a deeper understanding of relations 
existing among numbers and shows more clearly the force of 
the ratio conception of number. 

4. Oreater Skill in Manipulation, — ^A value of short cuts 
which comes as a /sequel to the deeper appreciation of number 
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relations is increased skill in every variety of manipulation. 
Each illustration already quoted shows clearly that greater 
dexterity follows in the wake of the use of these short cuts. 
Cautions in Introducing Short Cuts. — 1. Not Pre- 
maturely. — Great care must be taken to introduce short cuts 
only after the long process is thoroughly understood. To 
teach short cuts before children imderstand the longer 
processes may reduce them to mere tricks of computation. 
A short cut must be rational and contribute to a deeper com- 
prehension of the fimctions of number. When the short 
process can be presented as a rational process, it may be 
taught without the long form. 

2. Short Cut Not a Mere Mnemonic. — It follows, therefore, 
that a short cut must not be taught as a mechanical device 
devoid of mathematical justification. Taught as such it is 
of little value and leads to erroneous application when the 
child is confronted by a sUghtly different condition. The 
method of testing multiplication by reducing to a digit is an 
illustration of an arithmetical process, foimded either on no 
mathematical principle or on one incapable of demonstration 
to the pupils. So, too, multiplying 92 by 94 and obtaining 
the product by writing 48 to the right and 86 to the left, 
8648, is another example of a short cut that should not be 
taught. The procedure followed is the following: 96X89 
take 96 from 100 and 89 from 100, thus obtaining 4 and 11 
4X11 =^44; now take 4 from 89 or 11 from 96 and obtain 85 
the answer is 8644. When the numbers are 88X85, the 
process becomes confused and the child is lost because the 
short form of multiplying 96 by 89 is based on no mathe- 
matical principle. 

3. Short Cvia Taicght to Be of General Application. — 
The short form of multiplication by 15 (X 10; i of this 
product; add the two numbers), or by 11 (54X11, write 5, 
write 4, insert their sum between the 5 and the 4, 594), or 
by 41, 21, 61 (multiply by 40, 20, 60 and add the multipUcand 
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to the product), are illustrations of processes that are not 
worth the teaching. To multiply by 15 or by 11 or by 71 
directly will in the end save time and make for greater 
accuracy. To multiply 67 by 11 by writing 6 and 7 and 
inserting their sum will give 6137, a product manifestly 
incorrect; to require children to learn that when the sum 
of the two digits is greater than 9, the 1 must be added 
to the tens figure makes multiplication too conscious a 
process. A short cut that has exceptions should itself be 
excepted from the list of forms worth teaching. 

4. Short Cuts Wcrih Teaching Should Become Habit. — 
A short cut must not be taught as an end in itself. Too often 
the teacher assigns an example to the class and adds, ** Be 
sure to use the short cut.'' Those who solve the example, 
by the long process are usually marked partly or wholly 
wrong. But when the suggestion is not given to the class, 
almost all the pupils follow the long process from force of 
habit. Short cuts are useless unless tkey are thought of 
by the children themselves. 

To make the use of short cuts habitual, it is necessary to 
assign very few new ones to each grade. This gives the class 
opportimity for sufficient drill. To require a teacher to teach 
almost all short cuts or to assign merely ** short cuts " for 
any grade is a practice which makes it impossible to reduce 
abbreviated solutions to habit. Teachers must so frame 
their examples and problems that the mmibers will encourr 
age children to use the short cuts they are taught. Thus, 
instead of asking for the number of gallons of water lost in 
254 days at the rate of 536 gallons of leakage per day, the 
former number may be changed to 246 or 486 or 497 so that 
the short cut may be employed. Most problems can be 
utilized for the double purpose, viz., giving practice in the 
thought phase of arithmetic and in the use of short cuts^ 
Unless the short cut is used from force of habit, it hinders 
the mind by imposing an additional burden. 
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PARTIAL LIST. OF SHORT CUTS 

Addition and Subtraction, 

1. To add 58 and 27; add 68+20+7; say 58, 78, 85. 

2. To take 27 from 85; reverse the process; say 85, 65, 

58. 

MvUiplicaiion, 

1. To multiply by 

25, add 2 ciphers and divide by 4. 
12^, add 2 ciphers and divide by 8. 
250, add 3 ciphers and divide by 4. 
125, add 3 ciphers and divide by 8. 
16f , add 2 ciphers and divide by 6. 

2. To multiply by 

75, add 2 ciphers, divide by 4, multiply by 3. 
375, add 3 ciphers, divide by 8, multiply by 3. 
625, add 3 ciphers, divide by 8, multiply by 5. 
750, add 3 ciphers, divide by 4, multiply by 3. 
83|, add 2 ciphers, divide by 6, multiply by 5. 
62|, add 2 ciphers, divide by 8, multiply by 5. 
This short cut is not always worth using, as it may 
involve as much computation as the long process. 

3. To multiply by 10, 100, 1000. 

4. To multiply by 729, 546, 549, etc., as explained above. 

5. To multiply by a number containing two factors. 

524X64 (8X8). 
X8 



4192 
X8 

33536 



The long process involves two multiplications and 
one addition; the short process employs twg suc- 
cessive multiplications. 
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4632X175=4632X25X7 

4 )463200 
115800X7=810600. 

6. To multiply a number of two orders by a number of 
two orders on the basis of (a+b)X(fi+d). 

34 3X4=12; put down 2 (a) and carry 1. 

23 (3X3)+(2X4)+l=9+8+l = 18; put down 

~ZZZ 8 (6) and carry 1. 

^°; (2X3)+l = 7(c). 



cba 

91 
32 



2X1=2 (o). 

(2X9)+(3X1)=21; put down 1 (6); cany 



2912 2. 
cba 

(3X9) +2 =29 (c). 

N.B. This short cut is of doubtful value, although 
it is urged in many textbooks. It is worth showing 
children who are studying algebra, as this applies 
numerically what they learn in literal computa- 
tion. 

7. To multiply 62 by 48, 36 by 44, 57 by 63, on the basis 

of (o+6)X(a-6)=o2-62. 

62X48= (50+2) (60-2) =2500- 4=2496. 
36X44= (40-4) (40+4) = 1600- 16 = 1584. 
57X63 = (60-3) (60+3) =3600- 9=3691. 
N.B. Same note as under short cut 6, above. 

8. To square a number on the basis of (o+6)'=o*+ 

2o6+62. 

13 X 13 = (10+3)2 =, 100+60+9 = 169. 
N.B. Same note sls under short cut 6, above. 

Division. 

1. To divide by 10, 100, 1000, etc. 
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2. To divide by 

25, move decimal point 2 places to left and multiply 

by 4. 
125, move decimal point 3 places to left and multiply 

by 8. 
250, move decimal point 3 places to left and multiply 

by 4. 
16f , move decimal point 2 places to left and multiply 

by 6. 
12}, move decimal point 2 places to left and multiply 

by 8, etc. 

3. To divide by a number which is a multiple of two 
factors, divide by the two factors. See illustrations 
imder Value of Multiples, Chapter X. 

Fractions. 

1. To add fractions with numerator 1: i+^=|±|. 

3 5 3X5 

o rr AA . f *• 2 3 (2X4) + (3X3) 

2. To add any two fractions, e.g., -+-:= — : . 

^'3 4 3X4 

3. To multiply a number by }, |, f , deduct J, i, i of the 

number from itself. 

4. To multiply by mixed numbers, e.g., 9J, 7|, etc., multi- 

ply by 10 and deduct J of the multiplicand or multi- 
ply by 8 and deduct i of the multiplicand. 

Shortened Algorism. 
1. In multiplying or dividing nimibers by IJ, 1}, etc., it is 
not necessary to rewrite the numbers; the abbre- 
viated algorism is preferable, e.g., 

254XU rather than 254 

317i 254 

63} 

317} 
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2. When the cost is set at .50, .25, .75, .12j^, it is alwajrs 

best to use the fractional part of a dollar, e.g., i, 

i i h 

3. In taking a per cent of a number, it is better to use the 

fractional equivalent in all cases like 37|%, 83|%, 
75%, 62i%, 12i%, 14*%, etc. 

4. In examples where the successive steps involve a series 

of multiplications and divisions the cancellation form 
is preferable to the performance of each process 
separately. In the problem, '* Find the cost of 
filUng a tank measuring 4X5X3 ft. with gasoline at 
21 cents a gallon," there are two procedures: 

(a) 4X5X3=60 cu. ft. 
X1728 



231)103680 cu. 


m.(448.83W gaL 


924 




1128 




924 




2040 


448.83^ 


1848 


.21 


1920 


44883 


1848 


89766 


720 


3A 


693 


$94.2545i||r 



Q>) 



27 9 

231° 77 194.25 

.03 

4X5Xl^X1728X.ji; .60X1728 1036. 80 

WX ~ 11 ~ 11 

jr; $94. 25 A: 

11 $94.25 
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Application of Ratio Idea. 
A ship travels 190 mi. in 6 hrs.; what distance will be 
covered in 18 hrs.? 
(a) i of 190=31} mi. per hr. 31J Xl8=distance in 18 hrs. 
(6) Ratio method: 18=3X6, hence 190 mi.X3=670 mi. 

Any of the illustrations given imder the caption of ratio 
method of solving problems will show the economy of using 
this process in contrast to the method of unitary aoialysis. 



CHAPTER X 
COMMON FRACTIONS 

Common or Decimal Fractions First? — ^Mathematically 
considered, decimal fractions ought to precede common 
fractions, because the former are more closely related to the 
system of notation in whole numbers. For psychological 
reasons we teach common fractions first. The decimal frac- 
tion has so large a denominator that it does not lend itself 
so readily to objective demonstrations. In the life of the 
child, the fractions one-half and one-quarter arise naturally, 
one-tenth, rather infrequently. For these pedagogical 
reasons, a decimal fraction is regarded almost as an abstrac- 
tion for the very young child and it is preceded by the 
common fraction in the sequence of lessons. 

Informal Work with Fractions. — ^While most courses 
of study begin a systematic study of fractions in the fourth 
year, it is not necessary to exclude work in common fractions 
from the first three years. In these early classes fractions 
are introduced naturally and incidentally through construct- 
ive exercises and measurement and comparative processes. 
Without any formal analysis or explanation, children can 
give half an apple, half a paper, a quarter of a string, or half 
of 10 pencils to each of two children who volunteer to sharpen 
them; in the same way children can be led to add |+J, 
i+h i+h H+i, i+h i+h i+i; to subtract i from 1, 
i from }, i from J; to multiply i by 3, i by 8; to divide 
i by i, i by i, etc. All this work is done concretely through 
diagrams, paper folding, grouping splints or beads, using 
money, or any available objective aid. 

218 



COMMON FRACTIONS 



219 



The accompanying diagram, in proper size, can be 
made the means of finding answers to the following ex- 
amples: 



1 

8 


1 
8 


1 
8 


1 

8 


1 
8 


1 
8 


1 

8 


1 
8 


1 

4 


1 

7 


1 
4 


1 
4 


2 


1 
2 



8^ 
8 

4 

T 

2 
2 



Fia. 11. 



i+i 


i-i 


iX3 


1^3 


i+l 


i-i 


iX2 


i-i-Z 


i+i 


i-i 


iX3 


f^5 


i+f 


i-i 


tX2 


f^3 


i+i 


I-i 


iX2 


i-2 



By using a group of objects children can be led to find J of 
4, J of 8, i of 16, i of 8, i of 4, i of 10, etc., mitil the whole 
niuubers gradually increase to reasonable limits. Problems in 
finding what fractional part one number is of another can 
also be given because they can be reduced to concrete terms: 
Had 4jf, spent ^ of it; what did I spend? Had 4|i, spent 
2jf, what part of my money did I spend? Had Sff, spent | 
of it, what did I spend? Had Sji, spent 4jf, what part of 
my money did I spend? When the arithmetical situations 
are understood, the first of each pair of the above questions 
may be omitted and the children are asked, " Had 6 marbles 
and lost 3; what part of my marbles did I lose? '' All this 
work in fractions is informal, free from analysis, rationaliza- 
tion, definitions or rules. It is intensely concrete and often 
is written in the form, " 1 quarter+2 quarters+3 quarters " 
until the children learn to focalize on the numerator. In 
the first three years, an attempt is made to teach the child 
those computations with fractions that the untaught person 
learns from actual experience as need arises for '' reckoning." 
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FORMAL WORK IN COMMON FRACTIONS 

The Ideas Involved in fhe Concept Fraction.-^When 

work in fractions is formally introduced, an attempt must 
be made to build up a rich idea of the meaning of the con- 
cept '' fraction." The mathematical concept fraction implies 
at least four distinct ideas: (1) a fraction is one or more of 
the equal parts of a unit; (2) a fraction is one of the equal 
parts of a number of units; (3) a fraction is an indicated 
division; (4) a fraction is only an expressed ratio. Each 
of these constituent ideas must be taught and stressed. 

A Fraction as One or More of the Equal Parts of a Unit. — 
The child must recognize the fact that f , i, f , imply that a 
unit has been divided into 4, 5, 7 equal parts and that 3, 4, 2 
partS; respectively, have been taken. Children should now 
be required to " tell the story of each fraction," thus: 

A man has Si; H tells me that $1 was divided into 2 equa? 
parts and 1 part was taken. 

} of a block was paved; f tells me that 1 block was divided into 
4 equal parts and 3 parts were paved. 

Ran f of the distance; i tells me that a distance was divided 
into 5 equal parts and 2 parts were covered. 

The teacher now sends children to the board and requires 
them to draw lines, circles, rectangles, and thereby tell 
" what the fractions f , i, f , tell you." Children are given 
paper, strings, etc., and told to show " what these fractions 
tell you." When the drill given is sufficient to make clear 
to the child the function of the two terms of a fraction, the 
teacher asks, " What number tells you into how many equal 
parts to divide the unit? What number tells you how many 
parts to take? " When the answers, " The number below " 
and " The niunber above " are obtained, the teacher then 
Bumj3 up the lesson on the board as follows : 
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t«IU how many equal parts to take 



Numemtor 



1 S • 6 8 ^9im now many cquai pang xo xaae nunmrmMiT 

¥> T> T» «> »i tails into how many equal parts to divide the uniti ^ Denominator 

The children see the function of denominator and numer- 
ator long before these terms are taught. The final step 
in the lesson is to lead the pupils to formulate the meaning of 
a fraction. 

A Fraction One of the Eqiud Parts of a Number of Units. — 
The full understanding of a fraction requires a knowledge 
of the fact that f may be regarded as f of 1 and } of 3; that 
i may be recognized as f of 1 and i of 2. To make this 
second relationship clear, children are asked to tell the differ- 
ence between f of 1 ft. and J of 3 feet. To illustrate the in- 
terpretations, two vertical lines are drawn on the board, one 
12 inches, the other 36. Measurements are made, and | 
of 1 foot is found to be 9 inches, while } of 3 feet is also 9 
indies. 



8 Feat 



xHof stt. 



Ho£t feet:;-<& 



IFoot 



»/ 



9>-::H of ifoot^ 



>-. 



t 



Fig. 12. 
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In a similar way, by actual paper folding, children are 
made to discover that f of 1 sheet of paper is the same size 
as i of 2 sheets of paper. Fractions are now written on 
the blackboard and children are required to ** tell both 
stories of each fraction." 

♦=*ofl=iof4; f=|ofl=iof5; A-A of 1-A of 7. 

The concept of fraction is thus enriched by a new rela- 
tionship. 

A Fraction as an Indicated Division. — ^A very important 
implication in a fraction, viz., that it indicates division, 
must be indelibly impressed on each child. Much of the 
later work, not only in common fractions, but in decimal 
fractions and in cancellation, depends on a clear comprehen- 
sion of this basic fact. Children can be led to discover this 
fact by listing on the board fractions and their interpreta- 
tion as part of a unit or of a group, e.g., i = i of 3. The 
teacher then asks, " How can we obtain \ of 3? " and elicits 
the directions from the child, " Divide 3 into 4 equal parts." 
The following arrangement is then placed on the board: 

^5=^ of 1, i.e., 1 is divided into 2 equal parts, 1-5-2; 
J=i of 1, i.e., 1 is divided into 4 equal parts, 1-7-4; 
i=i of 1, i.e., 1 is divided into 5 equal parts, 1-5-5; 
i=i of 3, i.e., 3 are divided into 4 equal parts, 3-T-4; 
T—\ of 4, i.e., 4 are divided into 5 equal parts, 4-5-5; 
f =i of 6, i.e., 5 are divided into 4 equal parts, 5-5-6. 

The teacher then leads the pupils to see that 1, 1, 1, 3, 4, 5, 
are the numerators in each case and that 2, 4, 5, 4, 5, 6, are 
the denominators. The following tabulation, 

i=l-^2=N.-5-D. 
|=:3^4=N.-5-D. 

readily leads to the generalization that any fraction resolves 
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itself into numerator divided by denominator. Practice 
must now be given in turning the following into fractions, 
5-5-8, 8t-9, etc., as well as in converting fractions into 
division examples. 

A Fraction as a Ratio. — ^The idea that a fraction expresses 
a ratio should not be taught in any given lesson, but should 
be developed gradually through experience with fractions, 
especially in finding what fractional part one quantity is of 
another. The child who has 2 agates and loses one realizes 
that 1 of his 2 agates is ^ of his possession. As a result of 
cumulative experience and maturing insight f assumes a new 
significance, 1 out of 2, 1 as compared with 2, 1 is to 2, 1 : 2. 
Viewed from the standpoint of mental evolution, it seems 
reasonable to believe that integers developed from fractional 
ideas rather than vice versa; fractions are more closely 
related to measurement of small quantities than integers. 
The savage who caught one deer while his neighbor brought 
in two, perceived, although he did not conceive the fact, 
that he had only one-half of his neighbor's possession. In the 
measurement process, we perceive the parts before we have 
estimated the whole; but each part is a fractional equiva- 
lent. Tins ratio in each fraction is conceived only after 
much experience with such examples as " A has $4 and 
needs $5; what part of the money he needs has he now? " 
The answer ^ means 4 out of 5; the relation of what he had to 
what he needs is 4 to 5, hence i is equivalent to 4 : 5. The 
method of teaching the ratio idea in arithmetic is given in 
greater detail in the chapter on problems. 

Reductions of Common Fractions. — ^The variety of re- 
ductions of one form of common fraction to another should 
be presented concretely at first and then performed by rule 
deduced from objective experience. 
1. Reduction of whole numbers to fractions. 

Motive. Give practical situation or appeal to puzzle 
instinct. 
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Rationalization. 1— f; 1— i, etc. 

6=:4«e e e e e«¥; 

2 halves in 1; in 5, there are 2 

halves X 5. 
3«|=:® © ® =-«j^; 4 quarters in 

i + i + i 

1; in 3, there are 4 quartersXS. 
Rule. To be formulated by the children. 
Terms. Proper and Improper Fraction. 

2. Reduction of fraction to whole or mixed numbers. 

Motive. Same. i i i i i 

Rationalization. ^^? © © ©=-Vor5; 

* * f f * 

2 halves in 1; hence 10-5-2 = 5. 

1 1 1 1 1 1 i 
Jj^-? © © © © © © ^ 
******* 
=¥=6*; 

13-T-2=6and J. 

Rule. Formulated by class. 
Terms. Mixed Number. 

3. Reduction of mixed number to improper fraction. 

Motive. Same. 
Rationalization. 3* =7 

3*=3-f* 

« i hence, shorter form *= , , 

halves 

Rule. Induced after a number of examples are solved. 

4. Rediuiion to lower or higher terms. 

This lesson is given in detail in Chapter V as an illustra* 
tion of an inductive recitation. 
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Rediudng to Lowest Terms by the Greatest Common Divisor. 
— ^In actual arithmetical operations there is almost no oc- 
casion for finding the greatest conmxon divisor. Where frac- 
tions are to be reduced to lowest terms, the method of suc- 
cessive divisions is found to be ample when applied to any 
fraction likely to arise in business operations. Thus H^ 
^'='^ is an illustration of the point in question. Few frac- 
tions in business computations are as cliunsy as H, and even 
with such a fraction the greatest conmion divisor is not neces- 
sary. Where the long Euclidean method must be taught, 

a purely deductive, imitative 
method should be used and no 
attempt should be made at ration- 
alization. Even in these large 
fractions the method of succes- 
sive factoring saves time. 

To teach children to reduce 
fractions to lowest terms by re- 
solving both numerator and de- 
nominator into their factors and 
then discovering the highest com- 
mon factor also involves needless 
.waste; this can be seen in the case 
cited below. 



G. C. D. of ^. 

2 

58)126 
116 5 
10)58 
50 1 
8)10 
84 
2)8 

G. C. D.=2. 



14 2X7 



42 2X7X3 
-M4 
^-14 



The H, C. F. is 2X7, hence 
14-^14 1 



14 1 

— =- or 

42 3 



42-T-14 3 



Here, agtun, more time is consumed and the method is 
unnecessary for the type of fractions usual in commercial 
and industrial life. A few suggestions for testing divisibility 
of numbers may be helpful, but these should be pointed out 
incidentally rather than taught formally and committed 
to memory: 
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(1) A number is divisible by 2 if the last digit is even. 

(2) A number is divisible by 3 if the sum of the digits is divisible 

by 3. 

(3) A number is divisible by 4 if the last two digits are divisible 

by 4. 

(4) A number is divisible by 5 if the last digit is or 5. 

(5) A number is divisible by 6 if it is divisible by 2 and 3 or 

if it is even and rule (2) applies. 

(6) A number is divisible by 8 if the last 3 digits are divisible 

by 8. 

(7) A number is divisible by 9 if the sum of the digits is divisible 

by 9. 

Multiples and Factors. — Their Importance. — ^A knowl- 
edge of multiples is necessary in all reductions of fractions, 
in addition and subtraction of fractions, in cancellation, in 
proportion, in ratio solutions, in short cuts, and indirectly in 
most processes in arithmetic. A knowledge of multiples 
implies a knowledge of factors, for the two have a reciprocal 
relation. To know that 56 is a multiple of 8 and 7 or that 
8 and 7 are factors of 56 enables one to solve division exam- 
ples by short forms of two successive divisions, thus: 

13515.03 + 

56)756842.00 

66 8)756842 



196 
168 



7) 94605.25 



13515.03+ Ans. 



288 
280 



84 
56 

282 

28U 



200 
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Form A Form B 

Form A is more difficult, requires more computations, and 
more writing of figures. Without a knowledge of factors 
and multiples interesting interrelations among numbers 
would never be perceived. 

Teaching Mtdtiples and Factors. — ^To develop the con- 
cepts mvUiple and factor j write small numbers in a column and 
ask the class " to give the larger numbers that are exactly 
divisible by these smaller numbers,", thus: 

Teacher 



gives 

2, 3, 
4, 5, 
8, 6, 

3, 5, 6, 
2, 5, 4, 
2, 3, 5, 



Children Supply 

6, 12, 18, 24, etc. 

20, 40, 60, 80, 100, etc. 

24, 48, etc. 

30, 60, etc. 

20, 40, 60, etc. 

30, 60, 90, etc. 



The teacher then elicits the relationship existing between 
numbers in the first column and those in the second. 
When the children formulate the function of each, the 
teacher writes the words factors and multiples under the 
appropriate columns. Children see the function first and 
then learn the name. The expression " least common 
multiple," is finally introduced as the best descriptive name 
for the first multiple in each line. 

Finding L, C, M, or L, C. D, by Infection, — ^Much 
valuable time is often lost because teachers interpret the 
expression " by inspection " to mean, " without any com- 
putation whatever," or " by guessing." In seeking the 
least conunon denominator for the fractions f , f and |^, 
children may be seen gazing aimlessly at 4, 6, and 9, hoping 
to aUght by some chance on the least common multiple. 
They usually select in this accidental way an inappropriate 
nimiber. " By inspection " must be interpreted to mean 
"without written computation"; hence, children must be 
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taught a simple means of determining the least common 
denominator. The following are some of the means sug- 
gested; the first will be found the most rapid device: 

1. Select the highest factor and try successive multiples. 

4, 6, 9; 9 is selected; 9X1,9X2,9X3, 9X4-36. L. G. 
D., 36. 

2. Take the first two numbers and find their L. C. M., then find 

the L. C. M. of that and the next figure. 

4, 6, 9; L. 0. M. of 4 and 6 is 12; L. C. M. of 12 and 9 is 36. 

4 

3. Disregard those smaller denommators that are factors of larger 

ones; then find the L. C. M. of the remaming denommators. 

2, 3, 4, 8, 6; disregard 2 and 4 because of 8; disregard 3 
because of 6; find the L. C. M. of 8 and 6; 8X1, 8X2, 8X3 = 
24. L. CD. is 24. 

4. Write out the successive multiples of each denominator, then 

select the first multiple that is common to all. 

4, 8, 12, 16, 20, 24, 28, 32, 36, 40 
6, 12, 18, 24, 30, 36, 42, 48, 54, 60 
9, 18, 27, 36 hence 36. 

This method often involves the writing of more multiples than 
are necessary and may, therefore,' be longer, but it shows clearly 
the meaning of least and common. 

To train children to reduce fractions to equivalent 
fractions that have the same least common denominators, 
the chart suggested below, hung in front of the class, is 
found very serviceable. If the fractions are f and f the 
child looks for the first column which contains the same 
denominator for thirds and fourths and finds twelfths; if 
the fractions are f and f , the child finds that the first suit- 
able colunm is again the one marked twelfths. 
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tions having large denominators must be added, the least 
common denominator cannot be foimd by inspection. The 
long process of finding the least common multiple must then 
be used. It was suggested in outlining the scope of ele- 
mentary school arithmetic that such fractions should be 
excluded, but many courses of study demand these and 
children must, therefore, be taught how to add iftr> A, and y^. 
This long process of finding the L. C. D. should be presented 
in a deductive lesson with rigid exclusion of all rationaliza- 
tion. The teacher must show the process a nmnber of 
times so that the class will learn through imitation. Any 
attempt to explain " whys " and " wherefores " will prove 
only a source of confusion and will interfere with the early 
mastery of the process. 

Additidi and Subtraction of Fractions. — Need of Orado 
turn, — ^The most important teaching problem in adding and 
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subtracting fractions is the matter of gradation. Every 
step in these two fundamental processes has abeady been 
taught, but in applying the known steps care must be taken 
to introduce one new form at a time. The following grada- 
tion may be helpful: 

1. Adding fraction with similar denominators: 

*+*, *+*, i+f 

2. Adding whole numbers and fractions or mixed numbers: 

7+f , 7+2}. 

3. Adding mixed numbers, or fractions, having similar denomina- 

tors, but the fractions when added producing a total greater 
than 1: 

*+*, l*+2f. 

4. Adding fractions with diRflimilar denominators, the total less 

than 1, with the aid of a diagram such as was suggested for 
reduction of fractions: 

f +1, i+i. 

5. Same as Step 4, no diagram, no written or objective aid. L. C. 

D. by inspection. 

6. Adding mixed numbers, the fractions having disflimilar denomi- 

nators: 

2f+li. 

7. Same as Step 6, the fractions when added giving more than 1: 

li+2i 

8. The number of fractions and mixed numbers added increased 

beyond two. 

For subtraction the gradation may be represented in the 
following exercises: 

1. i — i, similar denominators. 

2. 2i — 1|, similar denominators and mixed numbers. 

3. i" 1, dissimilar but related denominators; use a diagram. 

4. 2 — i, fraction or mixed number from whole number. 
2 -li. 
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5. 2f — if, dfflioimnators HigBimilur but related, mixed numbers. 

No borrowing. L. C. D. by inspection. 

6. 2| — i, borrowing but denominators similar. 

61 -If. 

7. 4i— If, borrowing, difwimilar denominators. 

The Algorism in Addition of Fractions. — ^There are 
two accepted forms of work in addition of fractions, and 
each requires as many cautions and as much care on the 
part of the child as the other. 
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m=7ii 



6 M=7« 
Form B 



6 fi=7ii 

Form A 

This form requires the re- The amount of writing is here 

writing of the whole nimibers reduced, but children often err 

or each of the common de- either by carelessly omitting 

nominators and often causes the denominator after adding 



errors because in adding the 
fractions the children care- 
lessly include the denominat- 
ors; thus 20+9-1-24+6; 59, 
fl> etc. 



the numerators 20, 9 and 6, 
or by including the 24 in adding 
20, 9, and 6. Neither algor- 
ism is infallible. The impor- 
tant fact is to have a uniform 
procedure throughout the 
school or in a school system. 

Algorism in Svbtractian of Fractions. — The same two 
forms that are suggested for addition of fractions may be 
used in subtraction. In cases where the borrowing process 
enters, the following form is shorter and requires less aux- 
iliary computation: 

1 « 

(o) 
ib) 



-u 



1+8 
6 



2 i -1} 

2 1 -U 

i+i- 



i 



232 



TEACHING OP ARITHMETIC, 



The auxiliary figures are in* 
dicated merely to show the 
number of operations. 



18 



6 

-2« 



15+18 
16 



4 « 



7 t -2f 

i I 

(a) 7 i-2t-4j 

(b) * + 4t-4H 



Step (a) is very simple and re- 
quires little computation; 
Step (6) applies the skill de- 
veloped in addition of fractions. 
This form allows the use of short 
cuts and will be found effect- 
ive when taught to children 
in the upper grades. 
Throughout the teaching of subtraction of fractions, the 
same form of thought should be followed as was suggested 
for subtraction of whole niunbers. If the Austrian method 
was used in whole numbers, the additive process must be 
emphasized in fractions, e.g., 2— J must read as |+?=2 
as well as 2— i = ? 

Multiplication of Fractions. — Gradation. — ^In teaching 
multiplication by a fraction, nice gradations are not found 
to be helpful. One naturally begins by multiplying (1) 
whole numbers by fractions; then (2) fractions by fractions; 
then (3) whole numbers by mixed numbers; and finally (4) 
mixed numbers by fractions or mixed numbers. To simplify 
the process of multiplication of fractions, the " of " form 
should be used first. 

1. Fraction and Whole Number. — ^In teaching iX2, 
}X3, etc., it is found helpful to present the new form dia- 



grammatically and through addition. Thus, 
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iX2=Hi=i ButiX2«i 



|X3 = }+f+J=f; }X3=t. V After repeated examples the 
children are led to generalize that the numerator must be 
multipUed by the whole number for the new nimierator, 
while the denominator remains imchanged. It now remains 
to show the children that iX2=2Xi. 

2. Fraction by Fraction. — ^The diagram presented is 
like the one used to teach reduction of fractions. 
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In each case the children go to the diagram to find the 
answer. The teacher then suggests the need of finding the 
results without the diagram. With this aim in view each 
example is taken up and subjected to the following analysis: 

i of i=i; what must be done with the two I's of the 
numerators to obtain I in the numerator of the answer? If 
we multiply the two 2's of the denominators what do we ob- 
tain? i of 1 = 1; what must be done with the 3 and the 1 
to obtain 3 for the numerator in the result? What must be 
done with the 2 and the 4 to obtain 8; the denominator of 
the result? After such analyses of i of J, i of i, i of f , the 
class is led to formulate the law and to test it by applying 
it to J of f, i of t, i of i. 

A few days later, the multiplication form is presented with 
the aid of the diagrams. I have $}, my friend has i times as 
much; . what has he? If I have $i, and my friend has { 
times as much, what has he? etc. 
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»ixi=i $fxi=i 

Sixi=i $*xi=i 

$ixi«f Hxi^i 

The class is now shown the similarity in computation between 
i of J and JXi and is led to formulate the law for multipli- 
cation of fractions by fractions. The law is tested by apply- 
ing it to tXi which yields ^; this when reduced becomes 
i. The teaching of steps (c) and (d), i.e., the multipUcation 
of a whole number by a mixed number and the multipUca- 
tion of mixed numbers by mixed numbers, presents no new 
problem. In each type of multiplication by fractions, suf- 
ficient practice must be given until the process is habituated 
for every variety of forms in fractions. 

Cancellation. — Gradation, — ^An important requirement 
in teaching the cancellation process is careful gradation of 
the various forms and successive difiiculties. Briefly these 
may be listed in the following sequence: 

..49_7X7-^7 7 Merely application of reduction 

56~8X7 -^7"8 to L.T. 

... 6 3 6 .3 5X3 The numbers to be canceled 

8 5* 8^5* 8X6 ^"^ ^*^ ^^^ (^ ^^^ ^) *^^ 

the results are (1 and 1). 

2 1 2 1 2X1 The factor is seen, 2, but the 

5 6* 5 ^ 6* 5X6 results are not land las above. 

,,.2,32 3 2X3 Combination of steps (c) and (d). 

..3 .4X5 3 4 ^6 Conditions of (d) applied to 

10^ 6X8' 10 6^8 many fractions. 

(/) f Xf , f of f The factor 2 is not seen in either 

numerator or denominator. 

(g) Ixf of A Application of previous condi- 

tions to more than two frac- 
tions. 
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(h) IfxiXlSX-:^ Introduction of mixed numbers. 

STi^lli^M 48 '^^^ **"** '^'"'^'^ P^^P"^' 

(i) :^ Jf !!, -? -9f in upper grades, as an appUca- 

8X8tX624 6 tion of ratio idea in arithmetic. 

1 15 

Mode of Rationalization. — 1. Review the law of reduction 
of fractions to lowest terms, then present t,Xf . Not know- 
ing how to cancel, the class solves as follows: 

2. The teacher then shows that the children performed 
the following operations: 

5 3 5X3^15^,5^3 
8^5-8X5""40-5-5~8* 

3. The class may now be required to solve, 

2X4-^2=? 2-^2X4=? 

16X8-5-4«? 16-^4X8=? 

Finding that the results are the same, we elicit: (1) that 
the division process may be performed before the multipU- 
cation; and (2) that it is desirable to perform the division 
first because this gives smaller numbers to work with, e.g., 
16X8-5-4=128-^4=32, but 164-4X8=4X8=32. 

4. The children are now led to realize that in their solu- 
tion of iXi they followed the longer method; hence the 
division by 5 should precede the multipUcation. They are 
shown the form, 

1 1 

K^ 1X3 3 _^ iZ 3 

-X-= =- or better -X-=-. 

8^ 8X1 8 8^ 8 

1 1 

5. This rationalization should not be forced. Children 
who have enough mathematical insight to perceive that 
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cancellation is an attempt to reduce fractions to lowest 
terms before multiplying should be led to a full comprehen- 
sion of the process. It may be foimd necessary to teach can- 
cellation to other children on the basis of authority and 
through sheer imitation. Since the aim is to develop habits 
of rapid and accurate factoring, no undue effort should be 
made to rationalize this canceling process for all children. 

General Suggeaticms in Teaching Cancellation, — ^In ad- 
dition to careful gradation of the various types of situations 
in canceling, it is necessary to impress the factoring idea or the 
dividing process on the minds of the pupils. Children 
should be required to indicate the quotient after each act 

3 5 
of factoring. Thus, -X- should not be permitted because 

5 o 

1 

3 5 

the longer form -r X- is more desirable. When quotients are 

5 8 

1 
not written, children develop the idea that cancellation is 
" crossing out " and in the example f Xf they proceed to 

3 6 

eliminate aU nmnbers, thus -X- and give as the answer, 

5 o 

1 1 
zero. But when the work shows quotients as in 7X?, the 

1 1 

child sees at once that the answer is 1 or 1. 

Cancellation must be used in every variety of arithmetical 
situation. In solving problems by unitary analysis, or by 
ratio methods, successive multiplications and divisions should 
always be organized into fractional forms so that cancella- 
tions may be used. In problems involving areas, denominate 
nimibers, interest, etc., the cancellation method is usually 
superior, as can be seen in any illustration. 
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1. What will 5i oz. cost if 4^ oz. cost Sa4.56? 

$34.56-J-|X-V «f of $34.66X V^. 

2. Find the interest on $2550 for 72 days at 6%. 

^ of T*irX2550 -Interest. 

3. How many jars holding 3 pints each can be filled from a bbl. 

containing 24 gal.? 

24X4X2 »pints in bbl. hence -No. of jars than can 

*— 3 

be filled. 

4. Sold } of my stock of 24S40 bu. of oats and lost } of the shipment 

in transit. How many bushels finally reached destination? 
Answer | of the shipment, hence 

6210 
i of (i of 24840) „l5ll2^»W0 ^g210 bu. 

1 

Division by Fractions. — ^Experience shows clearly and 
convincingly that the shortest and most accurate form of 
dividing by common fractions is by inverting the divisor. 
Whatever method we follow in teaching children to divide 
by common fractions must ultimately lead to the law of 
inversion. Various procedures have been evolved for teach- 
ing this law to children. We must examine most of these. 

Thr<mgh Reduction to Similar Denomina^tors. — Let us 
assimae that f is to be divided by f . The children are led to 
formulate the successive steps in the equations, f-^|=f-^ 
f =6-4-2=3. Another means of attaining the same end is 

to rewrite f 4- f as a complex fraction, thus : -r-. To simplify 

t 

this fraction, the f must be changed to ninths. ""T~"~X* 

The common denominators may now be eliminated and the 
complex fraction becomes f or 3. 
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This mode of teaching division by a common fraction 
is clear, simple and comprehensible to children, but it does 
not teach the most desirable law, viz., that of inversion. In 
simple fractions Uke f and f , f and i, this method holds, but 
when fractions are larger and mixed nmnbers are intro- 
duced, the process of reduction to similar denominators 
becomes too involved and too costly in time. 

Through Ancdysis of the Division Form, — ^A second method 
of teaching division by conmion fractions is to analyze the 
steps in dividing by any nmnber, whole or fractional, and 
then to formulate the process conmion in all division. The 
steps in this method are simtunarized below: 

6 

(a) 2)12, i.e., same as | of 12 or 12 X^. 

12 

(6) 1)12, i.e., divisor decreases, quotient increases. 

2^ 

(c) §)12, i.e., 2 halves in 1^ 12 there are 12X2 or 24 

halves, hence §)12, same as 12X2. 

(d) 4)12, to reduce 12 to halves, multiply 12 by 2, 

f) (12X2) halves or 

3 halves) (12X2) halves, equals 3) (12X2) or 

8 

3)24; hence f)i2= 12X2-^3 or 12Xf or 
12-s-f=12X*.. 

A comparison is now made of steps (a), (6)^ (c), and (d) and 
the conclusion, " Invert the divisor," is evolved. Although 
the process is logical, step by step, it is a method that is too 
verbal and too abstract to guarantee a favorable reaction 
by immature pupils. These progressive steps clarify the 
teacher's ideas on the justification of the law of division, but 
the children usually do nothing more than accept the con- 
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elusion and carry out its command to invert the divisor and 
multiply. 

By Reducing (he Divisor to One. — ^A simple rationaliza- 
tion, but one open to the same objections, is foimd in the 
method which reduces the divisor to one. The children 
are shown that to divide by 1 leaves the quantity unchanged, 

1. _ 

hence 1)8, 7 -^ 1=7, etc. To divide | by f, the form J)f is 

used. The children are now asked to tell by what to mul- 
tiply f to produce 1. If they do not give the correct answer 
the teacher supplies the information, viz., i. Since a di- 
vision example is only a fraction, the divisor and the divi- 
dend of f )| may be multiphed by the same number, hence, 

f)f becomes |X4)fX|^ and then l)|Xi and finally l)f or 
|. It is evident from the above that i-s-f =iXi, hence a 
few more examples will give a basis for generalizing. But 
the experienced teacher at once evaluates this method as a 
means of rationaUzing for the exceptionally gifted child in 
mathematics rather than for the average pupil who grasps 
each arithmetical reason with effort. 

By Objective Demonstration and Parallel Correspondence. — 
A practical class situation was presented as the introductory 
step, viz., class badges are to be made from a ribbon SJ 
yards long; if f yd. is allowed for each, will there be enough 
badges for all? When some children suggested that the 
ribbon should be cut into small lengths of | yd. each, others 
objected on the ground that if the niunber were found insuf- 
ficient, it would be too late to make the badges smaller. It 
was then decided " to figure it out first, '' and the situation 
was reduced to 8J*-*r*f or ^-^-f. The children then reahzed 
that this was a new problem in arithmetic. To the teacher's 
question, " What should we learn in arithmetic to-day? " 
the ready anwer was given, " To divide by a fraction." 

A double diagram was presented, each rectangle of sim- 
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ilar dimension, and the corresponding parts were emphar 
sized by colored chalk. From these diagrams the children 
were asked to find the answers to the following: 

9'^9f S'^if S'^B* 

The children f oimd by aid of 
the diagram 

The following facts were 
eUcited: 4^2=2; i of 4 or 

4XH2. 
8•^4«2; iof8or8Xj=2. 
Fig. 16. 8-J-2«4; §of8or8Xi=4. 

The children were then led to formulate the law that instead 
of dividing by a whole nmnber we may multiply by the 
divisor inverted. The class was then asked, '^ If this holds 
true for whole numbers, will it hold for fractions? " The 
children said they did not know, but they would try it on 
the fractions above, because they knew the correct answers* 
The next step appeared on the blackboard as follows: 

By diagram. i-5-i=3 *-^i=6 f-4-f«3 
Bylaw. iXf=3 tXf=6 tXf=3 

Every child concluded that the law held true in both fractions 
and whole nimibers and that there was '' nothing new in 
division of fractions, for you turn the divisor upside down 
and then multiply." The original problem was now brought 
forth, 5i yd.-4-| or ^-T-f and it was solved by inverting the 

i and then multiplying, 21.. g X. L,^jrr/ 

1 1 

The applications must be varied in form and plentiful 
in number until the child can divide by common fractions in 
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any iype of problem. The drills should include sudi ex- 
amples as 1-5-i, iH-i, l^i, i^i, i-i, i^i, i)i, 5% 3)1, 

i)h 3-7-i, i-5-3, A-^1^, etc. These examples may be put 
on perception cards and the drills given at regular intervals 
so that children in the last two years of the school course 
will not be thrown into hopeless confusion when they are 
asked to find the answers to 2-4-J, i-^2, J-r-J, i-5-i, etc., 
without recoiurse to paper computation. 

Gradation in division of fractions is not important. Some 
texts teach 8-^J first, i-^8 next, i-7-§ third, etc., imtil the 
whole series of variations is completed. While nice grada- 
tions are necessary in other processes in fractions, they are 
not especially helpful in division, because the law, once 
learned, applies to all fractions. It is obvious that intro- 
ductory examples will exclude mixed numbers, but no other 
analysis of successive steps of difiiculty is necessary. 

Complex and Compound Fractions. — Compound frac- 
tions, I of f , ^ of f of a, are useful in practical applications 
of arithmetic. The discussion on the appUcation of cancella- 
tion makes this clear. Complex fractions, which have frac- 
tional forms in numerator or in denominator or in both, do 
not usually arise in common business practices. In teaching 
the solution of complex fractions a purely deductive and 
imitative procedure is followed; the pupil is taught to 
simplify the numerator and the denominator and then trans- 
late the complex fraction into division form. 

3 5 ^ , 10 19 3 

4"'"6 12"'"12 12_19 1 19,,^ 57_,^, 

1 " 1 "l "*12-9"~;?^1'4 ^* 

9 9 9 * 

Complex fractions should not be considered part of the mini- 
mum course of study and when forced upon teachers by local 
curricula, they should be taught with a view to economy 
of time and effort. 



CHAPTER XI 
DECIMAL FRA.CTIONS 

Decimal Notations. — The most important conception in 
decimal fractions is the system of notation. When the writ- 
ing and the reading of all decimal forms are miderstood and 
reduced to habit, the most significant step has been taken 
toward the mastery of this branch of arithmetical opera- 
tions. 

It is wrong to assimie that decimal fractions have their 
origin in conmion fractions or in the notation of our Federal 
monetary system, although both may be used as aids in 
understanding the decimal system. From the very first, 
the decimal fractions must be presented as extensions of the 
system of notation for whole numbers. The lesson should 
be informal and begin by reading $1111. The teacher then 
elicits: (1) the names units, tens, himdreds, thousands, etc.; 
(2) that each place increases tenfold in going from right to 
left; and (3) that each place decreases tenfold in going from 
left to right. The blackboard work at this point presents 
the following appearance: 




The problem is now put: " Where would I write a tenth of a 
dollar?" Since this is one-tenth of the unit, it Obviously 

242 
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belongs in the first place to the right of the dividing line or in 
" dimes " place. So, too, a tenth of a dime is put into second 
place to the right of the line or into the " cents '' or hun- 
dredths place. The following addition is now made to the 
preceding boardwork: 




For the first few days children write decimals of two places, 
using a line to separate the whole numbers from the fractions. 
They are then told to use a *' point *' instead of a line. When 
sufficient skill is developed in the notation and niuneration 
of decimals of two places, the thousandths place is taught 
on the same principle that was suggested above. As the 
scope of the work increases, the new decimal places are 
added. 

In writing decimals children should be taught: (1) to 
visualize each nmnber; (2) to recognize instantly the number 
of places required for a given decimal ; (3) to note the nmnber 
of places occupied by the nmnber as given; (4) to decide on 
the nmnber of places to be added; (6) to write them con- 
tinuously from left to right. Thus, if the number five 
thousand sixty-four tenrthousandths is given, the children 
should: (1) "see" 5064; (2) think " ten-thousandths 
require four places"; (3) think, " the given nimoiber has 4 
places"; (4) think, "no extra places are needed"; (5) 
write a decimal point, a 5, a cipher, a 6 and a 4. To write 
fi;ve hundred six ien4h4msandths, the child should be trained 
to: (1) " see " 506; (2) think " four places are required"; 
(3) think " three places are given"; (4) think " one place is 
needed"; (5) write, left to right, decimal point, a 0, a 5, 
a 0, a 6, or .0506. These steps, if followed for a few days, 
become habit and develop speed and accuracy. To permit 
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ehildren to write decimab backwards may help them in the 
initial lesson, but hinders progress by inculcating incorrect 
habits. Every day must bring its variety of drill lesson in 
decimal notation. These must include the following: 

1. Teacher calls the position of a decimal place, the children ^ve 

its name. 

2. Teacher calls the name of a decimal place, the children give its 

position. 

3. Children read decimals from book, mimeographed sheet, charts, 

etc. 

4. Children write decimals that are spelled out, e.g., '' five and 

seventy-two thousandths." 

5. Children write decimals dictated to them. 

6. Miscellaneous Drills. 

a. Children change form of decimals without changing their 
values, e.g.. Write iftftr decimally as hundredths, as thou- 
sandths, as ten thousandths, etc., i.e., VW^*^2».520 
«.6200. 

b. Read .52, .052, .0052. 

62^ 

c. Write rrr as hundredths, .62J; as thousandths, .625; as 

ten-thousandths, .6250; as. tenths, .6}, etc. Write | as 
tenths .3i; as hundredths, .33}; as ten-thousandths, 
.3333i, etc. 

7. Estimatmg values of decimals. Which is greater, .01 or .0089, 

.1 or .0875, .2 or .1897, .5 or .50 or .500? Give in simple form 
the approximate value of S.429, of S.6110, or .5106 mi., etc. 

These drills continue until children have attained a degree 
of accuracy and speed m decimal fractions comparable with 
the skill they possess in the manipulation of whole num- 
bers. Time spent on decimal notation is time saved in the 
later stages of work in decimal forms and in percentage. 

Multiplication of Decimals. — ^There are two modes of 
presentmg multiphcation by decimals: (1) through conmoion 
fractions, and (2) through the analogy that can be pointed 
out between whole numbers and decimals. 
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1. Through Common Fractions. — Give a problem in 
which it is necessary to multiply .2 by A, .2 by .04, .02 by .4^ 
.02 by .04. Elicit (1) that 2 and 4 are multiplied, and (2) 
that 8 is not the answer. Lead children to perceive that 
the basic problem Ues in finding how to manipulate the deci- 
mal points. The blackboard work, at this point, is the 
following: 

.2 .2 .02 .02 

X.4 X.04 X .'4 X.04 

8 8 8 8 

I3icit that the correct answer may be found by translating 
these decimal fractions into common fractions, thus: 

AXA^tStt AXTjTr=Tiftnr xfirXA^TiAnr 

Each of the four " eights " in the first line of work is now 
changed into .08, .008, .008 and .0008, respectively, all this 
work, however, being done by the pupils. The aim is now 
recalled, viz., " to find where to place the decimal point," 
and by comparing, in each example, the number of decimal 
places in the product with the number in both multiplicand 
and the multiplier, the children are led to formulate the law. 

2. Analogy with Whole Numbers. — ^The second method of 
teaching multiplication by decimal fractions has no recoiu'se 
to common fractions, but carries over the decimal relations 
of whole numbers to fractional forms. The teacher leads the 
class to see the parallel of places existing on both sides of 
the units place, and puts the following on the blackboard: 
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After this corresponding series is carefully noted, the teacher 
presents multipHcation problems in whole numbers of the 
type of 10X10«? 10X100=? 100X10=? The ques- 
tions take the following form : 

A B 

If 10 XIO =100 then .IX .1 = ? 

niO X100=1000 then .1X.01 = ? 

If 100X10 =1000 then .OIX .1 = ? 

Following the parallel that was pointed out before, the 
pupils readily give the answers .01, .001, and .001, respect- 
ively. The teacher then asks: '' How many ciphers (in 
Group A), are always contained in the answer? " Since 
this form of multiplication is so familiar to children in this 
grade, there is no difficulty in obtaining from them ''As 
many ciphers as there are in both the factors." The in- 
ductive step in the lesson is concluded when the teacher's 
question, '' How many decimal places will there be in the 
product? " brings the answer, " As many places as in both 
multipUcand and multipUer? " This form of rationalization 
explains multiplication on the same principle that was fol- 
lowed in teaching decimal notation to pupils. 

Gradation and Drills, — ^No fine gradation is necessary 
in planning the lesson on the multipUcation by decimals. 
The first examples employ numbers of the type of .7X.4, 
.05X.12; i.e., decimal fractions without whole niunbers. 
The second type includes mixed numbers like 7.2X1.2, 
7.12X1.02, 7.12 X. 102, etc. Any more carefully planned 
gradation is unnecessary. 

Provision must be made for rapid oral drills that seek 
to reduce " pointing off " to habit. Numerous exercises 
like the following must be given daily; 
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.1 X .1 


1.2 X .9 


.1 X .01 


1.2 X 9. 


.OIX .1 


.12 X 9. 


.01 X .001 


.12 X .9 


.01X1. 


1.2 X .09 


.1 XI. 


12. X .9 


.01X1.1 


12. X .09 


.OIX .11 


.12 X .09 




.012X .009 



After the decimal equivalents of the common business 
fractions are taught, children should be led to perceive that 
in examples like 712X1, the decimal multipUcation 712 X. 6 
is simpler. In the first case, 712 is multipUed by 3 and the 
product is divided by 5; in the decimal form 712 is multi- 
pUed by 6 and one place is " pointed off/' So, too, 712 Xli 
involves 7l2X6-^5, but 712X1.2 necessitates multipKca- 
tion by 12 and proper placing of the decimal point. The 
decimal form by multiplying 712 X A merely requires the 
multipUcation of 712 by .08, but in the common fractional 
form 712 is multipUed by 2 and the product divided by 25. 
Regular and frequent drills by devices already explained 
wiU readily develop required skiU in the multipUcation by 
decimals. 

Division by Decimals. — The Rationalization. — ^Division 
in which the divisor is a decimal may be performed in a 
variety of ways. The decimals may be reduced to common 
fractions and the process carried out by inverting the di- 
visor and then proceeding as in multiplication. If 54.62 
is to be divided by .002, the example may be changed to 

2731 10 

5462 2 um imo 

loo" 1000 ^^ m^ ^=^27310. But experience has 

shown that the simplest form, all possible cases considered, 
is the method of reducing the decimal divisor to a whole 
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number and then multipl3ring the dividend by the same num- 
ber by which the divisor was multipUed. The mode of 
teaching division by decimals, presented above, does not 
lead the child to the most useful rule. 

Another method of explaining division by decimals 
follows a series of steps analogous to those shown in the 
second method of teaching multipUcation by decimals. 
If 100-^10=10, 10004-10=100, 1000-^100=10, then by 
analogy, .01-^.1 = . 1, .001-^.1 = .01, .001-5-. 01 = .1. But 
from this analysis children find it very difficult to evolve 
any general rule. 

A third method explains division by decimals on the 
theory that in division the phenomena that occur are the 
reverse of those in multipUcation. The following facts are 
elicited and illustrated: 

In multipUcation: Number of places in product = num- 
ber of places in multipUcand plus number of places in 
multipUer; i.e., .02 X. 3 = .006. 

In division: Number of places in quotient = number of 
places in dividend minus number of places in divisor; 
i.e., .0064- .3 = .02 or .006-^ .02= .3. 
This mode of manipulation of the decimal point, although 
absolutely correct, may lead to confusion in certain types of 
numbers, e.g., 276.5 -^ .005; here the child hardly knows 
how to reduce the seenung difficulty of taking three places 
from one place. This mode of teaching division by decimals 
is, therefore, not reconmiended. 

The most effective explanation begins with a practical 
problem in which the answer is found by dividing $25.44 by 
6. No trouble is experienced by the children, who readily 

$ 4.24 

perform the operations of 6)$25.44. The figures in the 

$ 

problem are now changed so that .6)$25.44 represents the 
necessary work. A judicious question or two will eUdt: 
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(1) that the decimal point in the divisor is the troublesome 

factor; and (2) that if .6 were changed to 6., all cause of 

difficulty would disappear. The children now posit very 

clearly the aim of the lesson. 

The teacher then asks the children to write .6)25.44 in 

26.44 
fractional form, and — ~— is the result. The next step is to 

lead children to perceive: (1) that changing the denominator 
from .6 to 6. multiplies it by 10: (2) that this may be done 
provided the mmierator is also multiplied by 10. The black* 
board work now shows: 



25.44 25.44 10 25^4.4 



6)25.44._.-^X-=-^=6)2.544 

A few more examples are solved and the children are led to 
conclude that the divisor is turned into a whole number by 
multipljdng it by 10, 100, or 1000, and that the dividend is 
then multiplied by the same number. Care must be taken 
not to have children think or say that the decimal point is 
moved one place to the right in both divisor and dividend. 
It must ever be kept before the pupil that he is multiplying 
both numerator and denominator, dividend and divisor, 
by the same nmnber. 

DriU and Gradation, — ^The teaching of division by deci- 
mals is one of the problems in arithmetic that requires caro- 
analyBis of successive difficulties and the formulation of a 
ful series of appropriately graded steps. This gradation is 
given in Chapter IV (page 78) and need not be repeated 
here. 

It remains to point out that as in other fundamental 
operations, daily drills in rapid oral work are essential for 
proper habituation. Series of examples of the foUowing 
type must be used until *' pointing off ** takes place in the 
minimum time and with absolute accuracy. 
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8 -^2 8-5-2 .8 ^,2 .8 4-. 02 

.002 
.2 
.2 
.02 



.8 -5-2 8-^.2 .08 -^.02 .8 • 

.08 -^2 8-^.02 .008-^.002 .08 

.008-5-2 8-J-.002 .008 

2.08 -^2 .008 



When division by decimals is properly understood and 
mechanized, the underlying principle should be appUed to 
division in which the divisor is 1200, 800, 2700, etc. This 
can be explained on the same basis as that used in decimal 
divisors, e.g.. 



246.48 100 2.46,48 



246.48-^800=-—;—-^—-==-V;5~ ==8)2.4648, 

800 100 8.00x 

hence divide divisor and dividend by the same nmnber, the 
number necessary to free the divisor of its confusing final 
ciphers. 

Reduction to Decimal Fractions. — Importance, — ^Reduc- 
tion of decimal fractions to common fractions involves no 
teaching di£Giculty and will therefore be dismissed from con- 
sideration. Reductions to decimal fractions are Important 
operations in arithmetic because of the frequency of the 
need of finding what per cent one quantity is of another. 
For this reason, reduction to decimal fractions must be 
emphasized in teaching children decimal operations. 

The Raiionalizaiion, — ^A simple mode of teaching the 
reduction of common fractions to decimal forms is to grade 
fractions into three groups: Group I, fractions that can be 
reduced by inspection or through the Federal monetary 
system; Group H, fractions whose denominators are factors 
of some decimal denominators; Group III, all other frac- 
tions. Each group will be taken up and its mode of teach- 
ing will be indicated. 

Group I. Fractions like i, i, f, |, i; tV> A> tjj> etc., are 
included in this class. Children know that a cent is one 
hundredth of a dollar and are therefore led to conclude that 
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^=3O0=Taift^=.3O, A=3 dimes =$A = .3)J, etc. 

By this method of inspection a few decimal fractional 
equivalents are evolved each day and committed to memory. 

Group II. In this second class we find fractions Hke 
ihf Ht h l> i) t> etc. Children are led to perceive that in 
reducing ji^, -H or f to decimal fractions, the new denomina- 
tors must be 1000, 100, 100 respectively, hence the following 
queries are put on the board : 

f = Tinr 

It therefore becomes necessary to reduce rir to thousandths 
and f ^ and f to himdredths. It is obvious that this can be 
done by multiplying both terms of the first fraction by 8, of 
the second fraction by 2, and of the third fraction by 12f . 
The board work is now increased as follows: 

7 ? 7 X8 56 

; 1000-^126 = 8; r;;rT7; = r— ;= .056 



125 1000' '125X8 1000 

ft 

31 ? 31X2 62 

-.-; 100.50=2; —=-..62 

5=J-;100-.8.12J,^-^..62J 

8 100' ''8X121 100 ' 

In this way a new series of useful business fractions is reduced 
to decimal equivalents and the results are committed to 
memory. 

Group III. In the third class we find fractions of the 
type of ft A, -A-j or the more unusual one like H, etc. 
The methods suggested above obviously do not apply. 
Since the reduction of such fractions constitutes one of the 
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necessary mechanical processes in arithmetic, it should be 
taught with a view towards habituation and therefore with 
a minimum of rational appeal. The mode of instruction is 
summarized below: 

Rational Form: 
Reduce f^ to a decimal. 



^=5-M6=16)6. =16)5.000 
Required form of solution after rational appeal: 

5 .3U 

16)5.000 
48 

20 
16 



Any attempt to evolve the process diagr^unmatically or 
from an analysis of the conditions involved will usually 
find children unable to comprehend the succession of rea- 
sons. The child who knows that every fraction is equiva- 
lent to numerator divided by denominator finds in the 

equation W=6-^16=16)6. a sufficient explanation to 
satisfy him. All available time should be spent on habituat- 
ing this process of reduction 

Decimal Equivalents of Common BvMness Fractions, — 
In the course of teaching the reduction of common fractions 
to decimal forms the child should be drilled on the decimal 
equivalents of the common business fractions h'ke |, |, 
if h +> h iy iV, etc. This work should be incidental. After 
a few additional common business fractions are reduced to 
decimal form, they should be subjected to rapid drill. After 
that, each fraction should be put on a perception card and 
added to the existing cards which the children know. Each 
day the cards are taken up in rapid order so that frequent 
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find regular drills are insured. The fractional equivalents 
not well mastered should be kept in full view of the class 
during the day. Five minutes devoted daily to similar 
rapid drills will soon reduce this information to habit and 
save much time when percentage problems are introduced. 
Many of the mechanical devices suggested in the discussion 
of multiplication tables or the forty-five combinations may 
serve as effective drills in fixing these decimal equivalents 
and making recognition of them instantaneous. 



CHAPTER XII 

PERCENTAGE AND ITS APPLICATION 

Introducing the Percentage Concept. — ^Every teacher 
reaUzes that in percentage a new name is applied to a form 
of arithmetical computation that is well known. But in 
teaching percentage inost teachers present the topic as 
though it were a new branch of arithmetic only remotely 
related to processes that the children already know. The 
best initial lessons on percentage are informal; the new 
concept is introduced almost incidentally. The first lesson 
may develop along the following lines: 

1. Ask child to solve: Goods cost $500, were sold at a profit 
pf .05, .06, tStf, etc.; find the gain. Elicit known mode of solution, 
viz., multiply and point off two places. 

2. Teacher tells class that in business practice the word " hun- 
dredth " is not used; neither is it used in class, for no one speaks of 
having received seventy hundredths in arithmetic. Elicit term 
"per cent." 

3. Ask child to solve the following: 

Goods costing $600, were sold at a profit of 5 hundredths or 5 
per cent, .07 or 7%, xtrr or 8%, etc.; find the gain. Show the 
sign %. 

4. Assign problems in known business applications, using the 
form, 7J%, 9%, 12%, exclusively. 

The children should not be aware that a new division of 
their work has been introduced, nor should the Latin per 
(by, or out of) and centum (hundred) be brought into the 
lesson. Every added term tends to confuse a concept that 
would otherwise remain very simple and clear in the chil- 
dren's minds. 

254 
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Per cent Equivalents of Common Business Fractions. — 
From the very first, the per cent equivalents of fractions like 
if h h if h +> A, T^> A> etc., must be recognized instan- 
taneously. Children who were taught the decimal forms of 
common business fractions learn the per cent equivalents 
in a few short drill lessons. If it is known that ^' is equal 
to .16|, an imperceptible effort is required to learn that ^ is 
also equal to 16f %. Children should be required to list 
the three forms in tabular form, thus: 

i .25 25% 
f .75 75% 

The Cases of Percentage. — ^The foundational work in 
percentage is the mastery of the cases, viz., abiUty to find 
the per cent of a number, the per cent one number is of 
another, to find a number knowing the value of a per cent 
of it. Concretely expressed, these cases are 25% of 120; 
30 is what per cent of 120; if 25% of a number is 30, what 
is the niunber? Most of the pedagogical problems that 
arise in teaching these cases of percentage can be traced to 
the fact that teachers themselves fail to reaUze that each 
case in percentage involves no new relationship of numbers 
and that they, therefore, do not lead children to recognize 
that the known fractional problems are here expressed in 
percentage form. In his work in fractions, the chUd found i 
of 25, what part 5 is of 25, and how many marbles he had 
originally if, in losing i of them, he lost 5. In teaching 
any of the cases of percentage, problems in the correspond- 
ing case in common fractions should be given out first and 
then the per cent form should be substituted. Thus, in 
teaching children Case II, the following examples may be 
used: 9 feet of a 27-ft. pole were broken off. What part of 
the pole was gone? The class register is 45, class absence, 
5; what part of the class is away? A train bound for 
Albany breaks down after traveling 30 nules. What part 
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of the 150-mile distance is completed? These problems are 
now restated and the teacher asks for the per cent of the 
pole that is broken, the per cent of the class that is absent, 
and the per cent of the distance that is covered. 

In simihir manner, the other cases of percentage may 
be introduced and taught. A summary of these cases, with 
their corresponding forms, may be helpful: 

Fractional Form Percentage Form 

Case I. — ^$150 must be raised for Caae I. — $150 must be raised for 
a poor family; i is oollected a poor family; 45% is col- 
the first day; how much of the lected Uie first day; how much 
necessary sum is now in hand? of the necessary sum is now in 

hand? 

Case II. — ^$40 was collected for a Case II. — ^S67.50 was collected 
fund to help a poor family; if for a fund to help a poor 
S150 is needed, what part of family; if S150 is needed, what 
the money is already assured? per cent of the money is 

already assured? 

Case III. — (A) A merchant who Case III. — {A) A merchant who 
sells to gain i on what he spent sells to gain 12% on what he 
finds that he gained S12 on a spent, finds that he gained S36 
transaction. What did he in- on a transaction. What did 
vest? he invest? 

(B) A train that completed i {B) A train completed 16% 
of its distance has 120 miles of its trip the first hour. It 
still to run. What is the has 168 miles still to run. How 
length of the entire trip? long is the trip? 

Goods sold for S25.50 in- Goods sold for S25.80 in- 
volved a loss of J on my invest- volved a loss of 14% on my 
ment. What was the invest- investment. What was the 
ment? investment? 

(C) Goods sold for S25.50 (C) Goods sold for S14.44 a 
brought a profit of i. What gross, brought a profit of 12%; 
did they cost? find the cost per gross? 

This mode of developing the cases of percentage has 
much to commend it. It is a short and rapid process re- 
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suiting in economy of time. It involves a logical associa- 
tion and thus integrates the field of arithmetic. It leads 
to better comprehension, new viewpoints, and more lasting 
impressions, becaxise of the incidental reviews inherent in 
this method. 

Drills on Percentage Concepts and Relationships. — ^A 
comprehension of the cases of percentage, and of the proc- 
esses of relationships involved, is only the first step in 
developing the necessary habits in this branch of arithmetic. 
It is necessary to add to the daily oral work such exercises 
in percentage as will make the recognition and the solution 
of these various cases automatic. The forms of drill may 
be abstract as well as concrete. The following exercises 
form a partial list of the possibilites that can be devised: 

1. Find 1% of S500, of S50, $5000, S5. 
Find 10% of $500, $5000, $50, $5. 

Find 1% of 120; 2%, 2i%, 3%, 5%, 6%, 6J% of 120, etc. 
Find 100%, 200%, 150%, 300%, etc., of 25. 

2. Find 16i% of 12, 37^% of 24, etc. 

3. 12 is 16}% of what number? 

4. 12 is what % of 16? 

5. 12 is 20% more than what number? 

6. 12 is 14f% less than what niunber? 

7. What number is 16}% less than 12? 

8. What number is 16}% more than 12? 

9. 16 is what % greater than 12? 

10. 12 is what % less than 16? 

11. A's age is 40% more than B's. What per cent of A's age 

isB's. 

12. A does a piece of work in 5 days; B does the same work in 
8 days. What % does B work slower than A? 

The Business Applications of Percentage. — ^The most 
practical phase of percentage is its appUcation to the needs 
of every business situation. Much time and great care 
must be devoted to profit and loss, trade discoimt, dis- 
counting notes, insurance, commission and brokerage, taxes 
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and interest; for these sum up the business applications of 
percentage. There is no need of indicating the method of 
teaching each one of these appUcations of percentage) be- 
cause the teaching problems involved in all of these are very 
similar in nature. We might, however, suggest general 
prinqiples that are appUcable to all of them. 

All Applications of Percentage Repeat the Cases of 
Percentage. — In teaching each of the business applications, 
teachers must lead their pupils to recognize the repetition 
of the cases of percentage. Mathematically considered, 
interest, commission, and trade discoimt involve the same 
operations. In the following problems, the arithmetical 
relations among the numbers are identical despite any vari- 
ation in the business situations: 

1. $575 left in a savings bank for 1 jrr. and 8 mo. at 4% will 

earn what interest? 

2. An agent sold $2454 worth of goods in 1 month. What is 

his commission at the rate of 5%? 

3. Goods marked $24.40 are sold to retailers at a discount of 

15%. What does a retailer pay for them? 

1. $575 left in a bank for 2 yrs. earned $46 in interest. What 

is the rate of interest? 

2. An agent sold $2554 worth of goods and charged $127.70 

for his services. What is his rate of commission? 

3. Goods listed in the catalog for $28 a dozen are sold to retailers 

for $3.20 less. What rate of discount is allowed? 

The mathematical identity that exists among all of the busi- 
ness appUcations of percentage is clearly shown in the 
accompanying tables. The three elements of percentage, 
base, rate, and percentage, have their three. corresponding 
elements in each of the appUcations; the mode of solving 
each case must therefore be the same. It is a profitable 
exercise to translate each of the symboUc, representations 
and formulae in the table into a real problem. It is obvious 
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that this table serves as a summary for the teacher and must 
not be shown to the children. 

Every New Application to be Introduced by a Language 
Lesson. — ^The lesson which introduces a new application of 
percentage must be, essentially, a language. lesson. Since 
all forms of business applications of percentage are mathe- 
hiatically identical, the instructional problem resolves itself 
into an endeavor to make clear the meaning of the new busi- 
ness terms. In teaching the general subject of interest, the 
terms, interest, principal, rate, note, discount, etc., must be 
made clear; so, too, in insurance, the terms, face of policy, 
premium, life insurance, fire or accident insurance, etc., 
must be explained with great care and thoroughness. The 
child who knows the cases of percentage and who has a clear 
comprehension of the meaning of discount, catalog price, 
list price, and net price can solve almost any reasonable 
problem in commercial discount. Too much attention can 
hardly be given to the language phase in this branch of 
arithmetic. 

Motorize the Business Application of Percentage. — ^An 
effective medium of giving children vivid imagery of the 
actual business procedures in each of the apphcations of 
percentage is to dramatize the situations. In teaching 
stocks and bonds, a company should be organized in class, 
specimen shares should be written out, shares should be sold 
at par, at a premiimi, and at a discount, dividends should 
be declared and the dissolution actually achieved. Through 
such motorization a corporate organization becomes real, the 
modus operandi is properly understood, and the business 
advantage clearly perceived. In teaching insurance, sample 
poUcies should be shown and filled out to illustrate the 
various forms of insurance. So, too, in teaching interest 
and general elementary banking, children must fill out checks, 
check stubs, deposit slips, etc.; they must indorse checks to 
one another, compute interest, make pass book entries — 
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in a wordy every necessary business practice must actuaDy 
be performed. Private commercial schools boast of class- 
rooms specially equipped to illustrate these various applica- 
tions of percentage. No elaborate apparatus or furniture is 
really necessary to make this business procedure appear real 
and vital to the pupil. r»>:ii^ 

Children Must be Given Reasons for Various Bust- 
ness Practices. — ^It will not suffice merely to have children 
understand the terms and the procedure in the business ap- 
pUcations of percentage; they must be taught the reasons and 
the justifications for each business practice that is studied. 
Children who experienced no difficulty in solving any of the 
usual examples in interest, when asked why banks pay 
interest, gave a variety of answers that were interesting be- 
cause of the ignorance they showed of business practice. 
Almost all the pupils in the class believed that money de- 
posited in a bank is seciu*ely locked in large safes that defy 
burglars. When these children were asked whether it would 
not be fair for the depositor to pay the bank for this service, 
they readily assented. Such ignorance of the reasons why 
banks pay their depositors makes the topic of interest and 
all the computations that go with it meaningless number 
manipulations. 

Amusing information awaits the teacher who has not 
asked pupils why insurance companies pay the full face of 
the policy in case of death or fire. The following cases were 
presented to fourteen-year-old pupils: B, who pays a small 
premium of $15.50 annually for four years, receives $3000 
from the fire insurance company when his household goods 
are destroyed. A, who paid only $120 a year for four years, 
dies; his family received $5000. The answers that the chil- 
dren gave seemed to show that in their minds an insurance 
company was an eleemosynary institution composed of 
individuals of fabulous wealth whose compassion and charity 
knew no bounds. Evidently no attempt was made by the 



262 TEACHING OF ARITHMETIC 

teacher to explain the law of averages and chance to the 
class, to give the rationale of the principles that make 
insurance possible. Cursory investigation will show that 
children do not know why agents are paid commission rather 
than a fixed salary, why goods are listed at one price and 
sold at a discount, why double discounts, 20 per cent and 10 
per cent, are given rather than one large single discount, 
why banks discount notes, why stocks worth $100 one year 
are sold at a discount the following year, why people who 
are older pay a higher rate of insurance, why overhead 
charges are included in a computation, why certain houses 
are given lower rates of insurance than others — ^m a word, 
business practices, to the majority of our pupils, are devoid 
of reason and justice. 

Indirect Cases Rarely Used in Business Should Not 
Be Taught in Class. — ^The plea, so frequently made in current 
articles on the teachii^ of arithmetic, that all indirect cases 
should be omitted in the school, is not based on a knowledge 
of business needs. These indirect cases arise frequently in 
actual practice. A business man may know that he cannot 
sell certain goods for less than $3.20 a dozen and that his 
retail customers expect the usual trade discount of 20 per 
cent; his problem is to find that list price which will surely 
leave $3.20 when the 20 per cent discount is deducted. A 
publisher who sends out 8254 circulars and receives 743 
responses may desire to know what per cent of his appeals 
brought a response, in order to find whether these circulars 
are less efiFective than similar advertising plans. These 
situations are real and warrant the teaching of indirect cases. 
We must not, however, ask children to find " what sum of 
money must be left in the bank for one year eight months, 
to accumulate interest to the amount of $135.00.'' Condi- 
tions that are either rare or non-existent in the business world 
should be eliminated from the arithmetic of the school- 
room. 
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The Mode of Computation of the Business World Must 
Be Taught in the Class. — ^It is essential that the mode of 
computation that has been evolved by business practice, 
and which those engaged in conmiercial and industrial life 
deem most economical, should be taught in school. In 
teaching profit and loss children should not be taught that 
gain or loss is always reckoned on the cost; the practice in 
business often computei? the rate of profit on the volume 
of business, i.e., on the seUing price. In the example, 
" Goods sold for $12 brought a profit of $2.00; what is the 

■»-^^«;-— ^=^=r'«^— ; 

rect as — — - = t;^ = 7 = 20%. Children have repeatedly been 

marked wrong for computing rate of profit or loss on the sell- 
ing, price instead of on the cost. 

The method of computing double discounts is another 
mathematical situation in which the suggestion to follow 
business forms of computation might well be adopted. If 
discount is 33i per cent and 10 per cent, the simplest solu- 
tion is to set down " 66f per cent of catalog price " as the 
new list price after the first discount; 10 per cent is now 
allowed on this 66f per cent, or 6f ; deduct 6f from 66f 
and the remainder, " 60 per cent of the original catalog 
price,'' is the final selling price. This mode of computing 
is direct and superior in every way to the long process of 
find the first discotmt, the new price, the second discount, 
and then the final price. 

In finding the interest on a given sum of money for years, 
months and days, common business practice follows: (1) 
the six per cent base; (2) the method of aUquot parts; (3) 
the method of cancellation; (4) the method of appUcation of 
a formula; or (5) a convenient base, e.g., 12 per cent, 24 
per cent, 36 per cent, 1 per cent. Teachers must find which 
of these modes is the most prevalent in the local community 
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and teach that one in preference to the others. These 
methods are illustrated briefly: 

1. The Six Per Cent Base, — It is found by experience 
that economy of time and effort results from the use of a 
fixed base in computing the interest at any rate. A usual 
base is 6 per cent. Children learn that the interest on $1.00 
for 1 year will be $.06; for 6 months, $.03; for 2 months or 
J year, $.01; for 1 month, $.005; for 10 days or i of 2 months, 
$.00i; for 6 days, or iV of 2 months, $.001, etc. If in- 
terest is sought at 7 per cent, the answer found by using 6 
per cent is increased by |; if 7J per cent, by i; if 8 per 
cent, by |. If interest at 5 per cent is sought, the result 
obtained by using 6 per cent is decreased by i of itself; 
if 4i per cent, by J; if 4 per cent, by J; if 3 per cent, by 
if etc. Since 6 per cent is used as a basis in all examples, 
children become expert in finding interest by short cuts 
and much time is saved. To illustrate: Since the interest 
for 60 days at 6 per cent is 1 per cent, we can find the 
interest on any amount for 60 days at 6 per cent by mov- 
ing the decimal point two places to the left. The teacher 
can readily see this economy of labor by solving for himself 
a few examples in interest. 

^ .2. Method of Aliquot Parts. — ^By the method of aliquot 
parts, the ratios are sought in the time rather than in the 
rate of interest. Some period, usually a year, is taken as a 
base, and the additional time is computed on it. 

Find the interest on $450 for 2 years, 7 months, 23 days, at 6%. 
Interest for 1 year =$27,00 
Interest for 1 year =27.00 

Interest for 6 mos. =13.50 (J yr. hence i of $27.00) > 
Interest for 1 mo. = 2 . 25 (J of int. for 6 mos.) 
Interest for 20 days = 1 . 50 (J of 2.25; 20 days =i of 1 mo.) 
Interest for 3 days = . 225 (3 days =tV of 30 days, hence take 

.1 of $2.25) 

Interest for 2 yr., 7 

mo., 23 days is $71 . 475; ans. $74.48. 
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3. Method of Cancellation. — ^A convenient method of find- 
ing the interest on notes that have run a given number of 
days is to find the interest on the total amount involved for 
one year, and then to find the interest for the fractional part 
of a year that actually elapsed. This may be illustrated in 
the following problem: " A note dated March 18, 1915, for 
$180 with interest at 6 per cent was paid May 5, 1915. Find 
the interest and the amount required to settle the account." 

Note ran 13 da3rs in March, 30 in April and 5 in May, a total 
of 48 days. Express 48 days as -/gV of a year. The interest on 
$180 for one year would be $180 X .06, hence for 48 days, the interest 
may be expressed in the following form that encourages cancella- 

***""• 03 

f^% 180. 00 face of note 

r 

$181 . 44 amount due. 

4 and 5. Other Methods of Computing Interest. — Interest 
m^y also be computed by a formula after the process in- 
volved and the logic of the various steps have been reduced 
to habit. The formula is introduced at a point where it 
sums up in convenient form a procedure that is thoroughly 
comprehended. Another method of computing interest se- 
lects 12 per cent or 36 per cent as the base instead of the 
prevalent 6 per cent. The steps in the solution are identical 
with those of the 6 per cent method and the advantages, 
generally speaking, hold for these new bases as well as for 
the 6 per cent basis. 

It is advisable to teach children to use interest tables 
in simple and in compound interest. Children must know 
the value of these tables and the method that was followed 
in developing them. All good textbooks in arithmetic have 
reproductions of these tables. The accompanying table is 
an abbreviated form showing the interest computed by years, 
days and months. (Fig. 17.) The obvious solution is fol- 
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Condensed Interest Table. Rate 6%. 







1 ^ 




$4000 


$5000 


$6000 


$7000 


$8000 




YpAra 


SIOOO 


^v^r .1 


ssooo 


$9000 






f 




1 


60 


120 


180 


240 


300 


360 


420 


480 


540 


2 


120 


240 


360 


480 


60C 


720 


840 


960 


1080 


3 


180 


360 


540 


720 


900 


1080 


1260 


1440 


1620 


4 


240 


480 


720 


960 


1200 


1440 


1680 


1920 


2160 


5 


300 


600 


900 


1200 


1600 


1800 


2100 


2400 


2700 


6 


360 


720 


1080 


1440 


1800 


2160 


2520 


2880 


3240 


• ■ • 


• ■ ■ 


• • " 


• • • 


• • ■ 


• • • 


• « ■ 


. . . 


• « • 


■ • • 



Months 

1 
2 
3 
4 
5 
6 
7 
8 



$1000 


$2000 


$3000 


$4000 


$6000 


$0000 


$7000 


$0000 


5 


10 


15 


20 


25 


30 


35 


40 


10 


20 


30 


40 


50 


60 


70 


80 


15 


30 


45 


60 


75 


90 


105 


120 


20 


40 


60 


80 


100 


120 


140 


160 


25 


50 


75 


100 


125 


150 


175 


200 


30 


60 


90 


120 


150 


180 


210 


240 


35 


70 


105 


140 


175 


210 


245 


280 


40 


80 


120 


160 


200 


240 


280 


320 


• • • 


• • • 


« • • 


• ■ • 


• • • 


• • « 


• • • 


• • • 



45 
90 
135 
180 
225 
270 
315 
360 



Days 



1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 



$1000 



.167 

.333 

.500 

.667 

.833 

1.000 

1 . 167 

1.333 

1.500 

1.667 

1.833 

2.000 

2.167 

2.333 

2.500 

2.667 

2.833 

3.000 

3 .167 

3.333 



$2000 



.333 
.667 
1.000 
1.333 
1.667 
2.000 
2.333 
2.667 
3.000 
3.333 
3.667 
4.000 
4.333 
4.667 
5.000 
5.333 
5.667 
6.000 
6.333 
6.667 



$3000 



.50 
1.00 
1.50 
2.00 
2.50 
3.00 
3,50 
4.00 
4.50 
5.00 
5.50 
6.00 
6.50 
7.00 
7.50 
8.00 
8.50 
9.00 
9.50 
10.00 



$4000 



.667 

1.333 

2.000 

2.667 

3.333 

4.000 

4.667 

5.333 

6.000 

6.667 

7.333 

8.000 

8.667 

9.333 

10.000 

10.667 

11.333 

12.000 

12.667 

13.333 



$6000 



.833 

1.667 

2.500 

3.333 

4.167 

5.000 

5.833 

6.667 

7.500 

8.333 

9.167 

10.000 

10.883 

11.667 

12.500 

13.333 

14.167 

15.000 

15.883 

16.667 



$6000 



1.00 

2.00 

3.00 

4.00 

6.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

12.00 

13.00 

14.00 

15.00 

16.00 

17.00 

18.00 

19.00 

20.00 



$7000 



1.167 

2.333 

3.600 

4.667 

5.833 

7.000 

8.167 

9.333 

10.500 

11.667 

12.833 

14.000 

15.167 

16.333 

17.500 

18.667 

19.833 

21.000 

22.167 

23.333 



$8000 



1.333 

2.667 

4.000 

5.333 

6.667 

8.000 

9.333 

10.667 

12.000 

13.333 

14.667 

16.000 

17.333 

18.667 

20.000 

21.333 

22.667 

24.000 

25.333 

26.667 



$9000 



1.50 

3.00 

4.50 

6.00 

7.50 

9.00 

10.50 

12.00 

13.50 

16.00 

16.60 

18.00 

19.50 

21.00 

22.60 

24.00 

25.60 

27.00 

28.50 

30.00 



From Buker-Felter Arithmetics, Book 3. (Silver, Burdett & Co.) 



Fig. 17. 
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lowed. To find the interest on $875 for 2 years, 8 months 
and 18 days, at 6 per cent, we find : 

The interest on $1000 for 2 years is $120.00 
The interest on $1000 for 8 months is 40.00 
The interest on $1000 for 18 days is 3 . 00 

The interest on $1000 for total tune is $163.00 

But the amount is $875, not $1000, therefore the interest 
will be -ftyV or i of $163.00, which gives, 

$20,375 
g of $;^.^p = $142,625 or $142.63. 

A more elaborate table (Fig. 18) gives the interest at 
varying rates and for every combination of daj^ and months. 
To find the interest for 18 days, add the interest for 10 days, 
5 days, and 3 days; to find the interest for 8 months, add 
the interest for 6 months and 2 months; to find the interest 
for 14 days, add the interest of 10 days, 3 days, and 1 day; 
to find the interest on $767.50, use the following combina- 
tion: (Interest on $100X7) + (interest on $10.00X6)+ 
(interest on $7.)+(i interest on $1.00). A little practice in 
the use of the interest table soon makes the child expert in 
finding any time or money combination in a minimum of 
time. 
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INTEREST TABLE 
FouB Pkb Cbmt 



Iday 

3 days 

6 days 

10 days 

1 month.. . 

2 months. . . . 

3 months. . . . 

4 months. . . . 
6 months. . . . 

months. . . . 

1 3rear 



tl 


32 


S3 



$4 




35 


36 


37 


38 




39 



310 


3100 




















1 





























\ 


it 























1 


1 











■ 


■ 


i 


1 


1 


1 


1 


11 





.1 


1 


1 


1 


2 


l\ 


11 


3 


il 


33 


1 


2 


2 


3 


4 


6 


67 


1 


2 


3 


4 


6 


6 


7 


8 





10 


1.00 


li 


21 


4 


51 


6i 


8 


.»* 


10* 


12 


13* 


1.33 


2 


4 


6 


8 


10 


12 


14 


16 


18 


20 


3.00 


3 


6 





12 


15 


18 


21 


24 


27 


30 


3.00 


4 


8 


12 


16 


30 


24 


28 


32 


36 


40 


4.00 



31000 



11 

33 

.56 

1.11 

3.33 

6.67 

10.00 

13.33 

20.00 

30.00 

40.00 



FiTB Pbb Cbmt 





31 



32 



33 




34 


35 


36 



37 



38 




39 



310 



3100 


31000 


Iday 








1 


14 


8 days 
































4 


42 


6 days 























1 


1 


1 


7 


69 


10 days 














1 


1 


1 


1 


1 


u 


14 


1.39 


1 month 


1 


1 


1 


2 


2 


3 


3 


3 


4 


4 


42 


4.17 


2 months 


1 


l\ 


3 


3 


4 


5 


6 


7 


8 


8 


83 


8.33 


3 months 


1 


4 


5 


6 


8 


9 


10 


11 


13 


1.25 


12.50 


4 months 


1 


3 


5 


7 


8 


10 


12 


13 


15 


17 


1.67 


16.67 


6 months 


2 


5 


8 


10 


13 


15 


18 


20 


23 


25 


2.50 


25.00 


9 months 


3 


71 


11 


15 


19 


23 


26 


30 


34 


38 


3.75 


37.50 


1 year 


5 


10 


15 


20 


25 


30 


35 


40 


45 


50 


5.00 


50.00 



Six Pbb Cbnt 





31 



32 


33 


34 



35 



36 


37 


38 




39 



310 



3100 


31000 


Iday 














2 


17 


3 da^ 





























1 


5 


50 

















1 


1 


1 


1 


1 


8 


83 


10 days 








1 


1 


1 


1 


1 


1 


2 


2 


17 


1.67 


1 month 


« 


1 


2 


2 


3 


3 


4 


4 


5 


5 


50 


5.00 


2 months .... 


1 


2 


3 


4 


5 


6 


7 


8' 


9 


10 


1.00 


10.00 


3 months .... 


If 


3 


5 


6 


8 


9 


11 


12 


14 


15 


1.50 


15.00 


4 months 


2 


4 


6 


8 


10 


12 


14 


16 


18 


20 


2.00 


20.00 


6 months 


3 


6 


9 


12 


15 


18 


21 


24 


27 


30 


3.00 


30.00 


9 months 


4| 


9 


14 


18 


23 


27 


32 


36 


41 


45 


4.50 


45.00 


1 year 


6 


12 


18 


24 


30 


36 


42 


48 


54 


60 


6.00 


60.00 



From New York City Course of iStudy 

Fig. 18. 



CHAPTER Xm 

PROBLEMS; ORIGINAL APPLICATIONS 

Importance of Problems in Aritlimetic. — ^Problems vital- 
ize arithmetic, give purpose to its computations, and afford 
a medium for utilizing the skill it develops in children. 
Problems intensify the disciplinary values of arithmetic and 
supply motive for accuracy and speed in its mechanical 
operations. They arouse whatever interest arithmetic can 
stir in any child and give a quantitative interpretation of 
social, economic, and civic experiences. For these reasons, 
the study of problems in arithmetic now challenges our atten- 
tion. 

Meaning of a " Problem." — ^The term problem must be 
carefully differentiated from example, in arithmetic. A 
problem is a situation coming naturally into the life or experi- 
ence of an individual and capable of arousing his effort 
for its solution. An example is an indicated arithmetical 
procedure. Thus, the following are examples: " f of 24 is 
60% of what number? " " Reduce 5 bushels, 2 pecks, 3 
quarts to pints." " |+ A+f -* = ? " " 52i% of $5759.50 
= ?" " What will a load of flour weigh, if each bag averages 
98} pounds? " Each of these arithmetical situations indi- 
cates the mode of reasoning and involves mechanical ma- 
nipulation rather than thoughtful anal3r8is of mathematical 
relationships. A problem is more than related figures clothed 
in words. Its purpose is to develop modes of thought rather 
than to increase skill in handling figures. It is a situation 
that requires the pupil to make a readjustment of elements 
and forces; that challenges deliberative activities; that 
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brings before him a need arising in industrial or commercial 
life. Illustrations of problems will be offered in the succeed- 
ing phases of the discussion.^ 

Characteristics of Effective Arithmetical Problems. — 
1. Problems Must Be Real. — ^The first essential of an arith- 
metical problem is its ability to set before the child a real 
situation. School problems are, too often, artificial and 
arbitrary assemblages of conditions designed to stir children's 
mental activities. The class may be asked, ^'A earned 
$28.84 this week, which is 16|% more than he earned last 
week; what did he earn last week? " But every teacher 
knows and most children sense the situation as forced and 
unnatural. One of the new textbooks on arithmetic offers 
the following under the caption "Practical Problems": 
" A dying man decided to leave' } of his 600 acres to his old- 
est son; I of what he left the oldest, to his second son; f 
of what he left his second son, to his youngest, and the re- 
mainder to be divided equally between his wife and his 
daughter. What did the daughter receive? " Even those 
unfamiliar with the vagaries of the dying feel certain that 
the last hour is not given to arithmetical niceties nor to 
increasing the suspense of the heirs. 

2. The HypoiheUoal Problem. — ^The discussion of the 
hypothetical problem brings us face to face with the question 
of the desirability of including conditions that are not real. 
An imaginary situation may appear more real to the child, 
and certainly more attractive, than one taken from an activ- 
ity too familiar in his life. Fiction is often more real than 
history and fancy often more vibrant with life than fact. A 
h3rpothetical problem may stir a child to more intense 

^A study of problems in arithmetic that is worthy of careful atten- 
tion by all teachers is *' Material for Arithmetical Problems/' Bulletin 
2 (1914), issued by the Bureau of Reference and Research, Board of 
Education, New York City, Albert Shiels, Director. This pamphlet 
contains illustrative problems of every variety and for every school year. 
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activity and may excite curiosity and the puzzle instinct 
more rapidly than a business condition. Hypothetical 
questions may elicit greater expression of self-activity than 
inane problems of the type of " How many books at $.06 can 
I buy for $124.48? " or ** If one boy walks 2f miles to school, 
how many miles do 15 boys walk who live the same distance 
from the school? " It se^ms reasonable to permit occasional 
hypothetical problems that provoke thought and lead to 
useful habits of manipulation — especially when both the 
mode of reasoning and the form of the computation can be 
transferred to real arithmetical situations. 

3. Problems Must Deal voith Familiar hvJt Varied 
Activities, — It is evident that the conditions set forth in any 
problem should be about social and business activities with 
which the child is familiar. This does not necessarily mean 
that we must limit our problems to marbles, grocery pur- 
chases, and the usual monotonous round so often heard in 
the classroom, A situation, although imaginary, may be so 
clearly comprehended as to appear real to the child. Prob- 
lems based on conunon business* procedures, although not 
seen in .the immediate environment of the child, can readily 
be imaged by children and acquire a semblance of reaUty. 
Problems must not be bas^d, however, on unusual pro- 
cedures in banks or in technical industries that are unknown 
to the child; their settings must be familiar or capable 
of being clearly imaged. 

4. Conditions in Problems to Be True, — In formulating 
problems it is essential that costs, distances, speeds, ca- 
pacities, etc., referred to, should approximate the facts of 
life. Children should not be asked to find the cost of 254 
bales of cotton at $2.50 a bale; to find how many miles per 
hour a train runs that covers a distance of 189 miles in 2\ 
hours; to find how many square feet of wall and ceiling 
will be plastered in a room 20X 15X9J feet; to find the cost 
of 2 tons, 3 hundredweights, 82 pounds at $.52^ per pound; 
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to find the premium on a life insurance policy of $3550 at 
1% insurance; to find how far a man walks in 4| days who 
walks 4 mil^ in one hour. All of these problems are taken 
from school arithmetics and embody assumptions and con- 
ditions that are false; cotton at $2.50 a bale is a ludicrous 
supposition; a regular train that runs 84 miles an hour or 
189 miles in 2^ hours is still a possibility to be achieved in 
the future; a room must have at least one door and one win- 
dow; conmiodities purchased in large bulk are sold by the 
himdredwe^ht; not by the potmd; life insurance policies do 
not set so fixed a sum as $3550, nor is the premium rate at 
any set percentage on each dollar. 

A typical illustration of the divorce between classroom 
and business practice is found in the problems that are 
usually taught under the head of Partnership. The prob- 
lem reads as follows: A and B enter into partnership, 
A investing $2000 and B $3000. At the end of the year it 
is f oimd that the earnings of the business is $4500. What 
will be the share of each? The usual solution takes a ratio 
form: • 

A deposits $2000 

B deposits $3000 

A and B deposit $5000 

A receives or f of the earnings or f of $4500 which is $1800 

5000 

3000 

B receives or f of the earnings or f of $4500 which is $2700 

5000 

B receives $900 more than A. But it must be assumed that 
A and B invest equal time, skill, and labor. According to the 
problem, the only difference in the investments of the two 
partners is B's additional thousand dollars. For investing 
$1000 B therefore receives a compensation of $900 or 90 per 
cent interest. The situation is not only imbusinessUke, but 
preposterous and even dishonest. What would the business 



PROBLEMS; ORIGINAL APPLICATIONS 273 

man's division of the earnings be? He would give to A 
6 per cent on his $2000 and B 6 per cent on his 13000, or 
$120 to the former and $180 to the latter. This money, 
$120+$180 or $300, would be deducted from $4500 and leave 
$4200, which would be divided equally between A and B 
as a form of salary. For investing an added $1000, B re- 
ceives an added interest of $60, a fair return. Hence B's 
total share would be $2100+$180 or $2280 and A's, 
$2100+$120 or $2220. 

An effective arithmetical problem gives knowledge which 
supplements the daily experience by emphasizing its quan- 
titative aspect. The problems cited above are not true 
to the facts of life. 

5. Language of Problems. — ^A problem must be set forth 
in language that is clear, simple, and attractive. To word a 
problem correctly requires, among other things, a knowl- 
edge of the extent of the pupils' vocabulary, a ready control 
of a sufficient number of appropriate business or practical 
settings that are true in every detail, and also a fluency of 
expression. Formulating problems is, therefore, an exact- 
ing composition exercise which many teachers cannot per- 
form during an arithmetic lesson. A good text is, therefore, 
an agent of great worth in all problem work. 

Another language requirement is variety of construction. 
No set of problems should be so worded that the child learns 
to divide the first number by the second, the make the 
second number the denominator, etc. Teachers often give 
problems that follow the same sentence structure, thus: A 
man had $15.75 and lost $5.25, what per cent of his money 
did he lose? A boy who had 84 marbles lost 21; what 
per cent of his marbles did he lose? An auto tire guaran- 
teed to stand the wear of approximately 12500 miles lasted 
only for 3000 miles; what per cent of its expected i^ did 
the purchaser enjoy? In all of these problems the first 
number is the denominator and the second the numerator. 
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The problems must be so varied in sentence structure that 
the pupil will be forced to think before deciding on the solu- 
tion of each successive problem. For school authorities to 
submit model problems to teachers is not always a success- 
ful procedure, because stereotyped forms are often the only 
result. 

Types of Problems. — To secure variety in form and 
language of problems, it is necessary to employ the full com- 
plement of types of problems. These may be summed up 
under the following types: 

1. The Practice Problem. — ^New arithmetical situations 
and new types of solution are developed by isolated or prac- 
tice problems. These are almost like examples because 
they give no clearly imaged situation; they are imrelated to 
other problems and contain a cue word that suggests, if it 
does not actually tell, the operation that is desired. The 
following are practice problems: 

1. A man who earns $4.25 a day receives how much for a week 

of 5 days? 

2. A man buys pencils at 1 cent each and sells them for 18f^ a 

dozen. What is his profit on a dozen? 

3. At a rate of 70 cents a dozen for buttons, what will 72 buttons 

cost? 

4. A newsboy buys 5 papers for 3 cents and sells 30 papers daily. 

What is his profit each day? 

These problems are introductory and are designed to afford 
drill on a new mode of computation or solution. It is often 
diflicult to distinguish between a practice problem and an 
example. 

2. Problems Grouped around One Industry. — ^A device 
frequently employed in formulating problems is to group 
all given in one lesson or in a series of lessons around one 
industry. The first group of problems may pertain to the 
clothing industry, the next is based on athletics, a third 
deals with problems on the transportation of freight, a 
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fourth with the lumber industry, etc. There is great dan- 
ger that such problems wiU become artificial or duU— arti- 
ficial because we are forced to invent a graded series of 
problems aroimd the same setting, dull because the child 
tires of the repetition of the same situation. Too often 
problems so evolved and grouped teach more about indus- 
tries than about arithmetic. 

3. The Narrative Problem. — ^The narrative problems 
differ from the preceding type in that one situation is se- 
lected and made the basis of a set of closely related prob- 
lems. There is no attempt to study any one industry or to 
confine more than a few problems to the central theme. 
Thus, the morning newspaper tells of a state tax levy of 
$20,000,000 on the city. The teacher then formulates a 
series of problems on this situation, incorporating the fol- 
lowing conditions: 

(o) If the total city tax bill is $200,000,000, what per cent of 

it is due to the state levy? 
(6) The city contains about 5,000,000 people; what would be 

the per capita tax of this state levy? 

(c) If the tax rate is $2.30 per $100, what is the total value of 

the taxable real estate? 

(d) What would the tax rate have been per $100, if not for this 

state levy? 

(e) What difference does this state tax make to a man whose 

property is assessed at $62,000? 

Similarly, a new project, a subway, a canal, a new road, or a 
new school may be selected as the central theme aroimd 
which five or six interesting and useful problems concern- 
ing interest, taxes, dividends, per capita costs, etc., are 
formulated. These problems give an insight into business 
and civic affairs and illustrate the possibiUties of giving 
pupils an arithmetical interpretation of experience. The 
great danger in these closely interrelated and sequential 
problems is that an error early in the computation may 



276 TEACHING OF ARITHMETIC 

vitiate all the work which follows. This condition can be 
obviated by checking the child's answer after each separate 
problem. 

4. The " Real Situation " Problem. — ^Problems need not 
always be related to the same central situation nor to the 
one industry. They may be separate and distinct, each 
referring to its own set of conditions but each positing a real 
situation of life. ** Which is better, to sell 200 lbs. of flour 
during the week, costing the grocer $10.00, at 6 cents 
a pound, or to raise the price to 6} cents and sell only 120 
pounds each week? " Here we have a real situation prob- 
lem for the small grocer. So, too, children in an athletic 
contest played 8 games and won 5; the nearest competing 
class played 9 games and lost 3. What is the standing of 
each class? What will be the standing if each wins the 
next game? If each loses the next game? The members 
of the baseball team show the following records : 



Player 


At Bat 


Hits 


A 


18 


8 


B 


16 


4 


C 


16 


6 


D 


24 


8 


E 

• 
• 


18 

• 
• 


4 

• 
• 


• 
• 

K 


• 
• 

22 


• 
• 

3 


dinKthof 


ie omitted 204 


64 



What is the per cent scored by each batter? By ihe whole 
team? Here we have real situation problems for the aver- 
age American boy. 

5. Problems toiOunU Numbers. — In teaching the solu- 
tion of problems, we may, sometimes, be more concerned 
with clear visualization and acciu*ate comprehension of the 
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conditions and the development of sequential thought than 
with the actual manipulation and the answer. In such 
circumstances, it is advisable to give problems that contain 
no numbers and merely require children to " tell " the 
processes to be followed to obtain the answer. The fol- 
lowing are examples of this type of problem: 

(a) What must you know to compute the standing of a team in any 

competition? 
(6) How do you find the cost of goods that were sold to gain a cer- 
tain per cent and that brought a certain sum as profit? 
(c) Goods can be sold at a low price and a small profit is made; 

I can sell half the goods for double the profit on each article. 

How would you find which was more profitable? 
{d) Goods can be bought at a discount of $52.50 cash if I pay at 

once, and no discount if I pay in 90 days. How would you 

find whether it would be better to pay cash or keep my money 

in the bank for the 90 days? 
(e) If a room is twice as long as it is wide, and it is 44 feet long, 

how would you find the area of the floor? 
(/) A barrel contains 15 gallons, 3 quarts, and 1 pint; what else 

must you know to find the number of bottles that can be 

filled from it? 

These are only a few suggestions of a host of possibilities for 
accurate visualization, clear thinking, and close applica- 
tion in reasoning situations in arithmetic that involve no 
actual computations. As occasional exercises they are of 
great worth; as regular procedures they degenerate into 
stereotyped verbal reproductions. 

6. Incomplete Problems and 7. Problems Made by the 
PupUs. — ^The final types of problems are those in which 
children either complete an incomplete mathematical situa- 
tion or formulate the problem to illustrate a given formula 
or case. Thus, children may be asked the following: 

(a) A factory worth $36,600 was insured at a rate of $4.50 per hun- 
dred for only | of its value. What question may complete 
this problem? 
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Q>) Invent a problem giving the cost of an article after a discount 
is allowed and require that the list price be found. 

(c) 54% of my money is S3888. I keep the rest in a savings bank 

that pa3rs 3^%. How many problems can you make from 
this fact? 

(d) What facts must you know to find how long it will take a train 

to run from New York City to Albany? 

(e) What facts must you know to find whether it is better to keep 

money in a savings bank which pa3rs only 3% or to invest in 
safe stocks? Make a problem on these facts asking this 
question. 

Valrie of Having Children Complete or Invent Problems. — 
Completing problems and inventing new ones are forms of 
drill of great worth. The child usually analyzes a problem 
that is given him; now he must synthesize elements and 
relations to bring about a certain situation. Inventing 
problems gives a new view of number relations that leads 
to greater comprehension and deeper grasp. It is also a form 
of application that approximates natural conditions. In 
business the merchant finds it necessary to compute the 
rate of profit on his investment. He must gather the neces- 
sary figures and formulate his problem, viz., " With given 
costs of raw material, labor, rent, advertising, and with set 
total receipts, what is the rate of profit? " These drills 
in arithmetical inventions are analogous to the synthetic 
exercises in grammar. In the latter subject we not only 
expect the child to find an infinitive used as a substantive, 
but we also require the child to construct sentences which 
embody a nominative infinitive. Ability to invent problems 
gives evidence of mastery of the various types. 

Sources of Material for Problems. — ^To list the sources 
of materials for problems entails an enumeration of almost 
all the vital activities of life, for problem work in arithmetic 
correlates with all other subjects and experiences. The 
setting of problems must come from conditions in: (1) home 
economy, (2) personal earnings, (3) various occupations and 
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industries^ (4) commerce, (5) games and recreational activi- 
ties, (6) geography, (7) history, (8) elementary science, (9) 
drawing to scales, (10) statistics and graphs, (11) school 
administration, attendance, and class activities, (12) hy- 
pothetical situations, (13) social and civic activities, etc. 
The wider the range of sources from which problems are 
taken, the surer are they to approximate the needs of every- 
day life. 

Problems from the Textbooks. — ^It is expected that teachers 
will collect appropriate problems all the time in order to be 
able to supplement the material found in textbooks. But it 
must ever be borne in mind that to formulate acceptable 
problems entails a considerable draught on the teacher's 
time and energies. It is hardly fair to expect the teacher to 
be the author of all or even of most of the problems to be 
solved by any class. The textbook must discharge this 
duty in arithmetic as the printed text does in other subjectSr 
No supervisor expects his teachers to invent sentences for 
analysis, or texts for geography and history. It is the duty 
of the school to guarantee to the teacher for pupils' use 
textbooks that are rich in real and vital problems. 

STEPS m SOLVING A PROBLEM 

Orthodox advice in the solution of problems counsels 
that children shall be taught to (a) find what is given, (fe) 
ascertain what is required, and (c) discover the relation 
between these two conditions. But in the final analysis the 
third step resolves itself into " to solve a problem, dif- 
ferentiate the known from the imknown and then solve." 
A more definite procedure must be formulated if children are 
to develop a mode of attacking and solving arithmetical 
problems. What steps should the child consciously take 
when confronted by a problem? The following four steps 
are submitted as an answer to this question: 
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I. A dear recognition of what is called for in the 

problem. 
II. Planning the solution. 

III. Carrying out the plan. 

IV. Checking the answer. 

Each of these steps must now be analyzed in order to deter- 
mine its significance and its procedure. 

I. Recognizing the Problem 

Children must be taught that the first step in the solution 
of a problem is to become familiar with its conditions by 
setting them forth under two captions, 

Given: 

Find: 
This is absolutely necessary if children are to work with a 
plan and toward a definite purpose. It is a common experi- 
ence to find children plunging into the heart of a problem 
without a preliminary analysis of what is given and a clear 
knowledge of what is to be found. In the midst of the 
solution, they occasionally become aware of an absence of 
aim, and confusion foUows. Children think with the ends 
of their pencils. To avoid this irritating condition teachers 
often tell their children, " Put down your pencils and 
think." The class sits impatiently a moment until the sig- 
nal to begin is given. But to command a class to '' think " 
gives them a task so vague as to induce a feeling of helpless- 
ness. Children must be told what to think about. To 
require them to set forth the elements of the problem 
under the words " Given " and " Find " leads not only to 
thought and to a familiarity with the conditions in the prob- 
lem, but also to a recognition of the goal of the problem. 
Children should not be permitted to proceed with their work 
without having completed this preliminary step, which 
should be insisted upon until it becomes habitual. 
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II and III. Planrdng the SohUion and Executing the Plan 

After the problem is clearly grasped, the child must 
determine the plan that will bring him to the desired answer. 
These steps should be indicated in some way in the course 
of the written work. Let us assume that the following prob- 
lem is to be solved; Steps 1 and 2 would then appear as here 
set forth. 

Mr. L. took a position in New York City at a salary of $2200 a 
year. After settling in his new home he had $3600 left in a bank 
that pays 4% interest semi-annually. What is his total income at 
the end of a year? 

Given: Salary $2200, principal $3600, int. 4%, semi-annually. 

Find: Total income. 

Plan: 1. Find interest for 6 mo. 

2. Find interest for 6 mo. 

3. Find total income. 

It may be objected that writing out such a plan would 
take no Uttle time, and that in business no such procedure 
is tolerated. But it must be remembered that so much 
penmanship should not be required in all grades. After 
children have acquired the habit of examining a problem to 
find known and unknown elements, and of planning the 
work, all written evidence of these mental operations may 
be discontinued. If the form of work suggested above were 
followed out in the fifth and the sixth year of the elementary 
course, children in the seventh year would no longer pre- 
cipitate confusion by rushing into a problem without a survey 
of its conditions and a tentative plan for its solution. The 
pupil in grades below the seventh year is not yet ready to 
meet the demands of business. It is hoped to inculcate in 
the early years those habits of thought that will make the 
child's later work sound. 

Methods of Solving Problems in tlie School Course. — 
There are a number of modes of solving problems throughout 
the school course, each having its proper place and time. 
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These methods will be summed up in tabular form before 
entering upon the discussion of each. 

1. The graphic method. 

2. The method of analysis. 

A, By the ratio method. 

B. By unitary analysis. 

C. By algebraic equation. 

D, By proportion. 

3. The use of a rule or formula. 

1. The Graphic Method. — When to Use it? — The 
graphic method of solving problems and examples should be 
taught when the type is new or when the conditions of a 
problem are difficult to imagine. Thus, if the new example 
is, " A boy had 24 marbles left iafter losing i of what he had. 
How many had he at first? " the child has never had the 
indirect case. The conditions must be reduced to graphic 
form. The original number of marbles from which i was 
lost must be reckoned as f . These f are represented in a 
diagram, as below: 



^ 



Had atFint 



"^ 



i 


1 

6 
6 Marbles 


1 
5 

6Mttihle8 


1 
5 

eMoibles 


1 
T 

6Mudl>Ie8 



Lost 



V. 



Left 



Fig. 19. 



It is obvious that i of the number of marbles was left. 
But we know that 24 marbles were left, hence each box or 
each i of the original number is equivalent to 6 marbles. 
This is foimd by inspection. Since there are 5 fifths, he 
must have had 6X6 or 30 marbles. 

Similarly: One-foiuth of my ruler broke and I had 18 
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inches left. How long was the ruler? The ruler contains 
4 fourths represented in the diagram below: 



1 

4 


1 
4 

6 Inches 


1 

4 

6 Inches 


1 
4 

6 Inches 



V ■ " 

Broken 



,^^w 



^^ — 
Left 



Fig. 20. 



f of the ruler was left and this measured 18 inches, 
hence each quarter was 6 inches long (found by inspection) 
and the entire ruler was 24 inches. 

A school allows Grade 6A a plot in its garden measuring 
9X18 ft. A path 1 foot wide is run through the plot, 
parallel to the 18-ft. sides. Each pair of children is given 
8 sq. ft. of ground to plant. How many small plots were 
thus made and how many children planted seeds in this 
class garden? Here we have a situation that cannot be vis- 



9 



One Foot Path 



9 



Fig. 21. 



ualized by the child imless he draws a rectangle 18X9, and 
then draws a 1-ft. path leaving two stretches, each 4 by 
18 ft. The plot of 8 sq. ft. is obtained by subdividing the 
18 ft. length into subdivisions of 2 ft., thus giving rect- 
angular forms 4X2 ft. With the aid of a diagram the con- 
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ditioDS of the problem are carried out and the child is led 
to the answers required. 

2. Method by Analysis. — When to Use It — ^It is ob- 
vious that children must learn to solve problems without 
diagrams. In introducing a new type of problem every 
graphic means which will translate the relations into con- 
crete terms is welcome. But these objective aids are only- 
means to an end, and must be abandoned after the initial 
lessons on the new problem. In the problem: *' A man can 
pay only $2550 to his creditors; this is 15 per cent of what 
he owes them; what does he owe? " we have a type similar 
to the examples about the marbles and the ruler which were 
solved graphically. It is obvious that the form of the prob- 
lem is new but the type is old. In all cases where a type of 
problem is either understood or where an old type is intro- 
duced in a new form, a method of rational anal3rsis and not 
one of graphic presentation should be used. 

lUustraiion. — ^In the earlier problem, it was foimd that 
^ of the number of marbles is 24; and the original number 
was required. The analysis without the diagram becomes, 
^ of the number of marbles==24 
i of the number of marbles= J of 24=6 marbles 
f of the number of marbles =6 marblesX5=30 marbles. 
The instructional difficulty is to teach children to under- 
stand that if i of the number of marbles == 24, then ^ of them 
is i of 24 and not i of 24. This can best be accomplished by 
referring once more to the diagram and using the word 
" boxes " instead of fifths, thus: 

4 

=; contain 24 marbles 

Boxes 

-r;; — contains i of 24 marbles. 
Box * 

But these " boxes " are " parts," hence use the form, 

4 

represent 24 marbles 
JL arts 
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p^ represents 1 of 24 marbles. 

The term " part " now gives way to " fifths," and we have 

4 

z^rrr' of the number of marbles is 24 
Fifths 

■=rrT- of the nmnber of marbles is i of 24.. 
Fifth * ^ 

The final form is now attempted, viz., 

i of the number of marbles»24 

i of the nmnber of marbles«i of 24. 

The fractions +, f , i, i, Ai A are used for drill in order to 
impress the mind with the fact that the denominator or the 
name of the part has no bearing on the issue involved. The 
children find ^ by taking J; similarly i, i, ^ or ^, by taking 
\ of the given quantity. In this way the gap between 
graphic representation and arithmetical analysis is bridged. 
In the problem cited above, children are led to see that 
15 per cent of the debt is $2550 and that 100 per cent of the 
debt is sought. The form employed iSi theref orCi 

15% of debt =$2550 
1% of debt= 
100% of debt « 

We must now ttun to the various forms of analysis that 
may be employed. 

A. and B, Ratio Method and Unitary Analysis. — ^The 
prevailing method of analysis of problems in recent years 
was to compute any quantity in terms of one as the unit. 
To find the cost of 6i lb. when f of a lb. cost $2.30, or to find 
how far a train can run in 4 hours and 40 minutes at the rate 
of 70 miles in 2 hours and 20 minutes, it was deemed neces- 
sary to find the cost of 1 lb. then the cost 6| lb., to find the 
number of miles covered in 1 hour and then the number of 
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miles in 4 hours and 40 minutes. With the ratio conception 
of number came the recognition that 1 need not always be 
the imit, but that any convenient number might be selected 
as the basis of computation. The older method is known 
as " unitary analysis/' the more recent form of solution as 
the " ratio analysis." The two modes of analysis are il- 
lustrated in the following parallel: 



Ratio analysis 

Given:! lb. cost $2.30 
Find: Cost of 6 J lb. 
Cost of i lb. known 
Cost of V- lb. is 

7Xcost of J lb. 
Hence $2.30 X 7 = $16.10 = 
cost of 6f lb. 



Unitary analysis 
Cost of I lb. = $2.30 

Cost of i lb.=| of $2.30= 



2.30 



Cost of I = 



$2.30X8 



Cost of 6i lb. = 

»^OX|X^^,jg 10 

1 1 

or cost of i lb. = I of $2.30 

cost of -TT- lb.==of 

8 T 



Given: Speed, 70 mi. in 2 hr. 

and 20 min. 
Find: Distance in 4 hrs. and 

40 min. 
2 hr. 20 min. = 2J hr. = J hr. 
4 hr. 40 min. =4f hr. =-^ hr. 
¥is2Xi 
.-. trainwillrun 
140 mi. in 4 hr. 40 min. 



$2.30X^?=$16.10 

7 

In i hr., 70 mi. 

In ihr., if of 70 =10 mi. 

In I hr., 10X3 =30 mi. 

In 4 hr. 40 min. will run 30 mi. 

^px^=140mi. 
p 

or in i hr . will run ^ of 70 
in Jgt hr. will run + of 70X 

14 =140 mi. 
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It is obvious that the ratio method is shorter and shows a 
deeper grasp of number relations than does the miitary 
analyses. Children must be taught to examine the quanti- 
ties in any example or problem and then to seek simple 
relationships or ratios between them. If, however, one quan- 
tity is no obvious multiple of the other, it will be necessary 
to find the worth of one and then multiply by the necessary 
number. 

C. Analysis by the Algebraic Equaiion, — It has long 
been the custom to introduce algebraic solutions in grades 
where algebra was taught as a separate subject in the course 
in elementary school mathematics. Formal algebra is 
gradually being eliminated from the upper grades of the 
school course and algebraic solutions are now advocated for 
grades as low as the fifth year. It was concluded in an 
earlier chapter that Uteral solutions must be introduced in the 
interest of better and readier manipulations of problems. 
Let us apply the algebraic analysis to any type of problem. 

A teacher paid $64.80 for a typewriter after receiving a 
teacher's discount of 28 per cent. What was the market 
price of the machine she bought? 

Let X denote market price 
28% of X or VWaJ denotes discount 

x—^^ijsx denotes cost to teacher 

$64.80 is cost to teacher 
ic-^a: = 64.80 
100x-28x=6480 
72x=6480 

6480 . 

72 

In this final analysis, this form of solution differs from 
the imitary analysis only in the use of the symbol x instead 
of the letters M. P. (market price). The same mode of 
reasoning is followed. As this type of problem changes 
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from discount to msuntnoe, the sQnnbol Pd. is substituted 
for the term policy. Had the example been one in com- 
mission, the abbreviation Com, would have been used 
to designate commission throughout. But the S3rmbol x 
does not make the analysis more literal than Af . P. or Pd. 
or Com, The algebraic analysis often simplifies the solution, 
gives a uniform analysis, eliminates awkward expressions, and 
supplants by a consistent and single Uteral form a variety of 
names and symbols. A comparison of the usual form of 
analysis with the algebraic will show its superiority at once. 
Goods are to be sold for $28.50 a gross and a discount 
of 5% to the trade must be given. What shall I mark the 
goods? 



Algebraic solvUon 

X denotes M. P. 

x—^ denotes S. P. 

$28.50 is S. P. 

x-^x^28,50 

20a?-x=570 

19a: =570 

570 
a;= — =30. Ans. is $30. 



Usual analysis 

M. P. =M 

Dis. =^ofM. P. 

itof M. P.=finalS. P. 
$28.50=finalS. P. 

Mof M. P =$28.50 

AofM. P.=TVof$28.50 

20 1 1-50 

-ofM.P. = -of$^)8.^(J 

X20 = $30. Ans. 

This solution is just as 
literal as the algebraic but 
more awkward. 

What Algebraic Forms Shall Be Taught in Arithmetic? — 
It is obvious that addition of polynomials, multipUcation and 
division of polynomials by binomials, factoring algebraic 
forms, and the Uke need not be taught for increased skill in 
practical phases of arithmetic. Only three types of equa- 
tions need be taught to give the child a better tool for work- 
ing arithmetical problems. 
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Caael. Forma:+5 = 19, finda:. 

Method: 1. Introduce through practical problem. 

2. Elicit equation form x+S^ld, 

3. Explain by device of a balance. 

x+5 19 

A 
(i) Elicit: taking equal amounts from the two sides 

of the balance will not disturb the balance, 
(ii) EUcit:ir+6-5-19-5 

ir = 19— 6orl4. 
(iii) Elicit: +5 on left side of equation becomes— 5 
on right side. 

4. Introduce through a problem the form 

x-5=22 
(i) By device of balance elicit: 
X -6+5 -22+5 

X =22+5 or 27. 
(ii) Elicit —5 on left side of equation became +5 on 
right side. 

5. Generalization: Law governing transfer of quantities 

in simple equations. 

Cases. Form 3x =27. 

Method: 1. Introduce through a problem. 

2. Reduce to equation form 3x »27. 

3. Use device of balance. 

ar 27 

A 

4. Elicit: dividing each side by 3 does not disturb the 

balance of the two sides. 

6. EUcit: 3x-^3-27-4-3 

x-27+3orV 

6. Multiply instances. 

7. Formulation of law for finding z in equations like 

19x -$570. 

Cases. Form X - it x= $28.50. 

Method: Teach how to clear of fractions by least common denomi- 
nator. Practice until habit is developed. 



290 TEACHING OF ARITHMETIC 

These simple equations constitute the most valuable con- 
tribution that algebra can make to the literal computations 
in elementary school pupils' arithmetic. If begun in the 
fifth year and continued gradually and persistently they 
increase both speed and accuracy of manipulation. 

D. Analysis by Ratio and Proportion. — Not as Fre- 
quently Used Today. — Solution of examples and problems 
by proportion is not used as frequently today as formerly 
for many reasons: (1) Proportion was discredited by the 
impossible problems that were usually listed imder it in 
textbooks. Examples of the following type were the rule 
rather than the exception: '' If 42 men build a wall 52 
feet long, 20 feet high, 3 feet thick in 27 days, how long 
wiU the wall be if 21 men are set to work for 64 days on a 
wall 15 feet high and 2 feet thick? " The movement for 
the socialization of arithmetic brought an elimination of 
these useless puzzles and a consequent limitation in the use 
of proportion. (2) The algebraic solution now introduced 
in the middle of the school course offers a satisfactory sub- 
stitute for proportion in many types of problems. (3) 
With the popularization of the ratio mode of analysis as 
opposed to the imitary analysis, proportion was found too 
cumbersome in many combinations. The truth of this is 
seen in the following problem: 

A freight train running at the rate of 16 miles an hour, 
takes 72 minutes between two towns. How long will the 
special milk train take for this trip if it nms at a speed of 
48 miles an hour? 

By ratio and proportion: 

16 miles : 48 miles= ? min. : 72 min. 

1 24 
16X72-5-48=^^^=24 minutes 
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By ratio analysis: 

Speed of 48 miles=3 times speed of 16 miles. 

Time necessary hence i of 72 minutes or 24 minutes. 
For these reasons proportion in arithmetic is now in a transi- 
tion state; it has lost its former place of importance, but it 
has not yet crystallized its new function. 

Value of Solution by Proportion. — It would cause a 
decided set-back in the solution of problems to eliminate 
proportion altogether, for this mode of solution might bring 
about economy of time and eSoft as well as greater accuracy. 
Let us see whether this is true in the following illustrations: 

When hay is selling at $24.00 a ton, what should be paid 
for 1750 lbs.? 

Ratio Analysis: 1750 is | of a ton, but most children 

would not perceive this relation. 

Unitary Analysis: Most children solved this example in 

terms of the cost of 1 lb. of hay. 

1 

of $24 X1750= Cost. 



2000 

Proportion: $24 : $?=2000 : 1750 

7 
?^ 3 

1 

If li inches on a map represent a distance of 360 mfles, 
how great a distance is represented by 3| miles on the same 
scale? 

Ratio Analysis: 3| is not a multiple of 1| and no obvious 

ratio can be seen. •" 
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Unitaiy Analysis: } in. represent 360 mi. 

i in. represents | of 360 mi. 
f in. represents f of 360 mi. 
3i in. represents } of 360 mi.XV- 

Proportion: 1^ in. : 3i in.»360 mi. : ? mi. 

^X360-^| 

30 

25 ^^0 % 

— X^^Xj=750mi. 

In these two problems proportion involves less analysis 
and leads more directly to the answer. 

How to Develop Ratio and Simple Proportion. — ^To 
teach ratio and pk)portion, it is necessary to give the child 
a rich concept of the ratio idea. This is best done through 
use of ratios rather than through definitions and formal 
explanations. The following procedure may be found 
helpful: 

(1) Concept of Ratio. — Practice should be given in ex- 
amples of the type, " 2 is what part of 4 " and children's 
answers should be tabulated as indicated. 

Teacher Pupil Teacher 

Asks Answers Tells 

2 is what part of 4? i The ratio of 2 to 4 is i; this may 

be written 2 : 4 or f or i 
3 is what part of 6? i The ratio of 3 to 6 is i; this may 

be written 3 : 6 or | or i 

2 is what part of 6? i The ratio of 2 to 6 is i; this may 

be written 2 : 6 or | or it 

3 is what part of 9? i The ratio of 3 to 9 is i; this may 

be written 3 : 9 or { or i 
etc. etc. etc. 
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After sufficient practice is given in this initial step, the 
children fill out the entire line for '' 6 is what part of 9/' 
'' 6 is what part of 8/' etc. The meaning of the term ratio, 
''the number expressing the relation of one quantity to 
another/' is now elicited. 

(2) Ratio as a Fraction. — ^The next step emphasizes the 
fractional equivalent of every ratio. Children write f, tf f > 
^ as ratios and 5 : 8, 7 : 16, 9 : 12 as fractions. This step 
can readily be deduced from the introductory step outlined 
above. 

(3) Introduce the Proportion. — To introduce the pro- 
portion, the two ratios, the fractional forms are used. 



Teacher gives 


Children are required to write 


i-i 


4: 6-2:3 


A-f 


9:15«3 :5 



(4) Introduce Mode of Finding Fourth Term, Knowing 
Other Three. — ^The teacher gives 3 : 5=9 : ? and asks 
children to give the fourth term. If they hesitate, recall 
the fractional equivalents l^^f; it is evident that the 
nimierator of the first fraction must be multiplied by 3 to 
obtain 9, the numerator of the second fraction; therefore 
the 5, the denominator of the first fraction, must be multi- 
plied by 3 also, hence 15 is obtained. Apply to a number 
of examples and list the work thus : 

Teacher gives Children give Analysis shows 

o K t% 9 3 9 9-^3 (to obtain 3, the common 

4 : 5- » : T ~ — y multiplier) X5 

9+3X6 or 9X5-^3, the fourth 
term. 

^ - ^rt o ® 1? 12-4-6 (to obtain 2, the common 

6:7-1^ :T y" f multiplier) X7 

12-^6X7-12X7-^6, the fourth 
term. 
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Teacher g^ves Childien give Analysis shows 

A . t' -»«} 9 11? 12-5-4 (to obtain 3, the common 

* • ^-A^ '^ 5 - y multipHer) X5 

12-J-4X5 -12X5-5-4, the fourth 
term. 

o A IK 9 3^ 15 15-5-3 (to obtain 5, the common 

d : 4 -10 : T ^ -y multiplier) X4 

15-^3X4 «15X4-^3, the fourth 
term. 

The teacher now introduces the technical terms, meanSj 
extremes, proportion. The analysis of each case shows that 
the product of the extremes equals the product of the means; 
that the product of the means divided by one extreme gives 
the other extreme. Apply to practical examples and prob- 
lems. 

(5) Introduce the Type in Which the Unknown Term 
is One of the Means. — Children who know how to find the 
fourth term of the proportion 3 : 5 = 16 : ?, may not have 
enough insight into the number relations to be able to com- 
plete the proportion 3 : 5 = ? : 15. This new form is nec- 
essary in problems of the type, " If 72 men working 10 
hours a day complete a given work, how many men are 
necessary when the law limits the hours of labor to 8 a day? " 
Here the proportion would be inverse, 10 hrs. : 8::? : 72, 
because more men are needed as the working day is reduced. 
The mode of explanation and analysis is similar to that sug- 
gested in step 4, except that the law of proportion (the fa- 
mous " rule of three ") is enriched by the statement " the 
product of the extremes divided by one mean gives the 
other mean." Practical problems in inverse and direct 
proportion are now given to apply these laws. 

6. Proportion Involving the Ratio of Different or Unlike 
Units. — ^This step is simple, for in ratio of 2 yards to 2 feet 
it is merely necessary to reduce the quantities to the same 
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units. The ratio now becomes 2 yards to f yard or 6 feet 
to 2 feet. 

7. Compound Proportion. — In dealing with a problem 
that involves three ratios we have compoimd proportion. 
Thus, the preceding problem may be made to read: " If 72 
men working 10 hours a day built one branch of a road in 
12 days, how many men are necessary to build the second 
branch of this road, which is just as long and just as wide, if 
the 8-hour law must now be enforced and the contract time 
is 18 days? " Compoimd proportion may well be eliminated 
from the elementary school curriculum, but where it is de- 
manded by the course of study, a purely deductive method 
of teaching it should be followed. One of two solutions may 
be taught, either the compound proportion or the two suc- 
sessive simple proportions. 

Compound Proportion: 

8 hrs. : 10 hrs. 

= 72 men : ? men 
18 days : 12 days 

6 3 4 

W>'»X^ =60 men 

I » 

Successive Simple Proportions: 

8 hrs. : 10 hrs. =72 men : ? men 



=90 



9 

1 
18 days : 12 days =90 men : ?men 

5 

12X^ ^ . 

— j^ =60 men. Ans. 



296 TEACHING OF ARITHMETIC 

Cautions in the Analysis of Problems. — Wd have seen, 
thus far, that problems may be analyzed by imitary analysis, 
' by ratio method, by algebraic equations and by proportion, 
each mode involving some degree of cancellation. There 
are important cautions that must be kept in mind if we are 
to make analysis of problems effective. 

1. Care with Algorisms. — ^Looseness of mathematical 
language betrays looseness of thought. It was shown in an 
earUer chapter that algorisms of the form of | = cost, i »i of 
cost, etc.^ must not be permitted. But it is not wise to 
become too meticulous about form. To condenm the can- 
cellation form, iX$5.70XV^, because there is here im- 
plied a process of multipUcation in which one multiplier 
is concrete, is to insist on futile refinements. 

2. Verbal Analysis of Problems Must Express the Thought 
Processes in the Child's Mind. — ^Verbal analyses are required 
because they give evidence that the child understands the 
process, they train in systematic and sustained thought, and 
they make an appeal to habit by their repetitions. But all 
these reasons for indulging in verbal analyses are frau^t 
with danger. They assiune that thought accompanies the 
child's words. When the child recites, " If f of the money is 
$27.90, i of the money is i of $27.90 and i of the money is 
i of $27.90X6 or | of $27.90," he may be repeating the 
teacher's " therefores," " becauses " and " sinces." One is 
often moved to question whether the reasons heard in an 
analysis of a problem are the child's own, whether they 
satisfy him, o^ whether they are imposed upon him. 

3. How to Secure a Thought Basis for Analysis of Prob- 
lems. — (a) When the process is understood, all verbal 
analysis should cease. At first the problem is solved 
rationally and by a consciously determined plan. With 
clear comprehension and increased familiarity with a type 
of problem, solutions should be freed from accompanying 
'' talk." 
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(6) Verbal analysis should be given only for new prob- 
lems and for new parts or new elements in problems. 

(c) The verbal expressions in the analysis of problems 
should, as far as possible, be the children's own and not the 
scientifically accurate language of the textbook or of the 
teacher. 

(d) Wherever possible the analysis of a problem should 
be given not verbally, but by diagram. In many of the 
problems cited in this chapter, a diagram correctly made by 
a child would give indisputable evidence of clearness of 
comprehension and of a thorough grasp of the mathematical 
relations. 

(e) All verbal analysis should be eliminated from the 
first four years. In these early grades verbal analysis de- 
generates into twaddle, into a mere mouthing of words 
utterly devoid of thought. 

3. SoLviNQ Problems by Rules ob Fobmuljs. — In the 
tabidation of methods of solving problems we find (1) the 
graphic method, (2) the analysis with its four distinct types, 
and (3) the use of a rule or formuke. The development 
of the inductive method brought the use of rules into bad 
repute. Teachers had so long given lessons that began with 
general laws and formulse, had presented symbols before 
thought — symbols which therefore fail to symbolize — 
that a complete reaction to solution by rules followed. 
If the rule or the formula comes at the proper time and has 
a rich foundation of experience and comprehension, it has 
many values. It gives a mastery of necessary symbols, it 
makes a general branch of knowledge permanent, it aids in 
reducing necessary facts to habit, it makes long verbal 
analyses imnecessary, and it gives power to deal with 
abstractions. Let us assume that children have solved the 
following type by rational analysis: ^' If I paid $5.40 for 
goods after receiving a discount of 20%, then i of the marked 
price is $5.40, i of the marked price is ^ of $5.40 and i of 
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the marked price is i of $5.40X5 or f of $5.40." Then 
they may be shown the short cut, " f of $5.40," and there- 
after they may find f or 100 per cent by dividing the known 
nmnber by the known fraction. Similarly, in finding the 
cost of one yard if If yards cost $2.73, it is not necessary 
to perpetuate the form, " If If yards cost $2.73, i of a 
yard costs + of $2.73 and t of a yard cost i of $2.73 X4 or + 
of $2.73." When the teacher has every guaranty that the 
children understand the analysis, she should lead them to 
conclude, " To find the cost of one, knowing the cost of any 
quantity, divide the cost by the quantity." In the very 
nature of the case, rules or formulse will come at the end of 
the term's work and toward the end of the school course, 
when they summarize the experience and the insight result- 
ing from the long use of the full form of analysis and 
rationalization. 

IV, Checking the Answer 

It was shown that there are four steps which a child 
should consciously take in solving any problem, I. Grasping 
the Problem, II. Planning the Solution, III. Executing the 
Plan and IV. Checking the Answer. The discussion thus 
far concerned itself with the first three of these steps. The 
fomiih need not detain us long, not because it is not of coor- 
dinate importance with the others in making for accuracy 
of results and in developing a helpful mode of thought, but 
because it was already treated in Chapter IX. There we 
stopped to emphasize the importance of checking answers, 
and of inculcating a critical attitude toward one's own work. 
We also set forth ways of testing results whether by accurate 
proof or by mere approximation. 



CHAPTER XIV 

DENOMINATE NUMBERS AND MENSURATION 

TABLE OF WEIGHTS AND MEASURES 

Place of Denominate Numbers in an Elementary Course. 
— ^The importance of the study of imits of measure in arith- 
metic is explained by the need that we have for them as 
media of exchange and of evaluation in social life. The 
character of these units of measure is often an index of the 
degree of development of a people. These measuring units 
have kept pace, step by step, in their progressive changes, 
with the growth in commerce, industry and science. The 
cruder the units of measure, the more primitive are the peo- 
ple who use them; the more interrelated and specialized a 
society becomes, the more refined and accurate are its imits 
of measm-e. But a clear perception of the importance of 
denominate nimibers is no justification for teaching much 
of what is traditionally included in textbooks and coin^es 
of study. The final criteria of what to teach in denomi- 
nate numbers are the same as those that obtain in all studies 
and in all branches of arithmetic, the needs and the prac- 
tices of business life. Because of the extent of the field in 
denominate numbers, discriminating selection and liberal 
elimination are essential. 

Gradation in the Use of Measurements. — ^There are at 
least three important steps that mark a graded teaching 
series which develops rich concepts of units of measm-e. The 
first consists of exercises of general comparison. Objects, 
lengths, and weights should be compared. Two textbooks 
held on the palm of one hand may be compared with a 
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number of books balanced in the other. lines of varying 
length are drawn on the board and their relative lengths 
are judged. The distances between any two objects in the 
room may be similarly compared with other distances. So, 
too, solids, boxes, and rectangles may be used in these 
*^ judging " exercises to train the senses and give a feeling 
for more, leas, larger, amaUer, heamer, taller, etc. In the be- 
ginning the elements contrasted are large and the differ- 
ences are very marked. As progress is made both the size 
of the objects and the differences in distance, bulk, and 
weight are gradually decreased. 

In the second step in the teaching of measurements 
defined but varying units are used. A cup, a chalk box, a 
step, a span of the hand, a drinking glass may be the measur- 
ing agent. The use of fixed and legally defined units marks 
the third step. The foot, quart, inch, dollar, cent, ounce, 
pound, or square inch are examples of these fixed units. 
These three — ^the imdefined unit, the defined and vajying 
irnit, and the fixed and unvaiying unit mark the sequence 
to be followed in teaching denominate nmnbers. 

Omit All Tables Not Commonly Used or Those Neces- 
saiy Only in Technical Industries. — The elementary 
school coxuise seeks to develop general skill in arithmetic 
which can be applied to any specific condition in which an 
arithmetical situation arises. For this reason, it must limit 
itself to tables of weights and measures that are used by all 
citizens in the course of daily relations. To teach troy 
weight or apothecaries' weight is to force all children to learn 
what a very few will need. Surveyor's measure, long ton 
and hundredweight, cord-foot, cord, perch and stone measure 
must be put into the same category of measures to be omitted. 
Children who learn liquid measure or the linear tables are 
acquiring units used by all citizens in the routine of life. 
This standard of selection would lead us to teach only the 
following in denominate numbers: 1, Tables: linear, square, 



DENOMINATE NUMBERS AND MENSURATION 301 

dry, liquid, avoirdupois, federal money, time and metric 
Cf3nitem; 2, such isolated but useful concepts as dozen, score, 
ream, gross, 16 fluid 02. in 1 pint, etc.; 3, the names and 
equivalents of the most common foreign monetary units, 
e.g., pound sterling, shilling, franc, lira, mark, and rouble. 
An examination of commonly used tesctbooks shows at once 
the complete absence of any social standard of selection in 
denominate numbers. 

All Units Must be Taught tlirou|^ Use.— While it 
is true, psychologically, that number is not a sense fact, 
we must ever be mindful of the fact that the number 
idea has its origin in sense experience. Children should 
learn foot, inch, yard, pound, pint, gallon, by using these 
units and measuring with them in a variety of situations. 
To most children foot recalls the equivalent twelve inches, 
but the association is purely verbal. None of these imits 
calls up the measure it represents. Teachers know how few 
children who have used these common imits for at least three 
years can give approximately the height of the door, the 
width of the window, the weight of the books carried to and 
from school, or the length and width of a surface contain- 
ing 120 square inches. Children in a 6 B class, when asked 
the height of an ordinary room, gave answers varying from 
25 to 60 feet. Only about 10 per cent gave the correct 
answer. When a class of college juniors was asked the 
height of an ordinary four-story brick building, the an- 
swers ranged from 35 to 200 feet; not more than 20 per 
cent gave a reasonable estimate. Too often imits of meas- 
ure are words and remain empty ideas because of early teach- 
ing which neglected to give a proper perceptual setting. 

How to Teach a Unit of Measure. — In teaching a unit of 
measure, e.g., the pound, v>9e and sevise appeal must be the 
keynote. A balancenscale, a number of weights, and a spring 
^cale must constitute part of the school equipment. Children 
are asked to hold a pound weight in each hand; to hold a 
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pound weight and then replace it with a number of books 
judged to weigh a pound; to estimate the weight of various 
boxes containing sand and of vessels containing water, etc. 
In each case the estimate is checked up. These exercises 
should be repeated for two or three minutes each day imtil 
the pound means a definite weight and recalls a certain 
resistance. In similar exercises the quart, the gallon, the 
pint, the foot, the ounce must be taught. Children who 
spend two minutes each day judging various distances in the 
class and checking their answers will, at the end of a fort- 
night, show marked unprovement in estimations of dis- 
tance. Children should know the width of an average city 
lot, the height of a room, of an ordinary building, and of a 
modern " skyscraper," so that 20 feet or 100 feet will call 
up a distance twice the height of an average room or the 
depth of a city lot, respectively. "Two himdred and 
thirty-one cubic inches " should be learned by making a 
cardboard box 7 by 11 by 3 inches, filling it with sand, 
and then comparing the contents of the box and of a 
gallon. Unless imits are learned through use, the tables 
based on them are associations that can never function 
intelligently. 

A Knowledge of a Variety of Important Units Should 
Precede the Formulation of Tables. — The complete tables, 
e.g., 12 inches =1 foot, 3 feet = l yard, 5J yards, 16J feet= 
1 rod, 320 rods = l mile, etc., should come late in the school 
coiu'se and should be preceded by a knowledge of common 
units taken from all useful tables. The child should know 
quart, cent, dime, foot, week, before knowing any one table 
in its usual formulation. From each table we select such 
imits as are most frequently used and such as will lend them- 
selves most readily to objective demonstration. For these 
reasons children learn foot before inch, quart before pint, 
cent before dollar, etc. The New York City course of 
study follows this organization and a general skeleton of its 
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assignment in denominate nmnbers is, therefore, submitt^ 
by way of illustration. 

The Tables to be Formulated by the Children. — ^In 
teaching a table it is not advisable to present it in complete 
form either on a large cardboard or on a page in a book. 
Children who have been taught the imits of any measiure 
should be led to discover the necessary equivalents, and 
should formulate these relations, step by step, as they pro- 
gress. Such a mode of developing a table gives it greater 
meaning and an attraction possessed only by those things 
that are the product of our own efforts. The old mode of 
teaching followed the archaic order, words, thoughts, and 
things; the modem procediu*e — ^things, thoughts, words — 
is not only more psychological but affords, among other 
teaching advantages, opportunities for rational rather than 
mechanical presentation, multiple sense appeal, reduced 
amount of drill, greater interest and self-activity, and a 
thorough perceptual basis of number facts. 

Denominate Numbers to be Used Only in Real Situa- 
tions. — The complaint that school arithmetic is too often 
divorced from business practice is found to be justified when 
one investigates the t3rpes of problems given in denominate 
numbers. Impractical and impossible examples fill pages of 
standard texts and take up weeks of classwork all to no avail. 
True, these exercises develop skill in manipulation, but not 
in a form of work that ever arises in real life. The following 
examples are taken from books much used in school systems: 

Reduce 2 A., 4 sq. rods, 8 sq. ft. to sq. in. 

Beduce 247,856 inches to higher denominations. 

Reduce 1 mile, 1 rod, 1 yard, 1 foot, 1 inch to inches. 

Express 58 rods, 2 yards, 2 feet, 2 inches as a decimal part of 3 miles. 

Each of these examples is an artificial situation evolved by 
textbook writer or teacher, and is not even remotely related 
to the practical needs of life. 
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It is usual to find children computing a quantity deter- 
mined by troy measure in terms of units of avoirdupois. 
A recent book asks: '' A silver bowl weighs 3 lbs. avoir- 
dupois; what did it cost at $1.00 per troy ounce? " Of 
course the situation is not true to life. A principal was up- 
braiding one of his teachers who permitted children to solve 
the example by reducing 3 lb. to 48 ounces avoirdupois and 
then to 4 lb. troy. But it was new to the principal that a 
grain troy is not the same as a grain avoirdupois. Not only 
is the problem artificial, but its solution is complicated. 
Problems of the type of '' if a man buys 5^ bu. chestnuts at 
12.00 per bu. and sells them at the rate of 10^ per liquid 
quart, what is his profit? " must also be condemned, for such 
knowledge is useful only to those bent on dishonest prac- 
tice. 

Correlate Denominate Numbers with other Branches of 
Arithmetic. Emphasize Oral Work. — ^As far as possible, 
denominate nimibers should not be taught as an independent 
branch of arithmetic. Units of measure must be incor- 
porated in work in fractions, in decimals and in funda- 
mental operations of whole niunbers. Let us consider the 
following questions: ^* How many gallons in a barrel con- 
taining 44 quarts? " " In 1^ ft. how many inches? " " In 
} of a yard how many feet? " " In 8i ft. how many inches? " 
" A length of 5 in. is what part of li ft.? " It is evident that 
these examples give practice in denominate numbers and 
should be oral and rapid to train children in the form in 
which these examples occur in actual business. 

Teaching the Arithmetical Operations in Denominate 
Numbers. — The essential operations in denominate niunbers 
are: (1) the four fundamental operations; and (2) reduc- 
tions to lower and higher forms. Little need be said about 
the former. Few teaching difficulties arise. Not much 
attention should be devoted to addition, subtraction, mul- 
tiplication, or division of denominate numbers, for they are 
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of unusual occurrence in the average person's work. If 
these topics must be taught, a deductive method will be 
foimd advisable. 

In teaching reduction ascending or descending, it is well 
to begin with a practical problem so that the children may 
see the importance of the process. If this work is graded 
carefully, preceded by plenty of oral exercises, and confined 
to reductions that do not include more than three successive 
ascending or descending units, little or no difficulty is experi- 
enced. The gradation of the most important steps is 
summed up below: 

1. Reduction descending. 

(a) One step; 7 yards to feet, 5 rods to yards, 16 hours to minutes, 
etc. 

(6) Two steps; 7 yards to inches, 5 rods to feet, two days to min- 
utes, etc. 

(c) One step and a lower denomination; 5 yards, 1 ft., to feet; 

2 hours, 15 minutes, to minutes. 

(d) Two steps and a lower denomination; 5 yards, 1 foot, to inches, 

3 hours, 30 minutes, to seconds. 

(e) Three steps, 1. Without lower denominations. 

2. With lower denominations. 
(/) Fractional reductions; f mile to yards. 

2. Rediiction ascending, 

(a) One step, even reduction; 24 inches to feet, 360 seconds to 

minutes. 
(6) Two steps, even reductions; 108 inches to feet and yards, 
(c) One step, remainder after reduction; 37 inches to feet, gives 3 

feet 1 inch. 



(d) Two steps, 2 remainders after reduction; 12 

3 



(e) Three steps, 1. Even reduction. 

2. With 2 or 3 remainders. 



122 inches 



10 feet and 2 in. 



3 yd. and 1 foot 
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3. PrMems which embody (he foUowing openxtions. 

(a) } of 2 yards and 2 feet is ? 

(b) 2 yards, 2 feet are what part of 3 yards 1 foot ? 

(c) 3yards, IfootXS? 

{d) A barrel contains 24 gallons, 2 quarts. How many bottles each 
holding 3 pints can be filled, etc.? 

The Metric System.— TF% It Should Be Taught.— The 
metric system must be made part of the course in denominate 
nimibers because: (1) Its decimal characteristics make most 
of its multiplications and divisions a mere matter of moving 
the decimal point; (2) it is so conomon in Europe that for- 
eign bills and commercial paper sent to America are com- 
puted in terms of its uiiits; (3) it is the system employed, 
almost exclusively in science; (4) the movement for its 
introduction into the United States is gaining popularity. 
While there are no iooimediate prospects that the metric 
system will be legalized here, it is necessary that the school 
graduate understand what he sees about this system in the 
newspapers. Although .the scientific superiority of the 
metric system is conceded and its uniformity and simplicity 
of manipulation are admitted advantages, there is a strong 
sentiment against abandoning our clumsy measures: first, 
because of the binding force of tradition, and second, be- 
cause of the necessity of completely changing all our tools, 
machines, computations, etc., from the one basis to the other. 
To many, the cost and the very real inconveniences involved 
in such a change seem to be great obstacles. 

Teaching the Metric Sjrstem. — Teach the Three Basic 
Units. — ^The first step is to teach children, as objectively 
as any other units, the three basic measures of the metric 
system: The meter, 39+ inches; the liter, the contents of 
cube the side of which is .1 of a meter; the gram, the weight 
of a cubic millimeter of distilled water. 

Teach the Diminutive Prefixes. — ^After the children have 
learned the metric units of length, capacity and weight, 
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have a clear ima^ of their equivalents, and can estimate 
distance, capacity, and weight, in terms of meter, liter, and 
gram, the diminutive prefixes should be evolved inductively 
by using our decimal system as an aid. The .1 gives the 
deci, the .01 gives the centi and the ,001 gives the mQli. 
These prefixes will readily lead to .1 meter or decimeter, 
.01 meter or centimeter, .001 meter or millimeter, etc. 

Use This Part of the Metric System in the Arithmetical 
Operations Characteristic of Denominate Numbers, — Exam- 
ples in finding areas, voliunes, equivalents in American 
measures, etc., should now be given so that the children 
master the new system, see its use, learn the abbreviations, 
and are practiced in recognizing equivalents. 

Teach the Augmentative Prefixes. — ^The prefixes of in- 
crease are more difficult for children because they are Greek 
derivatives. They must be taught deductively and with 
due emphasis on the American equivalents. We must make 
sure that the deka (XlO), hekto (XlOO), kUo (XlOOO), and 
myria (X 10000), are thoroughly understood. The aug- 
mented measures are now formulated and applied to a vari- 
ety of examples as suggested above. 

The Comparative Chart. — ^All work in the metric ^3rs- 
tem should be given with the comparative chart in full view. 
These charts showing our measures and the metric equiva- 
lents can be obtained from the appropriate Federal Bureau 
and from many manufacturers of school equipment. At 
every stage of the work we must give children this sense of 
equivalents. Unless we constantly translate one measure into 
the other, the metric imits will degenerate into mere names. 

When to Teach the Metric Sydem. — It seems desirable 
to postpone the metric system until the seventh school year 
for many reasons: (1) We must wait until the work in ele- 
mentary science offers a motive for learning the new system. 
2. Unless decimal manipulations are reduced to habit the 
metric forms will cause trouble. 3. Only when the child 
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has complete control of our own units of measure and the 
arithmetical manipulations of them, — only then will the new 
operations have meaning. 

MENSURATION 

Why It Should Be Taught in the Elementary School. — 
The topic of mensuration is subject to the same teaching 
abuses as that of denominate numbers. This branch of 
arithmetic is expanded beyond all rational bounds, more 
because the field is rich in mathematical possibilities than 
because of any pedagogical reason. It is necessary to formu'- 
late reasons that justify the teaching of mensuration so 
that they may serve as a standard in terms of which mate- 
rial may be selected and eliminated. 

Mensuration must be taught: (1) because of its variety 
of practical applications in computing lengths, distances 
and perimeters, in drawing to scale, in finding areas, in 
ascertaining contents of bins and tanks, in computing the 
cost of digging cellars, paving streets, la3dng sidewalks, 
papering walls, etc. (2) Work in mensuration is a means 
of emplo3dng the items of the various tables of measure; 
it constantly reviews their imits and their relations. 
(3) A body of useful terms is acquired. In mensuration the 
child acquires clear concepts of distance, area, volimie, par- 
allel, geometric forms, acute, obtuse, perpendicular, alti- 
tude, etc. — a host of ideas found in many subjects and in a 
variety of practical activities. But mensuration must never 
be taught in the elementary school because it paves the way 
for the study of geometry or because it introduces the child 
to geometric deductive reasoning We may indulge in no 
such disciplinary aims untQ the business world is thoroughly 
satisfied with the arithmetical accuracy and skiU of the 
school graduate. 

Teaching Principles Governing Mensuration. — 1. Knowlr 



310 TEACHING OF ARITHMETIC 

edge the ResvU of Adwd Experience. — ^To insure clear com- 
prehension, children should be required to perform all 
measurements, drawings, and constructions involved in 
teaching any principle of mensuration. Every child must 
be led to formiQate the law of areas of rectangles, triangles, 
parallelograms, cylinders, etc. By a process of construc- 
tion and superposition of parts, this inductive, heuristic 
method is possible beyond all question. No rules should 
be given nor should the teacher's blackboard drawings be 
the only objective aid. Every arithmetic lesson in men- 
suration should also be a lesson in drawing and construction 
work for each pupil. The lessons that conclude this chapter 
will illustrate this principle. 

2. No Geometric Demonstration. — Such rules of mensura- 
tion as require elaborate geometric demonstration and 
purely abstract reasoning shoiQd be reserved for the high- 
school course in mathematics. The volume of a sphere, of 
a cone, of a frustum of cone or pyramid, the area of trape- 
zoid and trapezium, of the surface of a sphere or cone are 
illustrations of the point in question. To include these in 
arithmetic is to misconstrue the aim of the course and the 
purpose of elementary school education. 

3. The Mode of Computation Mvst he the One Used in 
Industry. — ^To continue teaching children the logical prac- 
tices in papering, plastering, and carpeting, evolved by 
teachers and authors of books in arithmetic, but not used in 
actual industry is to widen the breach between classroom 
and life. Children are required to find the cost of papering 
a room 20X15X9| ft. at 12Jc. a sq. yd., deducting for two 
windows, each 6X4, 1 door, 4X6i ft., and a baseboard 1 ft* 
high. To find the answer the total number of square yards 
in the walls is found, the area of unplastered parts is de- 
ducted, and then the cost is computed. But in actual life 
the number of rolls necessary is found first. The paperhanger 
charges (1) for the paper at — dollars per roll, and (2) for 
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labor at — dollars per day per man. The elaborate proce- 
dures found in school-books which deduct one-half of the 
openings because of the difficulty of turning comers, or which 
indulge in imaginary business practices, result in misinfor- 
mation stud constitute a serious source of waste. 

4. Practice in Oral Estimates. — Much of the work in 
mensuration should consist of exercises which call for ap- 
proximate lengths, areas, volumes, perimeters and costs. 
This work, done orally and continued until a fair degree of 
accuracy is developed, is exceedingly valuable for practical 
needs in various business situations. 

5. Insist on Short Cuts in All Manipulations. — Men- 
suration entails no Uttle multiplication and division of 
numbers. It is desirable to incorporate in this branch of 
arithmetic as many short cuts as possible. In inventing 
problems the numbers should be deliberately chosen so as to 
encourage the use of short methods. Instead of finding the 
cost of excavating a cellar 38X15X8 yards, select one that 
is 12iX39X8 yards. The children naturally midtiply 12§ 
by 39 and then multiply the result by 8. Show them the 
need of looking for short cuts before beginning the mechani- 
cal operations. In this example we have 12|X39X8, which 
is 12^X8X39; 12|X8 = 100; 100X39=3900. If possibiU- 
ties for short cuts are deUberately introduced we can develop 
in children the habit of looking for them. 

6. The Metric Units. — ^Just as soon as the metric system 
is mastered, it should be applied in examples in mensura- 
tion. The areas of rectangles and triangles,, the volume 
of vessels, etc., can be found in metric units as well as in our 
present units of measure. 

ILLUSTRATIVE LESSONS IN MENSURATION 

Drawing to Scale. — ^We must stop to illustrate some 
important topics in mensuration. Drawing to scale is a use- 
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ful application of facts of denominate numbers. The steps 
that may be followed in developing the idea of scale are sug- 
gested below: 

1. Draw on board, cover of chalk box, circular cover of inkwell, 

top view of book. Use exact measurements. Children do 
same on board or on paper. 

2. Introduce new need, draw floor on board. Elicit, '^ We can 

draw a figure having the shape but not the size of the floor." 

3. Introduce idea of scale. Draw plan of floor; scale, " inch on 

board represents one foot of the floor measurement." 

4. Draw to scale a wall, the hallway, the street, the playground. 

5. Introduce varying scales for same object. Draw plan of the 

floor to scale i in. - 1 foot, 1 inch = 1 foot, 1 inch = 1 yard. 

6. Draw three rectangles on the board, each 4X3 feet. In one 

rectan^e draw plan of the room, scale 3 inches »! foot; in 
second plan of yard, scale 1 inch « 1 foot; in the third, a plan 
of the street, 1 inch « 2 feet. Children often say that Ger- 
many and the United States are the same size or that South 
America is half the size of the United States. Upon investiga- 
tion we find a full-page map of Germany and a full-page map 
of the United States, or a full-page map of South America 
and a double-page map of the United States. The changing 
scales are not taken into accoimt and the child makes the errors 
quoted above. These exercises in drawing to a scale ^ve valu- 
able aid in interpreting distance and size in geography. 

Area of Rectangle : 

1. Practice in finding area of cover of cigar box, of cover of book, 

etc., using a square inch and actually making measurements. 

2. Practice in estimating similar areas. 

3. Lead children to perceive need of finding a means of computing 

large areas other than by actually measuring the surface by 
means of the square inch or the square foot. 

4. Children and teacher draw rectangles 2X3, 3X4, 4X5 inches or 

feet, on papers or on blackboard. Develop law by analytical 
drawingjs like the following: 
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8 



4 



Fig. 22. 

Elicit, " 4 sq. in. in one row, 4 sq. in.XS (in 3 rows), etc." 
After a few rectangles are so treated, lead class to formulate 
the law, ** the number of square units in one row multiplied 
by the number of rows," 4 sq. in.X3 = 12 sq. in. or 3 sq. in. 

X4 = 12sq.in. Avoid4in.X3 in. =12 sq. in., 4X3X1 sq. in. 

«12 sq. in., because both forms are mathematically untrue. 

5. Grade examples in area: (1) length and width given in same 

denominations; (2) length given in one denomination, e.g., ft., 
width in another, e.g., yards; (3) fractions introduced 36} ft. 
by 12f ; (4) finding area when length and width are not given 
directly, e.g., find the area of a floor 30 ft. long and half as 
wide; find area of a square floor 16 ft. on a side. These 
examples, although hypothetical, are permissible because 
they are interesting to children and appeal to the puzzle 
instinct. They give perfect control of this basic principle 
of mensuration. 

6. Introduce formula, base X altitude, as area of any rectangle. 

Area of Parallelogram : 



1. Be sure children know distinguishing characteristics of the 

parallelogram. Let them draw a rectan^e and a parallelo- 
gram and point out all differences. 

2. Give problem showing need of finding area of parallelogram. 

3. The following procedure is suggested: all constructions to be 

made by children. 
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The parallelogram is drawn. The two triangles a and A 
are formed by drawing vertical lines to base. Cut out tri- 
an^es a and superimpose on A. Elicit: (1) the two triangles 





..J 



Fig. 23. 

are equal in area; (2) the new figure (when a is on A) is a 
rectangle; (3) the area of the rectangle is the same as the area 
of the parallelogram. Lead children to conclude that the area 
of parallelogram = base X altitude. Caution: Be sure that the 
children do not confuse the dotted line representing the alti- 
tude with one of the parallel sides of the parallelogram. 
Solve practical problems. 

Area of Triangles: 

1. Practical problems showing need of knowing how to compute 

area of triangular surfaces. 

2. Children draw a rectangle, a variety of parallelograms, and then 

one diagonal in each. The resulting triangles are now cut out 
and superimposed. Elicit: the area of a triangle is half the 
area of a parallelogram or rectangle. 

3. Children and teacher draw a right-angled triangle, 

trian^e having the shape of ^i^Zll;::::^^* a^d another 




Complete the rectangle or the parallelo- 



gram as follows: 
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Triangles are now cut out and the same conclusion is elicited, 
viz., the area of a triangle is half the area of a rectangle or 
parallelogram. 

4. L^ children to formulate the law: area of a triangle is half the 

product of base by altitude. Caution: Be sure children know 
the meaning of altitude. 

5. Practical problems are now solved. 

Area of Trapezoid. — The place of the trapezoid in an 
elementary school course may well be doubted. The author 
would counsel its omission, but since so many courses of 
study make it mandatory, the following method is suggested: 

1. Give problem involving the area of a trapezoid. Lead children 

to observe its distinguishing characteristics. 

2. Children and teacher draw the trapezoid. Extend the parallel 

sides a and 6, lay off the length of a on the dotted exten- 
sion of b. Layoff the length of b on the dotted extension 

a Jl 

7 
/ 

/ 

/ 



. / 



Fig. 24, 

of a. Connect the two lines. Lead children to note that: 
(1) the entire figure is a parallelogram; (2) the large 
paraUelogram is made up of two trapezoids. 

3. Children cut out the two trapezoids and superimpose one on 

the other. Elicit: (1) the two trapezoids are equal in area; 
(2) each trapezoid \a i the large parallelogram, hence, 

area of trapezoid »^ area of large parallelogram. 
But area of a parallelogram is base X altitude, hence, 

area of trapezoid <*^ (base X altitude). 
But the base of the parallelogram is the sum of the two parallel 
sides of the original trapezoid, hence, 

area of trapezoid »} (sum of two parallel sides X altitude). 

4, Practical Problems. 
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Volume of Rectangular Solids. — The plan suggested for 
teaching the area of a rectangle can be followed for teaching 




Box 5x4x3 

Fig. 25a. 




First Layer of Cable Ineh«t 
Fig. 256. 
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the volume of rectangular solids. At first, contents of 
cigar boxes and the like are measured with a cubic inch and 
then practice is given in estimates. In developing the law 
we must avoid, "3 in.X5 in.X4 in. =60 cubic inches." 
The law is derived by finding that there are 15 cu. in. in the 
first layer of cubic inches and that there are four layers of 
them. To teach this law concretely blocks are necessary 
which are laid in four layers of 15 each. After the law is 
developed, thoroughly understood, and appUed to a number 
of examples and problems, the formula, " length X width 
Xheight," or LXWXH, is given as the short form. 

The Circle. — ^There are no teaching problems in leading 
children to imderstand circle, circumference, radius, diam- 
eter, " 3+ times the diameter," etc. All these facts and 
relations can readily be demonstrated objectively. Every 
child can be led to discover that the circumference is 3+ 
times the diameter. A hoop is rolled on a straight line on 
the floor, starting with the point X and ending when the 
X once more touches the floor. The distance traversed by 
the hoop is compared with the distance across its widest 
part, and the resulting ratio of 3^- is easily obtained. 




Fig. 26. 

The area of the circle can be taught deductively or from 
the class text. The children thus obtain the law rr^ and 
apply it forthwith. But pedagogical authorities, for some 
reason, eschew such economy in teaching a topic of doubt- 
ful worth to the average school graduate. The following 
procedure is, therefore, outlined for the teacher whose 
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course of study prescribes the area of the circle and whose 
supervisor insists on an inductive development. 

After the area of the circle has been properly motivated, 
children and teacher draw a circle and cut it up into six- 
teenths by means of diameters. Each child then cuts 




Fig. 27. 



across the horizontal diameter and now has two semicirdes, 
each showing 8 sectors thus (Fig. 28) : 




FiQ. 28. 




Fig. 29. 
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Beginning at the center, cut along each radius to a point 
almost touching the circumference. The first and the last 
divisions are now taken up by the forefinger and the 
thumb (Fig. 29) and gently stretched until the sectors of 
the semicircle are arranged in a horizontal row (Fig. 30). 




Fio. 30. 

The same constructive operation is performed with the lower 
semicircle and the two sets of sectors are dovetailed into each 
other to form a figure closely approximating a parallelogram. 




Fig. 31. 



The following equations are then eUcited from the class: 
area of parallelogram = area of complete circle, 
area of parallelogram = base X altitude, 
area of the circle = base X altitude. 

But base is | of the circumference and the altitude is the 
radius, hence, 

area of circle =| circumference Xr. 
Substitute for circumference 3| X diameter or rd, hence 

area of circle =4 irdXr. 
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Substitute, " 2 radii " for diameter and the equation becomes, 

area of circle = i 7r2rXr. 
Cancel, 

area of circle =7rrXr=7rr^. 

Other Areas and Volumes. — ^These illustrative lessons 
emphasize the need of leading children to discover the laws 
of mensuration through drawing and construction work, and 
also of beginning each lesson with a practical situation as 
well as with a clear comprehension of the characteristics of 
the geometric form to be taught. The law for the area of 
the surface of a cylinder, the law for the cubical contents 
of a pyramid or cylinder, or any other law that the course 
of study may demand in mensuration can be taught by 
methods which embody the aim, the organization, and the 
general characteristics of the illustrative lessons given in 
this chapter. 



CHAPTER XV 

BUSINESS FORMS 

Place in the Course of Study. — Business f onns have an 
undisputed place in the course of study because of their 
importance in all business relations. Heretofore, courses of 
study have made them an incidental rather than a major 
element in the teaching of arithmetic. It was erroneously 
conceived that most business forms have Uttle disciplinary 
value, and were therefore given only passing attention. 
Every business form motivates itself because it appeals to 
the child as necessary in his present Ufe as weU as in his later 
work. For this reason it secures maximum attention and 
concentration from pupils and leads them to perform the 
work with greater care than is bestowed upon a topic that 
does not seem so useful. 

What Business Fonns Shall be Taught in the Elementary 
Course? — ^Every necessary and commonly used business 
form must be taught the child before the elementary course 
is completed. The business forms that merit a place in the 
cotu-se of study in arithmetic are given below in the order 
in which they may be taken up. 

1. Bills. 

(a) For articles purchased on same day. 

(6) For articles purchased on a different da3rs. 

(c) Bills receipted in full payment. 

(d) Bills showing payment on account. 

(e) Bills for labor or services rendered. 

(/) Bills showing a discount or a double discount. 
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(g) Bills showing credit items allowed, i.e., a person lis 
charged S25.40 for 6 articles purchased but allowance is 
made because 2 of these, costing $6.10, were returned. 

2. Invoice. 

Children must be led to understand that an invoice 
is a memorandum of goods shipped, showing quantity, 
quality or style, cost, mode of shipment, etc., so that 
the purchaser may be able to check up what he received 
with what he will be charged. A bill, on the other 
hand, gives most of this information, but comes in the 
nature of a request for payment. 

3. Monthly statement. 

4. Orders. 

>^ In teaching children to order goods, catalogs should 
be used and the necessary information to be sent must 
be decided on before the order is written. Children can 
be led to see the need of telling (a) the exact date the 
article is ordered, (6) its catalog number, (c) quantity and 
quality such as color or size, etc., (d) date of shipment, 
(e) mode of shipment, (/) place to which goods are to be 
sent, and (g) mode of payment. It is not always neces- 
sary to give all this information, for items (d) and (e) 
may be of no importance in some forms of business; 
item (/) must be given when goods are sent to warehouses 
or to a customer of the firm making the order, and item 
(g) applies only in limited cases. 

5. Receipts. 

In making out receipts vary the conditions, i.e., re- 
ceipt in full payment, on account, for goods received 
as well as for money. In all cases children should make 
out the stubs as well as the receipts. 

6. Checks. 

In connection with the study of checks, the children 
should be taught: (a) making out stubs; (&) paying 
to the order of a firm, or to the order of John Jones, 
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Treasurer y not John Jones personally; (c) paying to 
order of cash; (d) indorsements; (e) certified checks; 
(/) how a check serves as a receipt. 

7. Deposit slip. 

FiU out slip showing bills, specie and checks ready for 
deposit in a business bank. 

8. Cash account. 

Page from cash book of any retail dealer. 

9. Household account. 

Principle of cash accoxmt applied to household receipts 
and disbursements. 
10. Personal a,pcoxmt or ledger account. 

The term " personal account " may refer either to 
(a) an account kept by one person to show his 
private receipts and disbursements, or (6) to a 
ledger account showing the purchase and pa3anent 
status of any one customer. In business the usual 
significance of '' personal accoimt " is the latter. 
These two forms of personal accoxmt are illustrated 
below: 



PERSONAL ACCOUNT OF JAMES COLLIN 


DR. 


CR. 


1916 














Jan. 


3 


Cash on hand 


2 


45 








3 


For Skates 

For Cap and Ankle Supports 






1 
1 


15 
05 




5 


Helping Grocer with Orders 
Weekly Allowance 


2 


75 
00 








6 


Gift to Brother 






1 


00 




6 


Balance 






2 


00 






Cash on Hand 


5 


20 


5 


20 




10 


2 


00 
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DR. 




THOMAS GRIFFIN CR. 






1916 












1916 












Jan. 


7 


Buttons 


13* 


12 


50 


Jan. 


10 


By Cash 


12* 


10 


00 




9 


Lining 


15 


7 


25 




20 


By Check 


24 


10 


00 




15 


Thread 


21 


1 


25 




20 


ByMdse. 


24 


6 


10 




17 
24 

1 


Buttons 
Serge 

Balance 


23 
29 


6 
18 

45 


10 
15 

25 






Balance 




19 
45 


15 






25 


Feb. 


19 


15 







*Tbe8e figures show page in cash-book from which these items were taken. 

11. Inventories of (a) Household Goods and (6) Stock in a 

Store. 

12. Post-office business. 

Copies of pamphlets or circulars giving the mailing 
rates, the classes of mail, and money-order rates, 
should be obtained by the children. After these 
are read and understood by them a variety of ex- 
amples may be solved, of which the following are 
illustrations. It is obvious that the tables of rates 
and " zones " should not be memorized. 

(a) Find the cost of sending a letter weighing 5f oz. from 

New York to Boston. 
(6) What would be the cost if the letter were registered? If 

sent by special delivery. 

(c) A Sunday newspaper weighing 7J oz. is sent from your 

post office to San Francisco. What amount of postage is 
necessary? 

(d) A package of shoes weighing 1 lb., 4 oz. is sent from 
your post office to Sandusky, Ohio. What will the cost be? 

(e) What will it cost me to send my brother in St. Louis $125 

by money order? Etc. 
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13. Notes. 

Include ''On demand," ''Promissory note with in- 
terest." 

14. Single entry bookkeeping. 

Eeally nothing more than a coordination of cash 
accomit, personal (ledger) accoimt, and previous 
information. 
Suggestions for Teaching Business Forms. — 1. U^ 
Adual Forms, — ^As far as possible real forms should be used. 
This does not preclude the use of bills, invoices, notes, etc., 
ruled by the children. But in the main real bills, real checks, 
real deposit sUps should be obtained from banks and busi- 
ness houses for this work. All firms do not use bills identical 
in form; all banks do not follow the same arrangement of 
items on checks. To bring real business forms into class 
prepares the child for any arrangement that he may meet 
later in life. 

2. Motorize or Dramaiize Business Procedures in which 
These Forms are Necessary. — Instead of calling upon children 
to imagine business conditions that make the use of these 
forms necessary, it is better to dramatize these situations. 
One child sends the other a bill; the latter compares it with 
his invoice and then writes his check. It is arranged to have 
the same child receive a number of checks which he indorses 
and enters upon a deposit sUp preparatory to going to the 
bank. A sends B three bills and finally a monthly state- 
ment. B checks the monthly statement, discovers an error, 
and writes A, who acknowledges the overcharge and sends a 
new statement with proper credit items. The possibilities 
for this sort of dramatization are numerous and the oppor- 
tunities for correlation with composition are very rich. 

3. Careful Gradation and Correlation through the Grades. 
— ^Not all of one business form should be taught in any one 
grade, but it should be the aim of supervisors to distribute 
as many business forms as possible through the school course. 



326 TEACHING OP ARITHMETIC 

In an earlier grade a bill of one tjrpe is taught; in a later 
grade, another. In the fourth year the bill contains only 
whole, numbers; in the fifth, fractions are used; in the 
seventh; double discounts and credit items are introduced. 
In this way the various business forms are reviewed, each 
repetition has a new point of view, and practice is given in 
the fundamental operations with whole numbers, fractions, 
decimals, and percentage. 

4. Lead Children to Apply the Work PersonaUy. — ^Much 
can be done to impress these business forms on the children 
by encouraging each one to keep a personal account and 
to assist his parents in making out bills, checks, receipts, 
statements, etc. 

5. Give Business Reasons far Arrangement of These Forms. 
:— Wherever possible, reasons should be given justifying the 
facts and the arrangement in these business forms. Chil- 
dren should know why checks and stubs are numbered, why 
one writes 

" Twenty-three and 25/100 Dollars," 

why there is a Une between the amount and word " Dollars," 
why the form 25/100 is used, why the amount is written 
again on the check in figures, why one must begin writing 
the amount close to the left edge of the check — ^in a word, 
the conditions from which existing business forms and ar- 
rangements have graduaUy been evolved. 



CHAPTER XVI 
TEAGHmG THE ELEMENTS OF STATISTICS 

What to Teach Children in Statistics. — In recent years 
statistics have assumed an important place in industry and 
conmierce as well as in scientific research. It is evident 
that children must be given practice in reading, inter- 
preting, and formulating statistical tables, averages, graphs, 
timetables, and numerical results of a similar nature. Al- 
though the work is of necessity elementary in its nature, 
nevertheless it can give the child a useful stock of facts 
and an insight into statistical forms and tabulations. 

Averages. — In teaching children to compute averages, 
two types of examples must be differentiated. The first is 
illustrated by such examples as '' A's weekly earnings are, 
12, 14, 11, 12 and 9 dollars, respectfully, for each of 5 suc- 
cessive weeks. What is his average weekly wage? " Here 
the salaries are added, which gives $58 for 5 weeks; the 
average is, therefore, $58-5-5 or $llf or $11.60. Children 
are required to average their marks, knowing their ratings 
in each of six subjects; to average the daily attendance for 
the week, knowing the attendance each day, etc. In this 
form of computation there is little to explain, and nothing to 
confuse the class. 

The second t3rpe involves reduction of different elements 

to a similar basis. Thus, all 6B children in a school were 

tested; their results are listed in the following column: 
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4 pupils have 50% 
3 pupils have 55% 
8 pupils have 60% 
2 pupils have 65% 
15 pupils have 70% 



14 pupils have 75% 
5 pupils have 80% 

3 pupils have 85% 

4 pupils have 90% 



What was the average for each pupil? 

Here it is necessary to compute that 4 pupils scored 
200 points, 3 pupils 166 points, etc. The results may be 
obtained in one of the two forms given below: 



Usiud Mode 


Suggested Mode 




4 pupils scored 200 points 


4 pupils scored points over 50 


000 


3 pupils scored 165 points 


3 pupils scored 5 points over 50 


15 


S pupils scored 480 points 


8 pupils scored 10 points over 50 


80 


2 pupils scored 130 points 


2 pupils scored 15 points over 50 


30 


15 pupils scored 1050 points 


15 pupils scored 20 points over 50 


300 


14 pupils scored 1050 points 


14 pupils scored 25 points over 50 


350 


5 pupils scored 400 points 


5 pupils scored 30 points over 50 


150 


3 pupils scored 255 points 


3 pupils scored 35 points over 50 


105 


4 pupils scored 360 points 


4 pupils scored 40 points over 50 


160 


58 pupils scored 4090 points 


58 pupils scored ? points over 50 


1190 


70+ ^r,nf 


20+ 




. =70% 






68)4090 ^^ 


58)1190 




406 , 


116 




30 


30 





58 pupils scored 1190 points over base 
1 pupil averaged 20%+ over 50% 

Average for each pupil=50%+20%+=70%+. 



The second mode of solution is more rapid. All the state- 
ments and the number of words given above are not necessary 
in actual operation. They are given here to make clear the 
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meaning and the suggested fonn of solution. The multi- 
plications are simpler, the products to be added are smaller, 
and the results are usually obtained more rapidly, but with 
no less accuracy than in the first mode given above. The 
method of teaching averages will be discussed in the con- 
cluding part of this chapter. 

Graphs and Diagrammatic Representations of Rela- 
tive Quantities. — Graphs must be taught because they are 
so conmionly used today in advertisements, newspaper 
articles, popular studies in magazines, and in propaganda 
Uterature. The modem geography usually expresses quan- 
titive facts concerning population, areas, exports, imports, 
products, etc., by means of diagrams and graphs. Figures 
are not so vivid as Unes and spaces, and mere statistics 
lack the power possessed by the graph for stirring imagina- 
tion. For these reasons European schools have included 
a study of graphs in the elementary curriculum and pro- 
gressive American textbook writers are giving them their 
well-deserved place in the course of study. 

What Situations ShaU Be Expressed in Terms of Graphs? 
— ^There is an endlesss variety of experiences that arises 
in the course of schoolwork that can well be expressed 
graphically. An incomplete simmiary of these will suggest 
a host of others to the reader: statistics from history and 
geography, class records in tests, individual records of prog- 
ress in all or in some subjects, temperatures, athletic 
records, industrial activities of the community, civic prob- 
lems dealing with population, number of voters, increase 
in tax rate, per capita cost, health statistics, attendance 
records, passengers carried by local transportation Unes, 
solution of problems, etc. A few illustrations are offered. 
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1. In Making Diagrammatic Representations. 

In a class of 48 children, 8 received A, 24 B, 10 C, and 6 D in 
proficiency. Represent the distribution of the proficiency of the 
class diag^rammatically. 



■^— — ^ — — — — •^^— — — — '^ — — — _ ■ — ^— 

— — — — — — — ^— —— ' ■ 

g_ 

A c 

^— ^^^ — — — __ — — — — ^— i^l_a ——. ■ — "^wi 

D 

I I I I I I 1 ' I I I ii 



Eaoh Box Represents 2 Children 

A., 4 Boxes, Represents 8 Children 

B, 12 •• . •• 24 •• 

C, 6 •• , •• 10 •• 

D, 3 •• , •• 6 " 

FlQ. 32. 



Upon examining a herd of cows it was found that rating the 
perfect cow 100 points, the cows were marked as follows: 10 at 90 
points, 5 at 80, 15 at 75, 20 at 70, 20 at 65, 10 at 60, 15 at 55 and 
15 at 50. Represent diagrammatically the distribution of the 
herd, 

46 
JO 

l» 

O80 
*'26 
20 

&^ 

10 



100969085807S70666055604640 
Points in the Scale 

Fio. 33. 
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A school opened February, 1910, with 1702 pajats. Its attend- 
ance for the Buccessive terms waa as follows: 1721, 1770, 1810, 1840, 
1865, 1870, 1865, 1868, respectively. Chart the mcrease or de- 
crease of the school, t«rm by term. 



UliatTsRn 
If aecond X«k 

it S«ooad Tbtb 
U FInt Tnm 
It Seeoad Teon 
n Flnt Tbib 



2. MakiTig Grapka of Single or Double Records. 

A trolley car makes its round trip on an average of once every 
hour. The number of passengers it carried each round trip, be- 
^nmng at 1 a.m., wss 40, 36, 30, 26, 21, 42, 80, 116, 92, 85, 81, 80, 
124, 122, 104, 92, SO, 61, 52, 67, 68, 60, 61, 55, reepectively. Make 
a graph showing the changes in the number of passengers hour by 
hour. (See Fig. 35.) 

A pupil who failed in arithmetic the first month of the term 
made the following progress for the next 8 weeks, 58%, 62%, 65%, 
70%, 72%, 72%, 75%, 73%. His classmate who pa^ed the first 
month received the following ratings in the same 8 weeks: 66%, 
62%, 62%, 60%, 62%, 56%, 60%, 64%. Compare the quaUty of 
voA and the effort each made, by using graphs. (See Fig. 36.) 
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Fig. 35. 
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Fig. 36. 

Heavy line represents first child. Dotted line represents second child. 
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3. IfUerpreiing Oraphs. 

The following graph is presented to a class in order to 
give practice in interpreting the lines, reading the num- 
bers, and in drawing tentative conclusions. Nothing in 
addition to the information contained below should be 
given to the children. 
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Fig. 37. 

Graphs showing progress in arithmetic (heavy line) and grammar (dotted line) 
of a boy who liked arithmetic but thought he comd never learn grammar. 



After studying the two graphs children should state: 

1. The ratings in each test in each subject. 

2. The discouragement of the child in grammar at the 
beginning of the term. 

3. The effort that this boy evidently made. 

4. The progress in grammar. 
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5. The im{m)vement in arithmetio as well as in Kranunar. 
Teachers will find children intensely interested in such 
exerciaee, espemlly when they are given in friendly 
rivalry to find who can " see " most in a graph. 

4. Sohing Problems. 

By the aid of graphs, children can readily solve prob- 
lems of the following type: 

A train leaves New York at 2 p.m. and travels 30 miles per hour. 
At 4 p.u. another train leaves the same station at the rate of 40 
miles per hour. At what time will the second train overtake the 
first? 

The mode of solution of this example is illustrated in 
the accompanying graphs. 



tlw ■tartinc MBtion. 



Fio. 38. 

. 10 r.u. M ■ cdace 2^ 



Timetables.^ — Practice should be given in reading time- 
tables, in computing differences in distance and in time, 
probable cost at an average of two cents per mile, com- 
parative cost of travel by water and by rail, etc. These 
timetables can usually be secured with great ease and such 
tables should be used as correlate with the grade work in 
gec^raphy. This is the best and most natural means of 
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impressing transportational facilities and commercial routes 
upon pupils. 

Suggestions for Teaching Statistical Elements. — ^AU 
these matters of averages, statistics, and graphs should be 
taught deductively, with as much explanation and justifica- 
tion for each practice as the children can comprehend. 
The aim should be to bring situations which are related 
to the studies or the interests of the children. Making a 
graph of the changing prices of commodities as they are an- 
nounced day by day in the newspapers, or keeping a record, 
by a graph, of one's ratings in the important school subjects, 
is an illustration of the host of possibilities that give life 
and meaning to this branch of arithmetic. Throughout 
this work, these elements of statistics must be made a means 
to a higher end rather than an end in themselves — a means 
to a better understanding of the quantitative aspect of 
experience. If, as a result of this work, the children do not 
see more in the figures published daily concerning exports, 
products, cost of municipal and social enterprises, athletic 
records, etc., this study of the elements of statistics has 
been in vain. 

An apparatus which is very useful in teaching graphs 
has been deyised by Mr. Hugo Newman, the principal of 
the New York Training School for Teachers. A large 
board with properly ruled paper fastened on it is hung before 
the class. The facts to be represented on the horizontal 
and the vertical axes are written on the blackboard against 
which the wooden board rests or on cardboards easily put in 
place. Thumb tacks are put into the places that mark the 
changing direction of the graph. A string is stretched from 
tack to tack to represent the graph. When two or three 
graphs are to be plotted, thumb tacks and cord of two or three 
colors are used, each color representing a graph. This device 
saves time and enables the teacher to present the work on a 
scale large enough to be seen by every pupil in the room. 



CHAPTER XVII 

MEASURING THE RESULTS OF INSTRUCTION 

SCIENTIFICALLY 

THE NEED OF SCIENTIFIC STANDARDS 

The Threefold Standards Used to Measure Educational 
Results. — If we accept any of the conceptions of educa- 
tion which have gained currency — " social eflSciency," 
" preparation for complete living," " adjustment to the 
complete environment/' " complete self-realization " — we 
perceive at once that the process of education is the process of 
Ufe. Nevertheless vague impressions and personal opinions, 
denominational faith or changing prejudices, have dictated 
its procedure and evaluated its results. Efficiency of edu- 
cation is measured by (1) personal opinion, (2) the tradi- 
tional exanunation, and (3) fixed imits of a definite scale. 
The first two methods are the time-honored devices of 
supervisors and teachers; the third is now commanding 
attention. 

Limitations of Personal Opinion as a Standard. — 
Personal opinion as a standard of judgment is valuable m 
direct proportion to the quaUty of one's native judgment, the 
character of one's training, and the extent and nature of 
one's experience. Prejudice, inaccuracies of observation 
and inference, self-interest — ^these are constantly coloring all 
educational measurement based on personal opinion. Never- 
theless this method of judgment is to-day the prevailing one'. 
A new psychology stresses the overwhelming unportance of 

the muscular sense in mental development and concludes 
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that spelling should be taught through the muscle. At once 
an order is promulgated from on high that children must not 
visualize their spelling words; every pupil is now seen writing 
his words on scraps of paper, on the desk with his finger, 
or in the air. A pedagogical prophet arises, who asserts, 
in terms pqrchological, that penmanship drills for arm move- 
ment, posture, and coordination violate proper procedure. 
To learn to write, children must write. Busy supervisors, 
overwhelmed by the sycophantic array of reasons, over- 
throw the old system and impose a new one that develops 
habits of incorrect arm movement and injurious bodily 
posture. " Every niunber is a ratio," a new school of 
philosophical educators asserts, and ratio is applied without 
stint or mercy until personal opinion dislodges this pedagog- 
ical fetish to enthrone a new one. 

Limitations of the Traditional Examination. — The method 
of testing by means of the traditional examination with its 
multiplicity of questions is another prevailing procedure. 
These forms of measiu'ing eflBciency proceed on the assmnp- 
tion that the prevailing curricula and methods of teaching 
and of supervision are correct. Educational eflBciency is 
still determined by the fimd of information that the child 
carries away. In the final analysis, these examinations 
gauge progress by what is temporary. Facts known today 
are forgotten tomorrow. They test for what is accidental, 
for a class that has, by mere chance, reviewed a portion of a 
given subject before an examination scores higher ratings 
than another which has received better instruction. They 
test for what is relatively unimportant, for not facts, but 
mental habits, mental fiber, are the ultimate desiderata of 
instruction. No S3''stem of testing and comparing should 
be tolerated imless it gauges the worth of a student by what 
is permanent, what is vital, and of final worth. 

The Nature of the New Scientific Standards.— The third 
means of measuring eflBciency is by a scientific scale, evolved 
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after careful experimentation and scientific summation. We 
must have an accurate yardstick in terms of which we can 
tell how much concentration a child should normally develop 
after five years of work in arithmetic; what degree of ac- 
curacy in tables should be acquired' in six years; or what 
should be the degree of proficiency in reasoning, after seven 
years of learning arithmetic. We must know what degree 
of speed and legibiUty children should normally attain after 
four years of class instruction in penmanship. In the same 
way we must have standards for measuring successive 
progress, year after year, in drawing, in spelling, and in 
composition. Otherwise we fall back o^ the errors of per- 
sonal opinion. Until these scientific standards are evolved, 
we have no means of coming to a conclusion worthy of 
respect, on some very vital problems in school work. 

Problems to be Answered by Scientific Tests.— The 
need of these scientific standards can be seen from our lack 
of knowledge of problems of vital concern in the education 
of our children. Among these we mcy mention the fol- 
lowing: 

1. What degree of excellence in composition shall we 
expect in each year of the high school? Some children in 
the first year of the high school write better compositions 
than those written by third-year students, while others pro- 
duce work inferior to that of an undergraduate of the ele- 
mentary school. What degree of proficiency shall we set 
for each year? In each high-school year children are taught 
principles of composition. What standard does the second- 
year teacher seek to attain which the first-year teacher can- 
not? The writer has asked teachers this question, but aside 
from a vague impression that they expect a higher degree of 
proficiency, they had no definite way of making the high- 
school course in composition progressive, not repetitive. 

2. What is the relation between the time spent in a given 
subject and the degree of proficiency attained by children? 
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We have no answer except a vague guess. A priori, pro- 
ficiency in a subject will be in direct proportion to the time 
spent on it. But investigations thus far do not warrant 
such a conclusion. Time expenditure is no guaranty of pro- 
ficiency. We were told in an earlier chapter that if we were 
to select at random a school from a list of schools that give 
more than average time to arithmetic, the chances are about 
equal that we would have chosen a school where the work is 
below standard, and, conversely, if we were to select a 
school from among those that devote less than average time 
to this subject, we would probably find the children doing 
superior work in it. 

3. To what extent shall we rationalize in arithmetic? 
Shall children know the " why " for every step in the mul- 
tiplication by numbers of two or three orders or shall they 
habituate the process? The advocates of rationalization are 
as insistent as their opponents, yet neither side has any more 
definite basis than personal opinion. 

4. Shall children be taught to subtract by a method of 
addition or by a method of subtraction? The former 
method is now in the ascendency and is the prescribed method 
in the New York City schools because it has a long series of 
theoretical advantages. Have we shown experimentally 
that children taught by one method do speedier and more 
accurate work than do those taught by another? 

5. How shall we grade our pupils in a given class? Some 
would put all children of similar ages in one class; others 
would put children of related abilities in the same class. 
Some would have children stay one year in each class, 
others only a half year, while a third faction would have 
each year divided into fom* terms, and thus make for greater 
frequency of promotion. Whose is the infallible judgment 
that has evolved the true answer? 

6. What are the factors governing fatigue in children? 
Will pupils taught arithmetic at 10:30 in the morning do 
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worse work than children taught at 9 :30? If children leave 
the classroom at 11 a. m. and return at 1:30, after having 
had shop work, play period, and an hour for lunch, are they 
in an unfavorable condition for the study of arithmetic? 
The opponents of one system of school management are as 
positive that arithmetic taught in the afternoon will not 
produce good results as the proponents are that the quality 
of the work will in no way deteriorate. Careful physical 
examinations and an accurate observation of results imder 
experimental conditions will do more towards effecting a 
solution of the question of fatigue than a continuation of 
the present scholastic debate in which nothing more is 
offered than the opinions of the disputants. 

New York City is spending over forty million dollars 
annually for the education of its youth. Has the city a 
single mode of measuring a single phase of the product of its 
educational system? Can we conceive of an industry in- 
volving an annual investment of half that smn continuing 
the even tenor of its way without stopping to take stock and 
to compare cost and product? 

These problems show us the futility of the sentimental 
plea that we must not apply concrete and scientific standards 
of measurement to instruction, for who can measure the 
worth of personal contact with the teacher, the value of a 
new attitude toward life, or the benefit of mental discipline? 
No parent applies such a sentimental standard to deter- 
mine the worth of a private teacher who instructs his child 
in music or foreign languages. Why should we become ultra- 
sentimental in judging class instruction? 

THE DEVELOPMENT OF SCIENTIFIC STANDARDS FOR BCEAS- 
URING EFFICIENCY OF INSTRUCTION IN ARITHMETIC 

It is now our purpose to take a bird's-eye view of what 
has been accomplished in the attempt to evolve scientific 
standards for measuring the eflBciency of instruction in 
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arithmetic. Since the chronological treatment shows the 
progress from simple beginning to scientific standards, we 
shall examine the method and the results of each succeeding 
worker in this field of pedagogical research. 

The Work of Rice. — Rice is the pioneer in endeavors to 
formulate standards in arithmetic. In 1902 he gave his 
test questions to about 6000 children of grades 4A through 
8B in 17 schools representing 7 cities. The test questions 
are given in the Appendix. The most striking features in 
the results are the low ratings and the wide range of capa- 
bilities of children in the same grade. In the seventh year, 
the averages for pupils varied from 8.9 per cent to 81.1 
per cent; in the eighth year, from 11.3 per cent to 91.7 per 
cent. The work of marking was carefully planned, each 
example being marked (1) correct in principle and work; 
or (2) correct in principle only; or (3) incorrect. 

Rice then set himself the task of interpreting the results 
in a constructive sense. He takes as his basis of judgment 
that the probable factors determining successful work are 
(1) home, (2) the size of the class, (3) age of pupils, (4) 
time of day when a subject is taught, (5) time devoted to 
the subject, (6) home study, (7) methods of teaching, (8) 
teaching ability of the staff of instructors, (9) the course of 
study, and (10) supervision of teachers and standards for 
measuring results. Each of these factors is scrutinized 
in the light of the children's results. 

1. The home is shown to be negligible in determining 
quality of results. The odds were against the schools in 
" good " neighborhoods, where there were " aristocratic " 
homes in which the child's time was its own and conditions 
were favorable to study. 2. The size of the class, that 
source of concern in modem school management, was also 
shown to be insignificant as a determining force. Schools 
with the lowest averages had very small classes and some of 
the schools with the best results had very large classes. 
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3. The age of the pupil must be considered, Hice con- 
cludes, because the older pupils grasp the work more readily 
and the results are correspondingly better. The following 
table, shows the grades, average age in each grade, the 
rating in per cent attained by younger and older children, 
the quality of work in the highest and the lowest school. A 
comparison of the figures bears out the investigator's con- 
clusions. 4. The schools examined in the morning did 



Grade 


4 


5 


6 




Average 
Age 


Per 

Cent 


Average 
Age 


Per 
Cent 


Average 
Age 


Per 

Cent 


Six Highest Schools .... 


11.9 


62.8 


12.6 


84.3 


13.4 


96.3 


Six Lowest Schools 


11.0 


29.0 


12.0 


49.8 


13.4 


61.4 



Grade 


6 


7 


8 




Average 
Age 


Per 
Cent 


Average 
Age 


Per 

Cent 


Average 
Age 


Per 
Cent 


Five Highest Schools . . . 


13.4 


49.5 


14.1 


71.9 


14.11 


90.4 


Six Lowest Schools 


13.4 


11.0 


13.11 


29.0 


14.5 


38.0 



better than those tested in the afternoon, but the diiBference 
was slight, barely 3 per cent. 5. Those schools that gave 
most time to the subject were not correspondingly high 
in attainment, for the school that ranked next to the lowest 
gave the greatest amoimt of time daily to arithmetic; the 
school that averaged 80 per cent and the one that scored 
only 25 per cent gave the same number of minutes daily. 
6. The amount of homework given to the pupils seemed to 
bear no direct relation to the proficiency attained, and Rice 
concludes that homework puts an added burden on the 
children, saps their energies, and has practically no compen- 
sating results. 7, 8 and 9. The investigator's conclusions, 
that teachers whose work is modernized, who have teaching 
gifts and professional skill, and who follow a course of 
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study that is organized on social standards, do not afifect 
the results obtained, are indeed difficult to accept. One 
is made to feel that a previous conclusion is being forced 
upon him and he is, therefore, left unconvinced. 

10. Rice's final conclusions are that proper supervision of 
teachers and definitely standardized measures of results are 
the determining factors in making for efficient work in arith- 
metic. These standards of attainment do not permit each 
teacher to be the judge of his or her own work, nor each prin- 
cipal to be the sole judge of the standing of his school or the 
worth of his teachers. Standard tests set up definite, well- 
crystallized expectations that give direction to each teacher's 
efforts. Rice does not see, however, that these standards 
may become fixed and formal; that the routine test encour- 
ages routine work and discoinrages initiative. His work 
was too limited, and the absolutely imiform conditions, 
necessary for determining a standard, were not secured in 
each school tested; but his contribution is significant be- 
cause of the impetus it gave the scientific movement in 
arithmetic. 

The Work of Stone.— Dr. C. W. Stone set himself the 
task of seeming data on (1) the nature of the product of the 
first six years in arithmetic, and (2) the relation of " dis- 
tinctive procedure in arithmetic to resulting abilities." 
With these ends in view he organized a test of two parts. 
Part A, in fundamental operations, and Part B, in reason- 
ing problems. Part A sought to combine all the difficulties 
in the fimdamental operations. Part B sought to test the 
reasoning power of children in problems that deal with 
situations equally familiar to all, that are well graded, and 
that omit all unduly large numbers, all '' catch " elements, 
and memory requirements like "320 rods==l mile." The 
tests are given in an Appendix. 

The technique of the test was carefully worked out. 
Part A, consisting of fundamentals,, was allowed 12 min- 
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utes and was designed to keep the most rapid workers very 
busy. This time limit permits all children to complete the 
first six examples and yet prevents any child from being 
without work. Part B, consisting of reasoning problems, 
was allowed 15 minutes, a period determined by actual test 
on 100 children. Here, too, the time limit permits all to 
do six or seven problems but none to complete the test. 
The mode of scoring was developed by giving an arbitrary 
value of 1 to each step in the fimdamental operations. 
Thus, example 5, Part A, was assigned 4 credits because 
there are 2 multiplication processes and 2 addition processes 
thus: 

768 

604 



2972 1 credit 
4608 1 credit 



463772 



eS 



o 



l«'Si 



O O 



By studying the results of 100 children, it was determined 
to give the problems in Part B (reasoning) values of 1 for 
the first, 1.4 for the sixth, 1.6 for the eighth, 2 for the ninth, 
etc. These tests were given in 1907 in 26 school systems, 
in 152 classes, to 6000 children representing the East and 
the Middle West. It is seen, therefore, that the work was 
given with due regard to uniformity and scientific precision. 
The most important conclusions summed up by Stone 
as a result of his investigations are listed below: 

1. Marked discrepancies exist among children of the 
same grade who are grouped on the basis of uniform teaching 
and approximately equal attainment. 

2. Ability in one branch of arithmetic is no guaranty of 
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approximately equal ability in another, even though the 
two abilities are both in fundamental operations. There is 
no such thing as a single or unified or combined '^ ability in 
arithmetic." What we call ability in arithmetic is a com- 
posite of abilities — ^a complex of abilities. 

3. The averages set up in the study are the results ob- 
tained by testing 6000 children and are offered as norms by 
means of which any school system can be measured. 

4. There seems to exist no relation between time cost 
and proficiency developed in arithmetic. 

5. As time cost is increased, up to certain limits, children 
seem to do better work in fundamental operations than in 
reasoning problems. The probable conclusions are: 

(a) Time given to fundamental operations is more pro- 
ductive of results, or, 

(6) More of the total time of arithmetic should go to 
fundamental operations, or, 

(c) Power to reason is less conditioned by amount of 
teaching than is skill in fundamental operations. 

6. There seems to exist no relation between the character 
of the course of study and children's abiUties. Stone sub- 
mitted the 26 courses of study of those school systems whose 
children he tested, to 21 competent judges who rated these 
courses in order of rank. The composite judgment then 
showed Course x the best. Course y, the next, etc. When 
the children's ratings were compared with the coiu-se of 
study, no relationship could be discerned. The chances 
are about even that children taught from a course of study 
rated as low will attain higher scores, and conversely. 

Stone's work showed clearly the possibilities of developing 
scientific standards for measuring the instructional results 
in arithmetic and the need of submittmg time-honored 
opinions of methods of teaching and of courses of study to 
careful scrutiny, and to the acid test of unbiased collective 
judgment. 
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The Courtis Tests. — Aim of These Tests. — ^The most sci- 
entific standards yet devised for the teaching of arithmetic 
are those formulated by S. A. Courtis. These Courtis 
tests are not examinations in the ordinary sense of the tenn; 
they do not test for the knowledge of facts taught, but for 
the power and the habits that result from the work accom- 
plished. For this reason the same test is given to all chil- 
dren in all grades under the same conditions. In all meas- 
urement processes the measuring medium must be constant. 
So, too, in measiuing intellectual power, the reasoning 
standard must remain unchanged. 

Organization of the Tests. — ^The Courtis tests are divided 
into eight parts, each seeking to gauge one specific ability. 
Thus: Test 1 determines mastery in addition combinations; 
Test 2, in subtraction combinations; Test 3, in multiplica- 
tion combinations; Test 4, in division combinations. Test 
5 measures the child's motor ability; Test 6, power for speed 
reasoning; Test 7, ability in fundamental operations; Test 
8, power to reason in twoHstep problems. 
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Seore 
ArltlmiBtIo Test No. 4. Speed Test. DtvMoo. No. Attempted . . 

No. right 

Ncme Sehooi Orade 

WMte on this iM^Mr. In tbe space betwem the UneSi the answers to as many of tbese dlvMoii 
examples as possible In time allowed. 

1)8 fi)30 tm 1)0 9)»5 m 4^24 7m 6)0 8)» m 3)21 6)je Dl^SnO m 4)ja 6)M 2)0 7)» 
6)6 4)36 9)54 8)£ 4)j[2 1)6 ^6 8)48 1)2 9)27 1)4 ^ 9)46 2)^ 8)12 £08 4)^ 6)40 2)2^ 8)16 
£00 3)24 9m 2)4 8)24 (^ 3)27 8)64 1)2 4)16 8)6 4)20 7)J» 1)3 2)^ 1)^ 2)J0 7)U in 6)J8 
4)4 3)15 9)81 7)0 6)12 «i4 ^ 8)66 1)0 7)14 7)^ 2)18 6)42 3)0 7)21 ^ 2)14 8)^ 9)0 B>16 
1)6 7)35 «2M 1)3 Q20 1)J» 6)26 7)66 3)3 9)18 1)6 3)18 9)^ 4)0 6)24 1)4 2)J2 6)45 3)8 4}8_ 
8)0 4)32 6)36 ^ 7)28 2)6 4)24 ^ 620 Sm 1)8 ^ Q^ 1)6 9)36 flOO 3)21 <048 1)1 6)10 

Fig. 42. 

Score 

Arithmetic. Test No. 5. Speed Test. Copying Figures No. attempted. . 

iVame School Grade . . 

Copy on this paper, in the space between the lines, as many of 
the printed figures as possible in the time allowed. Write as rapidly 
as possible, but form the figures as carefully as in working examples. 

24967 42976 62947 72964 24976 42967 62974 72946 

26974 46927 64972 74926 26947 46972 64927 74962 

27946 47932 67924 76942 27964 47926 67942 76924 

24967 42976 62947 72964 24976 42967 62974 72946 

26974 46927 64972 74926 26947 46972 64927 74962 

24967 42976 62947 72964 24976 42967 62974 72946 

Fig. 43. 
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Score 

Anthmetic. Test No. 6. Speed Test — ^Reasoning. No. attempted. 

* o No. right 

Name School , 



Grade 



Do not work the following examples. Read each example through, 
make up your mind what operation you would use if you were going to 
work it, then write the name of the operation selected in the blank 
space after the example. Use the following abbreviations: " Add.'' 
for addition, '' Sub." for subtraction, '' Mul." for multiplication, and 
" Div." for division. 



1. The chOdren of a school gave a sleigh-ride party. 
There were 9 sleighs used, and each sleigh held 30 children. 
How many children were there in the party? 

2. Two school-girls played a number game. The score 
of the girl that lost was 57 points and she was beaten by 16 
points. What was the score of the girl that won? 

3. A girl counted the automobiles that passed a school. 
The total was 60 in two hoims. If the girl saw 27 pass the 
first hour how many did she see the second? 

4. On a playground there were five equal groups of 
children each playing a different game. If there were 75 
children altogether, how many were there in each group?. 

5. A teacher weighed all the children in a certain grade. 
One girl weighed 70 pounds. Her older sister was 49 
pounds heavier. How many pounds did the sister weigh? 

6. A club of boys sent their treasurer to a store to buy 
baseballs. If they expected him to buy 7 balls at 45 
cents each, how much money did they give h\m to spend? 

7. A girl walked to school and back twice a day. If the 
total number of blocks she walked each day was 48, how 
many blocks from the school did the girl live? 

8. One day in vacation a boy went on a fishing trip. 
During the day he caught 27 fishes. If he caught 12 of them 
in the morning, how many did he get in the afternoon?. . . 

9. A girl was five times as strong as her small sister. 
If the stronger girl was able to lift a weight of 100 pounds, 
how large a weight could the smaller girl lift? * 

10. Two boys' houifes, 26 blocks apart, were on opposite 
sides of a school. If one house was 15 blocks east of the 
school, how many blocks west was the other house? 

Fia. 44. 



Opera- 
tion 














-^w 
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Aritlmietio. Test No. 6. Speed Test— Continued 



11. Hve bo3n3 played marbles untn at the close of a game 
each boy had the same nmnber. If one of the boys then 
had nine marbles, how many were there altogether? 

12. Thirteen children entered a certain eighth grade 
during the year. If there were 43 children in the grade in 
September, how many were there in the grade by Jime? 

13. A large box of colored chalk held 144 pieces. If a 
sixth-grade teacher used 36 pieces in the course oi a year, 
how many pieces were left for the next year? 

14. In a certain school there were 400 children. Ifeadi 
room had seats for fifty children, and if all the places were 
taken, how many rooms were there in the school? 

15. A girl brought a collection of 37 postal cards to sdiool 
one day and her friends there gave her 19 cards more. 
How many cards did she then have to take home? 

16. Five boys gathered nuts which they put into one 
large pile. Out of this they made five small piles of 197 
nuts each. How many nuts were there in the large pile? 

Fig. 44 — Continued. 



Opera- 
tion 































Just as the distance from 7 to 8 on a ruler is the same as 
from 5 to 6, so, too, in the Courtis tests every point in a test 
is equally difficult. If a question is twice as difficult as the 
preceding one, it is given twice the credit. No element is 
determined by personal opinion, but is tested ivith large 
numbers of children. A child who secures a score of 40 is 
hence twice as high as the child who scored only 20. 

In all the Coiu*tis tests more work is given than can be 
done in the time set. Work thus put on a speed basis makes 
the results more nearly uniform as we go from child to child 
and grade to grade. The results disclose at once weaknesses 
wherever they exist. " Speed is not insisted on for the sake 
of speed, but because speed best ministers to imif ormity of 
conditions and to expose weaknesses." 
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Seore 

Arithmetic Test No. 7. Fundamentals No. attempted. . 

No. right 



Name School. 



.Grade, ... 



In the blank space below, work as many of these examples as possible 
in the time allowed. Work them in order as nmnbered, writing each 
answer in the '' answer " oolmnn before commencing a new example. 
Do no work on any other paper. 



No. 



2 
3 
4 
5 
6 

1) 

9 

10) 

111 



12 
13 

14 

15 
16 

17 

18 
19 



1 



1 



Operation 



Addition 

Subtraction | 

Multiplication 

Division 

Addition 

Subtraction 

Multiplication 

Division 

Division 

Addition 

Subtraction 
Multiplication 
Division 
Division 



Example 



Answer 



a 25+830+122* . . (Write answer 

in this column) 

h 232+8021+703+3030= 

a5496-163« 

6 943276 -812102 » 

2012X213=: 

158664 -M32» 

6134 + 213 + 4800 + 6005 +3050 

+474= 

73210142-49676378= 



46508 X456> 



27217182+6' 



3127102+463' 



85586+69685+39397+95836 
+37768+69666+78888+ 
54987= 



15655431-5878675' 



78965X678' 



44502486+7' 



5373003 +769« 



Rt 



Fig. 45. 
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Score 

Arithmetic. Test No. 8. Reasoning. No. attempted.. 

^^ No.right 



Name School. 



Grade, 



In the blank space below, work as many of the following examples 
as possible in the time allowed. Work them in order as numbered, 
entering each answer in the ** answer '' column before commencing 
a new example. Do not work on any other paper. 



1. A party of children went from a school to a woods 
to gather nuts. • The number found was but 205 so they 
bought 1955 nuts more from a farmer. The nuts were 
shared equally by the children and each received 45. 
How many children were there in the party? 

2. One summer a farmer hired 43 boys to work in an 
apple orchard. There were 35 trees loaded with fruit 
and in 57 minutes each boy had picked 49 apples. If in 
the beginning the total number of apples on the trees was 
19,677, how many were there still to be picked? 

3. A girl found by careful coimting that there were 
87 letters more on a page of her history than on a page of 
her reader. In the first 29 days of school she read 31 
pages in each book. How many more letters each day 
did she read in one book than in the other? 

4. The children of a school made small boxes to be 
filled with candy and given as presents at a school party. 
600 were needed. In 4 daya grades 3 to 7 made 20, 25, 
83, 150, and 150 boxes. The eighth grade agreed to 
make the rest. How many did the eighth grade make? 

5. A girl's record in spelling for 5 da3rs was 19, 18, 20, 
16, and 20 words spelled correctly out of 20. If each of 
the 16 children in the grade had had the same reoordy 
what would have been the total number of words spelled 
correctly by that grade in 5 days? 

6. A party of boys went on a long bicycle trip. They 
traveled 1702 iniles in 37 days. A number of men then 
joined the party, and soon the party was traveling 58 
miles per day. . How much change in the number of nules 
ridden a day did the presence of the men make? 



Answer 



























Fig. 46. 
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Arithmetic. Test No. 8. Reasoning — Continued 



7. A teacher corrected 2400 arithmetic test papers, 
2296 of these he marked " poor," " fair," " good," etc. 
All the others were marked " unsatisfactory." If each 
of the papers in this group had 47 mistakes, what was 
the total number of mistakes in the unsatisfactory 
papers? 

8. In two schools five teachers recorded the number 
of blocks the children walked in going to and from school. 
The total for one school was 3000 blocks; for the other 
2400. The number of children in both schools was 216. 
How many blocks did each child walk a day? 



Total 



Answer 

















Fig. 46 — Ck)ntinued. 



Let US see how carefully each test is constructed. Test 1, 
the addition test, contains all the 45 combinations that can 
be made with any two digits taken additively, the reverse 
of each, as well as the zero combinations. These 45 combina- 
tions are then listed under 5 orders of difficulty. 

Group A, '' the very easy "—0000 

12 3 4 



Group B, " the easy " — 



112 3 
2 3 11 



Group C, " the average "- 



2 2 3 4 

3 4 2 2 



Group D, " the hard "- 



2 2 3 

8 9 8 



Group E, " the very hard "— 6 6 6 

6 7 8 
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But this gradation is no mere guesswork by teacher or super- 
visor. The combinations are taught under experimental 
conditions in different schools and in different cities and care- 
ful records are made of time and effort required to find the 
answer to a given combination. A careful tabulation of the 
data gives an accurate classification. In Test 1, there are 
horizontal groups of 5 combinations; each group is made up 
of an equal number of the " very easy," " easy," " average," 
" hard " and " very hard " combinations. The result is 
an absolutely uniform scale. The same principle of organi- 
zation obtains in Tests 2, 3 and 4. 

The object of Test 6 is to measure motor abihty rather 
than the ability to copy figures. Motor abihty is often 
a most helpful aid in analyzing the causes of a child's ap- 
parent failure. Let us assume that child A scores half the 
class average in the subtraction test, but is normal in work 
in Test 5; child B also scores half the class average in the 
subtraction test, and also scores only half the class average 
in Test 5. It is evident, therefore, that the poor scpre of 
child B in the subtraction test may be due to limited motor 
ability and not to a lack of tables, whereas child A's work 
shows clearly the need of further drill in subtraction tables. 
'' Other things being equal, the individual who is able to 
expend greater energy at a greater rate has the greater 
abiUty."! 

Test 5 shows the same painstaking care and accuracy of 
organization. Uniformity in the scale is secured by a 
repetition of the same figures and by a careful gradation of 
these figures according to the ease of formation. Experi- 
mentally we find that the average man can make three I's 
while he makes one 5; that 2, 4, 6, 7 take the same time for 
writing; that 9 requires the longest time for formation. 
Each horizontal group of five figures has one figure of 

1 Courtis, Interim Report on New York City Investigation. P. 19. 
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each grade of difficulty and a 9 in the center of the group, 
thereby establishing a rhjrthm that tends toward uni- 
formity. 

Test 6 is a speed reasoning test. Uniformity is secured 
by (1) repeating each of the foiu- operations foiu- times; 

(2) asking such problems as require only one operation; 

(3) so wording each problem that it takes up the same space; 

(4) selecting a non-technical content for each problem out 
of the everyday experience or reading of the child. But 
despte all efforts the absolute xmiformity is absent because 

(1) the inherent difficulty in the four operations varies; 

(2) not all children have an equally good apperceiving stock 
of English words and many children, laboring under the 
limitation of paucity of interpretational vocabulary, may 
be hampered in their work; (3) the varying phraseology 
makes for varjdng degrees of comprehensibility. Further 
changes must be made in this test to produce greater imi- 
formity. 

Test 7 seeks to measure: (1) knowledge and control 
of the process in four fundamental operations; (2) knowl- 
edge of basic combinations; (3) ability to " borrow '* 
and "carry"; (4) ability to copy figures; (5) ability to 
follow instructions, which is so necessary in commercial 
work. To secure uniformity in this test — ^that is, to make 
every problem equal in difficulty to every other — each 
example was analyzed into its minutest process of (1) copy- 
ing, (2) multiplying in thought, (3) actual paper multiplica- 
tion, (4) carrying a figure, (5) copying the answer, etc. 
Each process was then experimentally accorded its allotted 
worth in a scale of points, e.g., 1, 2, 5 or 10, depending on 
time it consumed and the effort to work it out. Each ex- 
ample was reduced to 60 points, while those that came to 
100 points were given a double count. The examples may, 
therefore, be regarded as advancing units on an absolute 
scale. 



356 TEACHING OP ARITHMETIC 

Test 8 has all the limitations of Test 6 but in more ex- 
aggerated form. The language element is a more serious 
consideration here than in the earlier test. Each example 
has two operations and a pair of examples includes all four 
operations. Each example was analyzed as explained in 
Test 7 and each constituent process was evaluated until each 
example was reduced to 60 points. This test aims, there- 
fore, to present an absolute scale of eight equal subdivisions. 
Experience will undoubtedly modify this test, for we do 
not know whether a combination of addition and multipli- 
cation is as difficult as one of multiplication and division, 
or whether the introduction of imnecessary niunbers gives 
a more reliable index of reasoning abiUty. 

Sequence of Tests. — ^These tests are given in two groups. 
Group A includes Tests 5, 2, 8 and 3, while Group B con- 
tains Tests 4, 6, 1, 7. Test 5 is given first because it is least 
determined by study and prepares children for the conduct 
of these tests. Test 8 is given early so that it may not be 
influenced by others. Test 7 is given last so that it will be 
influenced by the others. Test 2 precedes Test 8 because 
it is a speed test and least likely to influence 8, Test 1 is 
given almost last, because if given first it tends to prompt 
children to revert to addition in all other tests. The se- 
quence of these tests is no accident, but the result of careful 
observation under experimental conditions. 

Time Allowed for Each Test, — ^The time allotted to each 
of these tests may prove interesting if not amazing; Tests 
1, 2, 3, 4, 6 and 6 are given in one minute each. Test 7 in 
twelve minutes, and Test 8 in six minutes. All the tests, 
including time for explanations, passing of papers, etc., can 
be given in sixty to eighty minutes. 

Scoring the Tests, — ^The scoring of these papers is gov- 
erned by a procedure that is carefully designed to shut out 
all personal judgment and that is the result of wide experi- 
ence and experimentation. Each person who does the 
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scoring must take the tests himself and must familiarize 
himself with the details of a special manual. One illustra- 
tion of these conditions may exemplify the scientific character 
of the scoring. Beyond the fourth year there is no scoring 
of " rights " in Tests 1 to 4, inclusive. The number of 
examples attempted is the final score. After a study of 
about 100,000 scores, it was found that ** mistakes are too 
few in number to pay for the labor expended. The sight of 
two figures in position for addition seems to act as a stimulus 
to which the habitual response must be made. A child 
who does not know his tables is apparently unable to make 
up and write any answer. ... So powerful is the grip of 
habit that most children persist until the correct answer is 
recalled, ignorance of the tables being shown, not by in- 
correct answers but by low scores " (of attempts). 

Series B of the Courtis Tests. — Supplementary Courtis 
tests, known as Series B, have recently been formulated. 
These seek to measure power in (1) addition, (2) subtrac- 
tion, (3) multiplication and (4) division in actual examples 
rather than the mere mastery of combinations in these 
processes. The examples involve the factors necessary for 
a perfect mastery of each of the four fundamental opera- 
tions. These tests are given from the third year up, once 
or twice each term, and the records are sent on with the 
children, so that the supervisor may determine when and 
under what circumstances children have acquired most of 
their habits in the basic arithmetical operations. The first 
tedt is allowed eight minutes; the second, four; the third, 
six, and the fourth, eight. The same scientific precision in 
the technique of tests, i.e., organization, scoring, uniformity 
of condition, etc., that obtains in Series A is characteristic 
of these supplementary standards. These tests, together 
with tentative standard scores, are given in the Appendix. 



368 TEACHING OP ARITHMETIC 

stahdasds of MSiisuRBMBirr as aids m constructivb 

SUPERVISION AND ADMINISXItATION 

Educational standards of measurement serve a variety 
of uses in the administration of schools and in the supervision 
of instruction. We AaHl attempt to suggest their possibil- 
ities. 

1. Standards Test the Qmdatixm and Classification of 
Pupils. — ^Educational standards have already proved their 
worth in detecting the ivide range of abilities among chil- 
dren in the same class. The Courtis Tests have shown very 
convincingly that in any one grade there are more children 
off the average than on it; that the number securing an 
average result is very small; that in each grade there is a 
greater divergence of abiUty than similarity; that 80 per 
cent of the children of a grade can be replaced by children 
of other grades without changing the total scores; that 35 
per cent of the children in a fourth-year class do as well as 
some in the eighth year; that 81 per cent of the children in 
a sixth-year class do as well as some in a seventh-year class; 
that a business man who emplo3rs a school graduate of aver- 
age arithmetical ability secures the services of a youth whose 
work can be equaled by 5 per cent of the fourth-grade pupils. 
These tests disclose the fact that for 52 schools and 905 
classes 45 per cent of the grade membership of any grade 
will exceed the average score of that grade; 35 per cent of 
the grade membership will exceed the average of the next 
higher grade; 35 per cent of the grade membership will fall 
below the average of the grade below it. 

2. Standards Detect Waste in Class Teaching. — ^The 
statistics cited to show the lack of gradation in the x^lassifi- 
cation of pupils serve also to indicate the amount of waste 
entailed in teaching a class as a class. In our schools a 
given proficiency is attained by moving the class as a whole. 
But the lack of a basis of uniform needs or capacities in the 
organization of a class means that in all class teaching some 
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pupils are overstrained wMe others are enervated mentaUy 
because the rate of progress is so ill adjusted to their possibil- 
ities. Children markedly different in attainments are sub- 
jected to the same methods of teaching and the same degree 
of drill. Such teaching results in waste for pupils at both 
ends of the scale of proficiency and is stultifjdng instead of 
invigorating, repressive instead of expressive. 

3. Standards Supply Each Grade with Tentative Norms 
to Measure Progress. — ^After an accepted standard has been 
applied to a large number of children and the ratings prop- 
erly averaged, there results a series of tentative norms in 
each subject for each grade: 

STANDARD SCORES 



Test No. 


No. 1 


No. 2 


Nos.3 
and 4 


No. 6 


No. 6 


No. 7 


No. 8 




Atta. 


Rta. 


Atts. 


Rts. 


Atts. 


Rts. 


Grade 3. 


26 
34 
42 
60 
68 
63 
65 


19 
25 
81 
88 
44 
49 
60 


16 
23 
30 
37 
44 
49 
60 


58 

72 

86 

99 

110 

117 

120 


2.7 
3.7 
4.8 
6.8 
6.8 
7.8 
8.6 


2.1 
3.0 
4.0 
6.0 
6.0 
7.0 
7.8 


5.0 
7.0 
9.0 
11.0 
13.0 
14.4 
16.0 


2.7 
3.3 
4.9 
6.6 
8.3 
10.0 
11.0 


2.0 
2.6 
3.1 
3.7 
4.2 
4.8 
5.0 


1.1 


Grade 4 


1.7 


Grade 5 


2.2 


Grade 6 


2.8 


Grade? 


3.4 


Grade 8 


4.0 


Grade 9 


4.3 






Time Allowances, 
minutes 


1 


1 


1 


1 


1 


1 


1 


12 


6 


6 



In this table we see that by the Courtis tests the standard 
score for a child in the fifth year is as follows: In addition, 
42; in subtraction, 31; in copying figures, 86, etc. A child 
who is up to or beyond grade average in any one of the com- 
ponent abiUties of arithmetic may be excused from further 
drill in that phase of the subject and be given opportunity 
to invest his time in subjects in which he is weak. These 
tentative grade norms, when translated graphically, give us 
what are known as " comparative graphs." 

An analysis of this chart may prove helpful; it can be 
summed up readily in the following points (see Fig. 47) : 
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1. Each type or test of ability has its own horizontal line. 

2. The grades or years are represented by vertical divisions. 

3. Each test is graduated according to possible scores. 

4. The norms for any grade are so arranged as to fall one under 

the other. 
6. The complete standard score, or complete norm, for any 
grade is a vertical line. 
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Fig. 47. 

CoMPABATiyiB Graph: showing complete standard score for a sixth-year pupil. 

4. Standards as Aids in Diagnosing Individual Cases. — 

Tentative norms can be made the means of diagnosing indi- 
vidual cases and of deciding on proper remedial exercises. 
An analysis of the accompanying comparative graph shows 
us a sixth-year child above grade in addition, subtraction, 
division ccxnbinations, well beyond the norm in fundamental 
operations, but below in speed reasoning and in reasoning 
problems. It is obvious that this child needs no further drill 
in abstract problems; its arithmetic should emphasize 
thought problems rather than mere exercises in addition, 
subtraction, multiplication, etc. The next graph gives us a 
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diagnosis of Bve children: Child A needs further drill in 
addition and multiplication tables, and practice to increaee 
motor ability; in the other powers this child ia up to the 
grade norm. Child B is behind in every ability and needs 
more drill in all phases of arithmetic. He is obviously 
mi^p^ed. Child C, although behind in tables, needs no 
further stimulation, for his progress in Tests 7 and 8 (Fun- 
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damentals and Reasoning), indicates unmistakable abihty. 
Child D has evidently been overdrilled in abstract combi- 
nations and needs practice in application to examples as 
well as in reasoning problems. 

6. Standards as Aids in Judging Merits of Courses of 
Study. — In current educational practice there is no object- 
ive means of determining the relative worth of contending 



362 TEACHING OF ARITHMETIC 

courses of atudy. The advocates of each are emphatic is 
their praise of some one and bitter in their denunciation of 
all the others. Persooal opinion usually prevails upon per- 
sonal ojunion and a compromise course is selected. Stand- 
ards of measuring educational products give us a means of 
gauging the worth of a course of study. On the assumption 
that the foUowii^ graphs represent the work of an entire 
school system, year by year, we conclude that abstract 



work is emphasized at the cost of reasoning power. Every 
year studied shows a imiform advance of the norm in com- 
binations and in fundamentals, but a score below the norm 
in reasoning work. Dr. Courtis gives in Fig. 51, a compari- 
son of two grades, one, a typical New York City seventh- 
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year product, the dotted line, and a second a similar grade 
in a private school. It is evident that we have here two 
extreme courses of study. Such results, obtained with 
properly constituted standards, give a scientific basis for 
changes in courses of study and in methods of teaching. 
These are by no means all the uses of standards of meaa- 
uring instructional efficiency. This general survey of pos- 
sibilities shows clearly that further methodology in arith- 
metic, as in other subjects, must be evolved after careful 
experimentation and investigation under scientific condi- 
tions. Not until the method of the laboratory is applied to 
the problems of teaching will pedagogy be purged of its 
sterile twaddle and personal opinions, and attain the dignity 
worthy of a science of teaching. 
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STANDARD TESTS 
The Rice Tests 

FOURTH YEAR 

1. A man bought a lot of land for $1743, and built upon it a 
house costing $5482. He sold them both for $10,000. How much 
money did he make? 

2. If a boy pays $2.83 for a hundred papers, and sells them at 
four cents apiece, how much money does he make? 

3. If there were 4839 classrooms in New York City, and 47 
children in each classroom, how many children would there be in 
the New York schools? 

4. A man bought a farm for $16,575, paying $85 an acre. 
How many acres were there in the farm? 

5. What will 24 quarts of cream cost at $1.20 a gallon? 

6. A lady bought 4 pounds of coffee at 27 cents a pound, 16 
pounds of flour at 4 cents a pound, 15 pounds of sugar at 6 cents a 
pound, and a basket of peaches for 95 cents. She handed the 
storekeeper a $10 note. How much change did she receive? 

7. I have $9786. How much more must I have in order to be 
able to pay for a farm worth $17,225? 

8. If I buy 8 dozen pencils at 37 cents a dozen, and sell them at 
5 cents apiece, how much money do I make? 

FIFTH YEAR 

1. A man bought a lot of land for $1743, and built upon it a 
house costing $5482. He sold them both together for $10,000. 
How much did he make? 

2. If a boy pays $2.83 for a hundred papers, and sells them at 
four cents apiece, how much does he make? 

368 
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3. What will 24 quarts of cream cost at $1.20 a gailon? 

4. If I buy 8 dozen pencils at 37 cents a dozen, and sell them at 
5 cents apiece, how much money do I make? 

5. A flour merchant bought 1437 barrels of flour at $7 a barrel. 
He sold 900 of these barrels at $9 a barrel, and the remainder at $6 
a barrel. How much did he make? 

6. How many feet long is a telegraph wire extending from New 
York to New Haven, a distance of 74 miles? There are 5280 feet 
in a mile. 

7. A merchant bought 15 pieces of cloth, each containing 62 
yards. He sold 234 yards. How many dress patterns of 12 yardd 
each did he have left? 

8. Frank had $3.08. He spent i of it for a cap, ^ of it for a ball, 
and with the remainder bought a book. How much did the book 
cost? 

SIXTH YEAR 

1. If a boy pays $2.83 for a himdred papers, and sells them at 4 
cents apiece, how much does he make? 

2. What will 24 quarts of cream cost at $1.20 a gallon? 

3. If I buy 8 dozen pencils at 37 cents a dozen, and sell them at 
5 cents apiece, how much do I make? 

4. A flour merchant bought 1437 barrels of flour at $7 a barrel. 
He sold 900 of these barrels at $9 a barrel, and the remainder at 
$6 a barrel. How much did he make? 

5. If a train runs 31f miles an hour, how long will it take the 
train to run from Buffalo to Omaha, a distance of 1045 miles? 

6. If a map 10 inches wide and 16 inches long is made on a scale 
of 50 miles to the inch, what is the area in square miles that the 
map represents? 

7. The salt water which was obtained from the bottom of a 
mine of rock salt contained .008 of its weight of pure salt. What 
weight of salt water was it necessary to evaporate in order to obtain 
3896 pounds of salt? 

8. A gentleman gave away ^ of the books in his library, lent 
i of the remainder, and sold i of what was left. He then had 
420 books remaining. How many had he at first? 
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SEVENTH YEAR 

1. If a map 10 inches wide and 16 inches long is made on a 
scale'of 50 miles to the inch, what is the area in square miles that 
the map represents? 

2. The salt water which was obtained from the bottom of a mine 
of rock salt contamed 0.08 of its weight of pure salt. What weight 
of salt water was it necessary to evaporate in order to obtain 3896 
poimds of salt? 

3. A gentleman gave away ^ of the books in his library, lent 
i of the remainder, and sold i of what was left. He then had 420 
books remaining. How many had he at first? 

4. A farmer's wife bought 2.75 yards of table linen at S0.87 a 
yard, and 16 yards of flannel at $0.55 a yard. She paid in butter 
at $0.27 a poimd. How many pounds of butter was she obliged 
to give? 

5. If coffee sold at 33 cents a pound gives a profit of 10 per 
cent, what per cent of profit would there be if it were sold at 36 
cents a pound? 

6. Sold steel at $27.60 a ton, with a profit of 15 per cent, and a 
total profit of $184.50. What quantity was sold? 

7. If a woman can weave 1 inch of rag carpet a yard wide in 
4 minutes, how many hours will she be obliged to work in order to 
weave the carpet for a room 24 feet long and 24 feet wide? No 
deduction is to be made for waste. 

8. A fruit dealer bought 300 apples at the rate of 5 for a cent, 
and 300 at 4 for a cent. He sold them ail at the rate of 8 for 5 cents. 
What per cent did he gain on his investment? 

EIGHTH YEAR 

1. If a map 10 inches wide and 16 inches long is made on a 
scale of 50 miles to the inch, what is the area in square miles that 
the map represents? 

2. The salt water which was obtained from the bottom of a mine 
of rbck salt contained 0.08 of its weight of pure salt. What weight 
of salt water was it necessary to evaporate in order to obtain 
3896 pounds of salt? 
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3. A gentleman gave away ^ of the books in his library, lent 
i of the remainder, and sold i of what was left. He then had 420 
books remaining. How many had he at first? 

4. A man sold 50 horses at $126.00 each. On one-half of them 
he made 20 per cent, and on the other half he lost 10 per cent. 
How much did he gain? 

5. Sold steel at $27.60 a ton, with a profit of 15 per cent, and a 
total profit of $184.50. What quantity was sold? 

6. A fruit dealer bought 300 apples at the rate of 5 for a cent, 
and 300 at 4 for a cent. He sold them all at the rate of 8 for 5 cents. 
What per cent did he gain on his investment? 

7. The insurance on ) of the value of a hotel and furniture cost 
$420.00. The rate being 70 cents on $100.00, what was the value 
of the property? 

8. Gunpowder is composed of niter 15 parts, charcoal 3 parts, 
and sulphur 2 parts. How much of each in 360 pounds of powder? 

Stone's Test 

In Reasoning 

The main purpose of the reasoning test is the determination 
of the ability of 6A children to reason in arithmetic. To this end, 
the problems as selected and arranged are meant to embody the 
following conditions: 

1. Situations equally concrete to all 6A children. 

2. Graduated difficulties 

(a) As to arithmetical thinking, 

(6) As to familiarity with the situation presented. 

3. The omission of 

(a) Large nmnbers, 
(6) Particular memory requirement, 
(c) Catch problems, 

{d) All subject matter except whole numbers, fractions, and 
United States money. 

The test is purposely so long that only very rarely did any pupil 
fully complete it m the fifteen-minute limit. 
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The Tests as Given 

The following are reproductions of the testeu They were 
printed separately and each pupil was furnished with a copy. 

Work as many of these problems as you have time for; work 
them in order as numbered. 

1. Add 2375 

4052 
6354 
260 
5041 
1543 

2. Multiply 3265 by 20. 

3. Divide 3328 by 64. 

4. Add 596 

428 

94 

75 
302 
645 
984 
897 

5. Multiply 768 by 604. 

6. Divide 1918962 by 543. 

7. Add 4695 

872 
7948 
6786 

567 

858 
9447 
7499 

8. Multiply 976 by 87. 

9. Divide 2782542 by 679. 

10. Multiply 5489 by 9876. 

11. Divide 5099941 by 749. 

12. Multiply 876 by 79. 

13. Divide 62693256 by 859. 

14. Multiply 96879 by 896. 
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Solve as many of the following problems as you have time for; 
work them in order as numbered : 

1. If you buy 2 tablets at 7 cents each and a book for 65 cents, 
how much change should you receive from a two-dollar bill? 

2. John sold 4 S^o^urda^ ^vemn^ Pos^ at 5 cents each. He kept 
i the money and with the other J he bought Sunday papers at 
2 cents each. How many did he buy? 

3. If James had 4 times as much money as George, he would have 
$16. How much money has George? 

4. How many pencils can you buy for 50 cents at the rate of 
2 for 5 cents? 

5. The uniforms for a baseball nine cost $2.50 each. The shoes 
cost $2 a pair. What was the total cost of uniforms and shoes for 
the nine? 

6. In the schools of a certain city there are 2200 pupils; i 
are in the primary grades, i in the grammar grades, i in the high 
school, and the rest in the night school. How many pupils are 
there in the night school? 

7. If 3J tons of coal cost $21, what will 5J tons cost? 

8. A newsdealer bought some magazines for $1. He sold them 
for $1.20, gaining 5 cents on each magazine. How many magazines 
were there? 

9. A girl spent«| of her money for carfare, and three times as 
much for clothes. Half of what she had left was 80 cents. How 
much money did she have at first? 

10. Two girls receive $2.10 for making buttonholes. One 
makes, 42, the other 28. How shall they divide the money? 

11. Mr. Brown paid one-third of the cost of a building; Mr. 
Johnson paid i the cost. Mr. Johnson received $500 more annual 
rent than Mr. Brown. How much did each receive? 

12. A freight train left Albany for New York at 6 o'clock. An 
express left on the same track at 8 o'clock. It went at the rate of 
40 miles an hour. At what time of day will it overtake the freight 
train if the freight train stops after it has gone 56 miles? 
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CouBTis Tests in Fundamental Operations 

Series B Soon 

No. Attempted. 

Arithmetic Test No. 1. Addition, No. Right 

Form 2 

You will be given eight minutes to find the answers to as many 
of these addition examples as possible. Write the answers on this 
paper directly underneath the examples. You are not expected 
to be able to do them all. You will be marked for both speed and 
accuracy, but it is more important to have your answers right than 
to try a great many examples. 



127 


996 


237 


386 


186 


474 


877 


537 


375 


320 


949 


463 


775 


787 


845 


685 


953 


778 


486 


827 


684 


591 


981 


452 


333 


886 


987 


240 


260 


106 


693 


904 


325 


913 


354 


616 


372 


869 


184 


511 


911 


164 


600 


261 


846 


461 


772 


988 


654 


897 


744 


755 


595 


336 


749 


569 


167 


972 


195 


833 


254 


g20 


256 


127 


554 


119 


234 


959 


137 


633 


268 


323 


237 


564 


632 


674 


421 


258 


326 


267 


492 


278 


263 


158 


988 


885 


770 


854 


679 


947 


318 


745 


465 


600 


753 


684 


513 


522 


949 


121 


114 


874 • 


199 


358 


468 


989 


746 


437 


676 


726 


469 


938 


731 


243 


653 


426 


729 


142 


643 


333 


856 


334 


428 


953 


235 


355 


698 


493 


302 


669 


456 


674 


190 


947 


186 


775 


925 


142 


532 


329 


406 


351 


173 


239 


873 


622 


485 


172 


236 


537 


648 


584 


168 


479 


871 


426 


578 


227 


396 


157 


332 


283 


524 


961 


877 


725 


389 


617 


419 


791 


919 


537 


916 


598 


374 


624 


934 


808 


722 


989 


543 


906 


859 


467 


493 


253 


456 


565 


593 


763 


191 


369 


529 


419 


216 


230 


956 


195 


423 


511 


156 


952 


862 


673 


439 


480 


849 


245 


224 
ne. . . 


522 


424 

V . 


258 


309 


102 


342 

Grade. . 


233 
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Seore 
No. Right. 



Arithmetic. Test No. 2. Subtraction SS'^fSS^*^ 

Forml 

You will be given four minutes to find the answers to as many of 
these subtraction examples as possible. Write the answers on this 
paper directly underneath the examples. You are not expected to 
be able to do them all. You will be marked for both speed and 
accuracy, but it is more important to have your answers right than 
to try a great many examples. 



107795491 
77197029 


75088824 
57406394 


91500053 
19901563 


87939983 
72207316 


160620971 
80361837 


51274387 
25842708 


117359208 
36955523 


47222970 
17504943 


115364741 
80195261 


67298125 
29346861 


92057352 
42689037 


113380936 
42556840 


64547329 
48813139 


121961783 
90492726 


109514632 
81268615 


125778972 
30393060 


92971900 
62207032 


104339409 
74835938 


60472960 
50196521 


119811864 
34379846 


137769153 
70176835 


144694835 
74199225 


123822790 
40568814 


80836465 
49178036 


ae 






..Grade 
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Score 

Arithmetic. Test No. 3. MultipUcation n2:e*S?S^!^ ■.•.:: 

Fc/rm 1 

Yqu will be given six minutes to work as many of these multipli* 
cation examples as possible. You are not expected to be able to do 
them all. Do your work directly on this paper; use no other. 
You will be marked for both speed and accuracy, but it is more 
important to have your answers right than to try a great many 
examples. 



8246 


3597 


5739 


2648 


9537 


29 


73 


85 


46 


92 


4268 


7593 


6428 


8563 


2947 


37 


640 


58 


207 


63 


5368 


4792 


7942 


3586 


9742 


95 


84 


72 


36 


59 


6385 


8736 


5942 


6837 


4952 


48 


502 


39 


680 


47 


3876 


9245 


7368 


2594 


6495 


93 
ne 


86 

1. ••••••.•••< 


74 


25 


19 
Grade 
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No. Riffbt. 



Arithmetic. Test. No. 4. Division ^2' ^^wT**^: 

Forml 

You will be given eight minutes to work as many of these division 
examples as possible. You are not expected to be able to do them 
all. Do your work directly on this paper; use no other. You will 
be marked for both speed and accuracy, but it is more important 
to have your answers right than to try a great many examples. 



25)6775 



94)85352 37)9990 



86)80066 



73)58765 49)31409 68)43520 52)44252 
37)14467 86)60372 94)67774 25)9750 
68)39508 49)28420 52)21112 73)33653 
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Name Grade 



Tentative Scores. Series B. June, 1914. 



Grades 


Addition 


Subtraction 


Multiplication 


Division 


Attempts 


Correct 


Attempts 


Correct 


Attempts 


Correct 


Attempts 


Correct 


3 

4 

5 

6 

7 

8 


4.0 
6.0 
7.5 
9.0 
10.5 
12.0 


2.0 
3.0 
4.0 
5.0 
6.5 
8.0 


4.0 

6.0 

8.0 

10.0 

11.5 

12.5 


1.0 
3.0 
5.5 
7.0 
8.5 
10.0 


4.5 

7.0 

8.5 

10.0 

11.5 


1.5 
4.0 
5.5 
6.5 
8.0 


3.5 
5.0 
6.5 
8.5 
10.5 


1.0 
3.0 
5.0 
7.0 
9.0 
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Accessory Algorism, 80 
Accuracy, how to develop it, 
92-95 

relation to speed, 91 
Addition. See Chapter VII, 

of fractions, 229 

modes of checking, 206 

short cuts in, 214 
Age in relation to results, 342 
Aims, in lessons making for 
economy, 126 

in problems, 280 

in teaching mensuration, 309 
Algebra in the elementary 

course, 27-29 
Algebraic analysis in prob- 
lems, 287-291 
Algorism, correct use of, 81 

m fractions, 231, 232 

meaning, 80 

in problems, 296 
Aliquot parts, method of, 264 
Approximating, answers, 204- 
205 

quotients, 199, 200 
Analysis, applied to teaching, 
58 

cautions in analyzing prob- 
lems, 296-298 

defined, 57 



Analysis, differentiated from 
S3mthesis, 58 
in problems, 284 
Assignment, of home work, 129- 
132 
of work according to ability, 

125-126 
of work in recitation, 123-127 
Attention, 89 

Austrian Method, its relative 
worth, 339 
of division, 200, 201 
of subtraction, 177-181 
Auxiliary figures, 80 
Averages, 327 

Bailey, A. M., 365 

Bills, 321 

Bookkeeping, 325 

Bonser, F. G., 367 

Borrow method of subtraction, 
176 

Borrow and pay back, 175 

Brooks, Edward, 366 

Brown, J. C, 366, 366 

Brown and CofiFman, 93-365 

Browne, C. E., 366 

Business applications of per- 
centage, 268-268 

Business forms, 321-326 
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Cancellation, in interest, 265 
in problems, 236-237 
the process, 234-237 
Cash Account, 323 
Cases in percentage, 255-257 
Casting out nines, 206-208 
Checking arithmetical work, 

204r-209 
Checks, business forms, 322 
Circle, area, taught deductively. 
See Deduction, 
taught inductively, 317-320 
circumference, 318 
Collective record of pupils' 

work, 121 
Combinations. See Fundamen- 
tal Operations. 
Commercialized course, 30 
Commutation, Law of, 185-186 
Comparative Graph, 359-360 
Complement of tens, 175 
Complex fractions, 241 
Composition, measuring pro- 
ficiency in, 338 
Compound fractions, 233, 241 
Compound proportion, 295 
Conant, L. L., 366 
Concert work, 91 
Content of Courses of Study, 
of general courses, 23-25 
of industrialized courses, 30 
of minimum courses, 22-23 
Correlation. See also Humaniz- 
ing Arithmetic, Motiva- 
tion, Spiral Course, Utili- 
tarian Value, 63 
with composition, 325 
in denominate numbets, 305 
with geography, 336 



Counting, 161-163 

in addition, 161-163 . 

V. measuring, 144, 148; 149 
Course of study, 13-44 

content of, 18-30 

definiteness, 13 

how attained, 13-14 

development of, 30 

how to judge, 364 

industrialized and commer- 
cialized, 30 

minimum and maximum, 18- 
21 

relation of, to proficiency, 345 

spiral courses, 33-40 

time to be given to, 40 

when to introduce, 42 
Courtis, S. A., 366, 367, 372 

gradation of 45 combinations, 
159-160 

practice tests, 1& 

tests. Series A, 346 

tests. Series B, 357 
Criticism of results, 45-47 
Crutches, 80, 81, 196 
Cultural value, 11 

Decimals, 242-253 

Decomposition, method of, 176 

Deduction, characteristics of, 53 
place of, in teaching, 54-56 
relation of, to induction, 56 

Deductive recitation, 113-114 

Definiteness of course of study, 
13-18 

Definitions, 97, 100 
See oho Generalizations. 

Denominate numbers, 299-311 

Deposit SUps, 323 
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Development of course of study, 
3(M0 
exclusive attention to one 

topic, 31-32 
simultaneous presentation of 

topics, 30 
spiral development, 33-40 
Dewey, on Psychology of Num- 
ber, 138 
See also McClellan and 
Dewey. 
Differentiated assignment in 

home work, 131 
Differentiated teaching, 133 
Disciplinary values, 3-9 
Discrimination in ** taking 

down " problems, 123 
Dissatisfaction with results, 

45-47 
Divisibility of numbers, 226 
Division, of common fractions, 
237-241 
of decimals, 247-250 
of denominate numbers, 306 
modes of checking the accur- 
acy of, 209 
short cuts in, 215 
of whole nmnbers, 194-203 
Dramatization, 325 
Drills, characteristics of effec- 
tive, 87-90 
dangers in overdrill, 108 
formal v, functional, 84 
forms of, 85, 86, 90 
individualized, 358-359 
relation of, to habit, 83-87 
specialized, 133 
variety of, 85, 90 
in decimal notation, 244 



Drills, variety in division of 
fractions, 241 

in division of decimals, 249 

in division of whole num- 
bers, 194, 195 

in multiplication of deci- 
mals, 246 

in multiplication tables, 
186, 188, 189 

in percentage, 257 

Economy, as result of specific 
aim, 126 
through proper assignment of 

work, 125 
through proper class manage- 
ment, 122 
through proper recitation, 
122-128 
Equal Addition, method of, 175 
Examinations, 94, 106-108 
limitations of, 337 
See also Tests; Standards. 
Examples, as practice problems,' 
274 
V. problems, 269 
Exclusive attention to one 
topic in the course of 
study, 31-32 
Experimental research in arith- 
metic, 108-110 
Extremes in proportion, 293 

Factors, 226-228 

Fatigue, in relation to daily 

schedule, 240, 342 
Figures, legibility of, as a factor 

in accuracy, 92, 93 
use minimum for speed, 96 
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Figures, writing of, 164-166 
Forty-five combinations, in 
addition, 16^160 
in subtraction, 170 
Fox and Thomdike, 366 
Formal anal3rsis, 96 
Formal drills, 84 
Formal teaching, limited with 

beginners, 43 
Formula, in interest, 266 

in problems, 297 
Fractions, common, 218-241 
teaching the concept frac- 
tion, 218 
fraction as ratio, 221 
the operations, 220-223 
reductions, 223r-226 
Function, acquisition through, 

301, 30i 
Functional drill, 84, 86. 
Fimctional view in arithmetic. 

See Values. 
Fimdamental operations. See 

Chaps. VII-IX. 
Fundamental operations and 
accuracy, 92 

Generalizations in arithmetic, 
64 
See aho Definitions. 
Geometry in the elementary 

course, 29-30 
Gradation, 76-79 
in addition of fractions, 230 
in addition of whole numbers, 

160, 169 
in cancellation, 234, 236 
in denominate numbers, 299, 
300 



Gradation in division of deci^ 
mals, 78, 249, 260 
in division of fractions, 241 
in division of whole numbers, 

196, 197 
in multiplication of decimals, 

246 
in multiplication of fractions, 

232 
in multiplication by a digit, 

190 
in multiplication by twd 

orders, 192 
in multiplication by three 

orders, 193 
in multiplication tables, 184 
in reduction to decimal forms, 

260, 261 
in subtraction of fractions, 

231 
in subtraction of whole num- 
bers, 179 
Gradation of pupils, 339, 368 
Graphic method in problems, 

282 
Graphs, 329, 330-336 
Greatest common divisor, 226 . 
Group teaching, 132-134 

Habit, 83, 84 
in relation to accuracy, 93, 94 
in relation to speed, 96 
transition from rationaliza- 
tion to, 106 
See also Drill. 

Hall, G. S., 366 

Hart, W. W., 366 

Heck, W. H., 366 

Heuristic Method, 68-63 
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Higher decades, canning to, in 
addition, 164, 105 
in subtraction, 171 
Home work, 128-132 
in relation to efficiency of 

study, 341 
in relation to proficiency of 
pupils, 342 
Household account, 323 
Howell, H. B., 366 
Humanized arithmetic, 48, 49, 

270 
H3rpothetical problems, 270 

Incidental number work, 158 

Informal work in fractions, 
218, 219 

Incomplete problems, 277 

Indirect cases, 263 

Individual needs, how to diag- 
nose, 360, 361 

Induction, 52, 53 

Inductive recitation, 111-113 

Industrialized course, 30 

Industry, as a center for prob- 
lems, 274 

Instincts, as a means of motiva- 
tion, 50, 51 
that demand number, 9, 10 

Insurance, 261 

Interest, 261, 264-268 

Introduction of arithmetic, 
when, 42, 110 

Inventories, 324 

Inverse proportion, 294 

Invoice, 322 

Kindergarten, and instruction 
in arithmetic, 43^ 



Labeling, 79^ 
Laboratory method, 63 
See also Perry Movement; 
Correlation. 
Language, in the business 
applications of percentage, 
260 
in problems, 273, 296 
Lay, on number pictures, 109 
on visual appeal in number, 
151 
Least common denominator or 

multiple, 227-229 
Ledger account, 323 

McClellan and Dewey, 366 
on counting v. measuring, 

144 
on the psychology of number, 
138 
McMurry, Charles, 365 
Means, in proportion, 293, 294 
Measm-ing to induce number 

idea, 143 
Mensuration, 309-^20 
Method-whole, 111-113 
Metric system, 307-309 
Minimum course, in denomi- 
nate numbers, 299 
general, 18 
Mnemonics, 186 
Monitorial teaching, 134 
Monthly statements, 322 
Motivation, in drills, 88. 
means of motivating, 49, 50 
values of, 49 
Motorization, 324 
See (dso Dramatization, Mul- 
tiple Sense Appeal. 
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Multiple sense appeal, 90, 109, 

132, 146 
Multiples, 226-228 
Multiplication, checking multi- 
plication process, 208, 209 
of conunon fractions, 232-234 
of decimal fractions, 244-247 
incidental, 183 
of whole numbers, 183-194 
See also Teaching of Num- 
ber, 
multiplication tables, 183-189 
short cuts in, 214 

Narrative problems, 275 
Newman, Hugo, 335 
Norms. See Standards. 

as aids toward definiteness, 15 
Notation, of decimals, 242-243 

of whole numbers, 145-147, 
149-150 

See also Roman Numbers. 
Notes, 325 

Number, as ratio and measure- 
ment, 138-145 

as a sense fact, 136, 137 

as a symbol, 135, 136 

concepts of, 135 

how to teach, 145-147, 149, 
150 

origin in rhythm, 137, 138 
Number pictures, 151-153 
Numeration, of decimals, 243 

of whole numbers, 145-157 

See also Roman Numbers. 

Objective material, 145, 146 
Objective teaching, applied to 
number, 136-137 



Objective teaching, dangers in 
overobjectiveness, 74, 75 
effective, 71-73 
meaning of, 70 
variety of objective material, 

71 
V, symbolic representation, 72 
Omissions, from course of study, 
25-27 
from denominate numbers, 
299,300 
Oral arithmetic, 118-120 
Ordering goods, 322 
Overdrill and its dangers, 126 
Overobjective teaching, 74-75 

Parallelogram, area of, 313, 314 
Partition, 202 
Partnership, 272 
Percentage, cases, business ap- 
. plications, 254-268 
concept of, 254 
per cent equivalents, 255 
Perception cards, 160 

See also Objective Material. 
Perceptual basis, in denominate 

numbers, 301 
Perry movement, 60 
Personal accoimt, 323 
Personal opinion as basis of 

judgment, 336 
Pestalozzi, on Number, 136 
Phillips, D. E., 366 
Pictures for number work, 151- 

153 
Pleasure value of arithmetic, 

9-10 
Post Office business, 324 
Practice problems, 274 
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Preparatory value of arith- 
metic, 11-12 
Proofs, 204-209 
Problems, 269-298 

caution in analysis of, 296- 
298 

checking answers, 205, 206 

V, examples, 269 

modes of teaching, 269-298 

solution of, by graphs, 334 

steps in solution of, 269-298 

types of, 269-298 

Quotition, 202 

Rapid devices in addition, 166 
Ratio, applied to the solution of 
problems, 141, 142, 284-287 
as a conception of number, 

139-143 
as a fraction, 223 
Ratio and proportion, 290-295 
Rational recitation, the, 114- 

115 
Rationalization, 100-105, 339 
in addition of whole numbers, 

168, 169 
arguments pro and con, 102, 

103 
in business forms, 326 
in business practice, 261, 262 
in cancellation, 235, 236 
in division of decimals, 247- 

249 
in division of fractions, 237- 

240 
in division of whole numbers, 

196, 197, 199 
governing principles, 103, 104 



Rationalization, importance of 
the problem, 100, 101 
in multiplication of decimals, 

245,246 
in multiplication of fractions, 

232-234 
in multiplication of whole 

numbers, 191, 192, 193 
in reduction to decimal frac* 

tions, 252 
in subtraction of whole num- 
bers, 172-181 
transition to habituation, 105 
Receipts, 322 
Recitation, kinds, 111 
qualities of effective, 117- 
118 
Rectangle, mode of teaching, 

312, 313 
Reduction, to decimal fractions, 
250-253 
in denominate numbers, 

306,307 
to equivalents in subtraction, 

176 
in fractions, 223-225 
Repetitions. See Drill. 
Rice, J. M., 341, 367, 368-371 
Roman numbers, 156-157 
Rule of three, 294 
Rules, use of, in solution of 
problems, 297-298 

Scale, drawing to, 312 

Scoring, methods of. See 
Standards 

Selection of subject matter. 
See Minimum course; Social- 
ization of arithmetic, etc. 
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Senae appeal. See Objective 

teaching. 
Sequence of topics in course of 
study. 
See Course of study; Spiral 
system, etc. 
Short cuts, in fundamental 
operations, 20^217 
in mensuration, 312 
in multiplication of decimals, 

247 
m problems, 215-217 
in relation to economy in 
recitation, 127, 128 
Signs, how to be taught, 203 
Simultaneous i»esentation of 

many topics, 145, 146 
Simultaneous presentation of 

topics, 30, 31 
Six per cent base, 264 
Size of class, in relation to 
results of teaching, 341, 342 
Smith, David Eugene, 365 
Social worth as a standard, 54 
Socialization of arithmetic, 270- 

273, 276, 299, 309 
Solution of problems, 279-299 
Sources of problems, 278, 279 
Specialized assignments, 97 
Speed, danger in overspeed, 109 
how to develop it, 95-97 
in relation to accuracy, 91, 95 
Speer method, 142 
Speer, W. W., 366 
Spiral course in denominate 
« nimibers, 303 
Spiral course of study, 33-40 
Springer, I., 109 
Stamper, Alva W., 365 



Standard scores, 349-360 
Standards of measurements. See 

Chap. XVII. 
Starch, D., 6 
Statistics, 327-335 
Statistical studies, 3 
Stone, C. W., 343, 367, 371 
Subtraction, checks in, 208 
methods of, 170-181 
short cuts in, 214 
See also Decimals; Denomi- 
nate numbers; Fractions. 
Suzzallo, Henry, 365 
Symbolic representation v, ob- 
objective representation, 
72,73 
Synthesis, 57, 58 

Tables 
See Forty-five combinations. 
Interest, Multiplication 
tables. Per cent equiva- 
lents. 
Terms, technical, 203 
Tests 

See Examinations; Standards. 
Textbook, as a means, of in- 
troduction, 64-66 
qualities of a good, 68-70 
use of, in deductive lessons, 56 
variety of uses of, 66, 67 
Thirty-six per cent base, 265 
Time, to be devoted to home 
work, 129 
to be given to arithmetic, 40 
economy of, through deduc- 
tion, 54 
limited to develop speed, 95 
limit of, for Courtis Tests, 356 
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Time^ relation of, spent to pro- 
ficiency, 41, 109, 338, 342, 
345 
Time-table in arithmetic, 334 
Transfer of ability, to other 
branches of arithmetic, 5, 8, 
109, 344 
to other subjects, 5 
Trapezoid, area of, 315 
Triangles, area of, 314, 315 
Twelve per cent base, 265 
Type, 126, 127 
in problems, 274-278 
varying the, 273 

Units, definite, 300 
in denominate nunbers, 299 
fixed and imvar3ring, 300 
indefinite, 300 
of measure, 140, 143 
of measure in standard tests, 
336 



Unitary analysis, 141, 284-287 
Utilitarian value, 2, 49 

Values of arithmetic, 2 

cultural, 11 

disciplinary, 3-9 

pleasure, 9, 10 

preparatory, 11,12 

utilitarian, 2, 3 
Variety of aims, 1-10 

of drills. See Drill. 

of motives. See Motivation. 

of objective material, 71 
Visualizing the process, 124, 125 

Walsh, John H., 365 
Waste, in recitation, 122-128 

in teaching 358 
Winch, W. H., 6, 366 
Written arithmetic, 120, 121 

Young, J. W. A., 365 
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